Unstable polarized del Pezzo surfaces by Cheltsov, Ivan & Martinez-Garcia, Jesus
  
 
 
 
Edinburgh Research Explorer 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Unstable polarized del Pezzo surfaces
Citation for published version:
Cheltsov, I & Martinez-Garcia, J 2017 'Unstable polarized del Pezzo surfaces' ArXiv.
Link:
Link to publication record in Edinburgh Research Explorer
General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.
Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.
Download date: 14. Jun. 2018
ar
X
iv
:1
70
7.
06
17
7v
1 
 [m
ath
.A
G]
  1
9 J
ul 
20
17
UNSTABLE POLARIZED DEL PEZZO SURFACES
IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA
Abstract. We provide new examples ofK-unstable polarized smooth del Pezzo surfaces
using a flopped version of the test configurations introduced by Ross and Thomas. As an
application, we provide new obstructions for the existence of constant scalar curvature
Ka¨hler metrics on polarized smooth del Pezzo surfaces.
All varieties are assumed to be algebraic, projective and defined over C.
1. Introduction
K-stability is an algebraic notion of polarized varieties which has been of great im-
portance in the study of the existence of canonical metrics on complex varieties. This is
mainly because of the following
Conjecture (Yau–Tian–Donaldson). Let X be a smooth variety, and let L be an ample
line bundle on it. Then X admits a constant scalar curvature Ka¨hler (cscK) metric in
c1(L) if and only if the pair (X,L) is K-polystable.
In the case of toric surfaces, the conjecture follows from the classical results of Donald-
son [10] and recent results of Codogni and Stoppa [8]. It is known in different degrees of
generality that K-polystability is a necessary condition for the existence of a cscK metric,
with the most general result due to Berman, Darvas and Lu [4]. For smooth Fano vari-
eties polarized by anticanonical line bundles, Conjecture 1 was recently proved by Chen,
Donaldson and Sun in [7].
In spite of the above (conjectural) characterisations, deciding whether a given polarized
variety is K-stable is a problem of considerable difficulty. In this paper, we study this
problem for del Pezzo surfaces polarized by ample Q-divisors. Using Q-divisors does not
affect the original problem, since K-stability is preserved when we scale the polarization
positively.
Let S be a smooth del Pezzo surface, and let L be an ample Q-divisor on it. Recall
that S is toric if and only if K2S > 6. In this case, the problem we plan to consider is
completely solved. In the non-toric case, few results in this direction are known. For
instance, if S is not toric, then it admits a Ka¨hler–Einstein metric by Tian’s theorem [20],
so that (S,−KS) is K-stable. Moreover, a result of LeBrun and Simanca [12] implies that
the same holds for every divisor L that is close enough to −KS. On the other hand, many
K-unstable pairs (S, L) have been constructed by Ross and Thomas in [17, 18].
In the prequel to this article [5], we gave a simple condition on L that guarantees
that (S, L) is K-stable. The goal of this article is to obtain new simple conditions on L
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that guarantee that (S, L) is K-unstable. In addition our technique recovers all previous
obstructions to K-stability on polarized del Pezzo surfaces (S, L) found in the literature.
To present our results, it is convenient to split ample Q-divisors on S into three major
types: P2-type, F1-type, and P
1 × P1-type. To be precise, up to a positive scaling of L,
one always has
L ∼Q −KS + bB +
r∑
i=1
aiFi,
where F1, . . . Fr are disjoint (−1)-curves, B is a smooth rational curve such that B
2 = 0,
and b, a1, . . . , ar are some non-negative rational numbers such that 1 > ar > · · · > a1 > 0.
Moreover, if b 6= 0, then the curve B is disjoint from the (−1)-curves F1, . . . , Fr. Since
the (−1)-curves are disjoint, their contraction gives a birational morphism φ : S → Ŝ. We
say that L is of P2-type, F1-type or P
1 × P1-type in the case when Ŝ = P2, Ŝ = F1 or
Ŝ = P1 × P1, respectively. In particular, if L is of P2-type, then r = 9−K2S. Similarly, if
L is F1-type or P
1×P1-type, then r = 8−K2S. It is easy to see that every ample Q-divisor
on S is of one of these three types. To make the types mutually exclusive, we also require
b > 0 and a1 > 0 in the F1-case, and we ask that b > 0 or a1 > 0 in the P
1 × P1-case.
We believe that our newly introduced language may shed a new light on this problem.
The indication of this can be seen from the K-polystability criterion in the case K2S = 6.
Translating it into our language (see Example 4.5 for details), we obtain
Theorem 1.1 ([10, 23]). Suppose that K2S = 6. Then (S, L) is K-polystable if and only
if either L is of P2-type and a1 = a2 = a3, or L is of P
1 × P1-type and a1 = a2.
In particular, if K2S = 6 and L is of F1-type, then (S, L) is always K-unstable. By the
aforementioned result of LeBrun–Simanca [12], this is no longer true in the non-toric case.
Nevertheless, in this case we prove a somewhat similar result:
Theorem 1.2. Suppose that K2S 6 5, the divisor L is of F1-type or P
1 × P1-type, and
a21 + 6−K
2
S <
r∑
i=2
a2i .
Then (S, L) is K-unstable for b≫ 0.
In their seminal works [17, 18], Ross and Thomas introduced the notion of slope stability
as an obstruction to K-stability. In particular, their [17, Example 5.30] implies
Theorem 1.3. Suppose that K2S 6 6. If L is of P
2-type and a2 ≫ a1, then (S, L) is
K-unstable. Similarly, if L is of F1-type and a1 ≫ 0, then (S, L) is K-unstable.
In [6], Cheltsov and Rubinstein considered a modification of Ross and Thomas con-
struction using flops. In this article, we adapt their method to obtain several criteria for
K-instability of the pair (S, L). In particular, we prove that (S, L) is K-unstable for every
ample Q-divisor L in the case when K2S = 7, and we give a short proof of the only if part
of Theorem 1.1. Moreover, we improve Ross–Thomas result by obtaining the following
Theorem 1.4. Suppose that K2S 6 5. If L is of P
2-type and a4 ≫ a3 > a1, then (S, L) is
K-unstable. Similarly, if L is of P1×P1-type and a3 ≫ a2 > a1, then (S, L) is K-unstable.
Finally, if L is of F1-type and a3 ≫ a2, then (S, L) is K-unstable.
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We use the same approach to prove the following quantitative result.
Theorem 1.5. Suppose that K2S 6 5. If L is of P
2-type and
(1.1) a2 − a1 >

0.8717 if K2S = 1,
0.8469 if K2S = 2,
0.8099 if K2S = 3,
0.7488 if K2S = 4,
0.6248 if K2S = 5,
then (S, L) is K-unstable. Similarly, if L is of P2-type and
(1.2) a3 − a1 >

0.9347 if K2S = 1,
0.9206 if K2S = 2,
0.8985 if K2S = 3,
0.8595 if K2S = 4,
0.6798 if K2S = 5,
then (S, L) is K-unstable. Likewise, if L is of P1 × P1-type and
(1.3) a2 − a1 >

0.9305 if K2S = 1,
0.9150 if K2S = 2,
0.8911 if K2S = 3,
0.8480 if K2S = 4,
0.7452 if K2S = 5,
then (S, L) is K-unstable. Finally, (S, L) is K-unstable if L is of F1-type and
(1.4) a2 − a1 >

0.9347 if K2S = 1,
0.9206 if K2S = 2,
0.8985 if K2S = 3,
0.8595 if K2S = 4,
0.7701 if K2S = 5.
Observe that only the differences a3 − a1 and a2 − a1 are considered in Theorem 1.5.
There is a good reason for this. For example, if L is of P2-type, K2S 6 5 and a1 = a2 = a3,
then S admits a cscK metric in c1(L) for 1 > a4 ≫ a3, so that (S, L) isK-stable. Similarly,
if L is of P1×P1-type, K2S 6 5 and a1 = a2, then (S, L) is K-stable for 1 > a3 ≫ a2. This
follows from the lifting results of Arezzo, Pacard, Rollin and Singer (see [1, 2, 3, 15]).
Let us outline the structure of the paper. In Sections 2 and 3, we recall the K-stability
setting, including the flopped version of slope stability. In Section 4, we study ample divi-
sors on del Pezzo surfaces, and prove Theorem 1.4. In Section 5, we prove technical results
on ample divisors on del Pezzo surfaces. In Section 6, we prove Theorems 1.2 and 1.5.
The proof of Theorem 1.5 relies on symbolic computations presented in Appendix A.
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2. What is K-polystability?
Let X be an n-dimensional smooth projective variety, and let L be an ample line bundle
on it. In this section we will remind the reader of the notion of K-stability of the pair
(X,L), which was originally defined by Tian in [21]. A more refined, algebro-geometric
definition was introduced by Donaldson in [9], which eventually lead to Conjecture 1.
First we need to define the notion of test configuration. We will always assume that
the total space of the test configuration is normal (see [13] for an explanation).
Definition 2.1. A test configuration of (X,L) consists of
• a normal variety U with a Gm-action,
• a flat Gm-equivariant map pU : U → A
1, where Gm acts on A
1 naturally,
• a Gm-equivariant pU -ample line bundle LU → U such that there exists a positive
integer r, called exponent, and a Gm-equivariant isomorphism
(2.1)
(
U \ p−1U (0),LU
∣∣∣
U\p−1
U
(0)
)
∼=
(
X ×
(
A1 \ {0}
)
, p∗1(L
⊗r)
)
,
with the natural action of the group Gm on A
1 \ {0} and the trivial action on X ,
where p1 : X × (A
1 \ {0})→ X is the projection to the first factor.
We also say that (U ,LU , pU) a product test configuration if U ∼= X×A
1 and LU = p
∗
1(L
⊗r).
A product test configuration is trivial if Gm acts trivially on the left factor of X × A
1.
Given an arbitrary test configuration (U ,LU , pU) of the pair (X,L) with exponent r,
one can naturally compactify it by gluing (U ,LU) with (X×(P
1\{0}), p∗1(L
⊗r)) as follows.
In the Gm-equivariant isomorphism (2.1), each t ∈ Gm acts on its right hand side by
t ◦
(
{p} × {a}, s
)
=
(
{p} × {ta}, s
)
for any p ∈ X , a ∈ A1 and s ∈ (LU)p. So, we can define the gluing map using the diagram(
U ,LU
) (
X × P1 \ {0}, p∗1(L
⊗r)
)
(
U \ p−1U (0),LU
∣∣∣
U\p−1
U
(0)
)
φ //
?
OO
(
X ×
(
A1 \ {0}
)
, p∗1(L
⊗r)
)
,
?
OO
where the map φ is given by
φ :
(
p, a, s
)
7−→
(
{a−1 ◦ p} × {a}, a−1 ◦ s
)
,
where Gm only acts by multiplication on the factor P
1 \ {0} of (X × P1 \ {0}, p∗1(L
⊗r)).
Using this gluing map, we obtain a triple (X ,L, p) consisting of
• a normal projective variety X with a Gm-action,
• a flat Gm-equivariant map p : X → P
1 such that p−1U (t)
∼= X for every t ∈ P1 \{0},
• a Gm-equivariant p-ample line bundle L → X , such that
L
∣∣∣
p−1(t)
∼= L⊗r
for every t ∈ P1 \ {0}, where we identify p−1U (t) with X .
For further details and examples, see [13, Section 8.1].
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Remark 2.2. In [13], the triple (X ,L, p) is called ∞-trivial compactification of the test
configuration (U ,LU , pU). Since we will always work with compactified test configurations
in this article, we will simply call the triple (X ,L, p) a test configuration of the pair (X,L).
Moreover, if the original test configuration (U ,LU , pU) is trivial, then we say that the test
configuration (X ,L, p) is trivial. In this case, X ∼= X × P1 and L = p∗1(L
⊗r). Similarly,
if (U ,LU , pU) is a product test configuration, then we say that (X ,L, p) is a product test
configuration. In this case, we have p−1(0) ∼= X , so that p is an isotrivial fibration.
Using the compactified test configuration (X ,L, p), Li and Xu gave an intersection
formula for the Donaldson–Futaki invariant of the original test configuration. This formula
is given by [13, Proposition 6] and, implicitly, it first appeared in [14, 22]. We will use this
formula as a definition of the Donaldson–Futaki invariant. The slope of the pair (X,L) is
ν(L) =
−KX · L
n−1
Ln
.
The (normalized) Donaldson-Futaki invariant of the (compactified) test configuration
(X ,L, p) with exponent r is the number
(2.2) DF
(
X ,L, p
)
=
1
rn
(
n
n+ 1
1
r
ν(L)Ln+1 + Ln ·
(
KX − p
∗
(
KP1
)))
,
where n is the dimension of the variety X . Observe that the number DF(X ,L, p) does
not change if we replace L by L + p∗(D) for any line bundle D on P1. Moreover, if the
test configuration (X ,L, p) is trivial, then the formula (2.2) gives DF(X ,L, p) = 0.
Definition 2.3. The pair (X,L) is said to be K-polystable if DF(X ,L, p) > 0 for every
non-trivial test configuration (X ,L, p), and DF(X ,L, p) = 0 only if (X ,L, p) is a product
test configuration . Similarly, the pair (X,L) is said to be K-stable if DF
(
X ,L, p
)
> 0
for every non-trivial test configuration (X ,L, p). Finally, if DF(X ,L, p) > 0 for every test
configuration (X ,L, p), then (X,L) is said to be K-semistable.
If the pair (X,L) is not K-semistable, then DF(X ,L, p) < 0 for some test configuration
(X ,L, p) of the pair (X,L). In this case, we say that (X,L) is K-unstable, and (X ,L, p)
is a destabilizing test configuration.
Remark 2.4. The K-polystability of the pair (X,L) implies its K-semistability. Similarly,
the K-stability of the pair (X,L) implies its K-polystability. Moreover, if the group
Aut(X,L) is finite, then all product test configurations of the pair (X,L) are trivial, so
that (X,L) is K-stable if and only if it is K-polystable.
The pair (X,L) is K-polystable (respectively, K-stable or K-semistable) if and only
if the pair (X,L⊗k) is K-polystable (respectively, K-stable or K-semistable) for some
positive integer k. Thus, we can adapt both Definitions 2.1 and 2.3 to the case when L is
an ample Q-divisor on the variety X . This gives us notions of K-polystability, K-stability,
K-semistability and K-unstability for varieties polarized by ample Q-divisors. Similarly,
we can assume that L in the test configuration (X ,L, p) is a p-ample Q-divisor on X .
Because of this, we can assume that r = 1 in the formula (2.2) for the Donaldson-Futaki
invariant.
6 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA
3. Slope stability and Atiyah flops
Let S be a smooth projective surface, and let L be an ample Q-divisor on the surface
S. In this section, we will compute the Donaldson–Futaki invariant of some explicit test
configurations of the pair (S, L). One of them is a very special case of a much more general
construction studied by Ross and Thomas in [17, 18]. Namely, fix a smooth irreducible
curve Z in the surface S. By a slight abuse of notation, let us identify the curve Z with
the curve Z × {0} in the product S × P1. Let πZ : X → S × P
1 be the blow-up of the
curve Z. Denote the exceptional divisor of πZ by EZ , let p = pP1 ◦ πZ , and let
Lλ =
(
pS ◦ πZ
)∗
(L)− λEZ ,
where λ is a positive rational number. Denote by σ(S, L, Z) the Seshadri constant of the
pair (S, L) along Z. Recall that σ(S, L, Z) is usually very easy to compute, since
σ(S, L, Z) = sup
{
µ ∈ Q>0
∣∣∣ the divisor L− µZ is nef}.
By [18, Proposition 4.1], if λ < σ(S, L, Z), then Lλ is p-ample (see also [6, Lemma 2.2]),
so that (X ,Lλ, p) is a (compactified) test configuration of the pair (S, L). This test
configuration is often called a slope test configuration centred at Z. If DF(X ,Lλ, p) < 0
for some λ < σ(S, L, Z), then (S, L) is said to be slope unstable. This implies, in particular,
that (S, L) is K-unstable.
One good thing about the test configuration (X ,Lλ, p) is that its Donaldson–Futaki
invariant is very easy to compute. Namely, let g(Z) be the genus of the curve Z, and let
(3.1) DF(λ) =
2
3
ν(L)
(
λ3Z2 − 3λ2L · Z
)
+ λ2
(
2− 2g(Z)
)
+ 2λL · Z.
Recall from Section 2 that ν(L) = −KS ·L
L2
is the slope of the pair (S, L).
Lemma 3.1 ([17, 18]). If λ < σ(S, L, Z), then DF(X ,Lλ, p) = DF(λ).
Proof. Since −E3Z is the degree of the normal bundle of Z in S × P
1, we get
L3λ = 3λ
2
(
(pP1 ◦ πZ)
∗
(
L
))
· E2Z − λ
3E3Z = −3λ
2L · Z + λ3Z2.
Moreover, we have
L2λ ·
(
KX − p
∗
(
KP1
))
=
(
(pP1 ◦ πZ)
∗
(
KS
)
+ EZ
)
·
(
(pX ◦ πZ)
∗
(
L
)
− λEZ
)2
=
= −2λ (pX ◦ πZ)
∗ (L) · E2Z + λ
2 (pP1 ◦ πZ)
∗ (KS) · E
2
Z + λ
2E3Z =
= 2λL · Z − λ2KS · Z − λ
2Z2.
Now the result follows from substituting in (2.2) the above identities. 
If λ < σ(S, L, Z) and Z2 > 0, then DF(X ,Lλ, p) > 0 by [16, Theorem 1.3]. Thus, if
we want (X ,Lλ, p) to be a destabilizing test configuration, then Z
2 must be negative. In
particular, if S is a del Pezzo surface, then Z must be a (−1)-curve. In this case, we have
finitely many choices for the curve Z.
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Example 3.2 ([17, Example 5.27]). Suppose that S ∼= F1, and Z is the (−1)-curve. Then
DF(X ,Lλ, p) < 0 for some λ < σ(S, L, Z). Indeed, denote by f the fiber of the natural
projection F1 → P
1. Up to positive scaling, either L ∼Q −KS+aZ for some non-negative
rational number a < 1, or L ∼Q −KS + bf for some positive rational number b. In the
former case, we have ν(L) = 8+a
8+2a−a2
and σ(S, L, Z) = 2 + a, so that Lemma 3.1 implies
that DF(X ,Lλ, p) < 0 for some λ < 2 + a, because
lim
λ→1+a
DF(λ) = lim
λ→1+a
2
3
·
8 + a
8 + 2a− a2
(
−3λ2(1− a)− λ3
)
+ 2λ2 + 2λ(1− a) =
=
4
3
·
a3 + 3a2 − 4
4− a
< 0,
for all a ∈ [0, 1). Similarly, in the latter case, we have ν(L) = 4+b
4+2b
and σ(S, L, e) = 2, so
that
lim
λ→2
DF(λ) = lim
λ→2
2
3
·
4 + b
4 + 2b
(
−3λ2(1 + b)− λ3
)
+ 2λ2 + 2λ(1 + b) = −
8
3
1 + b
2 + b
< 0,
which implies that DF(X ,Lλ, p) < 0 for some λ < 2.
The leading term of the cubic polynomial DF(λ) defined in (3.1) is 2
3
ν(L)Z2. Thus, if
Z2 < 0 and S is del Pezzo surface, then DF(λ) < 0 for λ ≫ 0. Unfortunately, in this
case DF(λ) is usually positive for λ < σ(S, L, Z), simply because the Seshadri constant
σ(S, L, Z) is often too small. In particular, this happens in the case when S is a blow-up of
P2 in two distinct points and L = −KS (see [16, Example 7.6]). On the other hand, if S is
a blow-up of P2 in two distinct points, then the group Aut0(S, L) is not reductive for every
ample divisor L, which implies that (S, L) is K-unstable by Matsushima’s obstruction.
There is another famous threshold that one can relate to the triple (S, L, Z), which is
commonly known as the pseudo-effective threshold. It can be defined as
(3.2) τ(S, L, Z) = sup
{
µ ∈ Q>0
∣∣∣ the divisor L− µZ is pseudo-effective}.
Since nef divisors are pseudo-effective, we always have σ(S, L, Z) 6 τ(S, L, Z), and the
inequality is strict in many interesting cases. In [6], Cheltsov and Rubinstein introduced
a birational modification to the slope test configuration in order to increase the value of
λ up to the pseudo-effective threshold. Let us briefly describe their construction.
Suppose that there exists a birational morphism π : S → S such that the surface S is
smooth, and π is a blow-up of k > 0 distinct points O1, . . . , Ok in the surface S. Moreover,
we assume that the image of the curve Z in the surface S is a smooth curve that contains
all these points. Let Z = π(Z), and denote by C1, . . . , Ck the π-exceptional curves that
are mapped to the points O1, . . . , Ok, respectively. For every point Oi ∈ S, let Γi be the
curve Oi × P
1 in the product S × P1. Then there exists a commutative diagram
S × P1
pS

piΓ // S × P1
q
S

S
pi
// S
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where qS is a natural projection, and πΓ is the blow-up of the the curves Γ1, . . . ,Γk. Let
us expand this commutative diagram by adding the threefold X , the blow-up πZ , and
few other birational maps. Namely, recall that we identified Z with the curve Z × {0}
in the product S × P1. Similarly, let us identify the curve Z with the curve Z × {0} in
the product S × P1, so that Z is a proper transform of the curve Z via the blow-up πΓ.
Thus, the threefold X is obtained from S × P1 by blowing up the curves Γ1, . . . ,Γk, with
a consecutive blow-up of the proper transform of the curve Z. If we change the order of
blow-ups here (first blow-up the curve Z, and then blow-up the proper transform of the
curves Γ1, . . . ,Γk), we obtain another (smooth) threefold, which differs from X by exactly
r simple flops. To be precise, let πZ : X → S × P
1 be the blow-up of S × P1 along the
curve Z, and denote by Γ1, . . . ,Γk the proper transforms on X of the curves Γ1, . . . ,Γk,
respectively. Let πΓ : X̂ → X be the blow-up of the curves Γ1, . . . ,Γk. Then there exists
a commutative diagram:
(3.3) X̂
pi
Γ

q

X
p

piZ

ρ
44❥❥❥❥❥❥❥❥❥❥❥❥ X
pi
Z

S × P1
pS
pP1

piΓ // S × P1
q
S

q
P1

S
pi
// S
P1 P1.
Here ρ is a composition of flops, qP1 is the natural projection, and q = qP1 ◦ πZ ◦ πΓ.
Let us describe the curves flopped by ρ. To do this, identify the surface S with the
fibre of pP1 over the point 0 ∈ P
1, and denote by S0 its proper transform on the threefold
X . Then S0 ∼= S, and the union S0 ∪ EZ is the fibre of p over the point 0 ∈ P
1. Denote
the proper transforms of the curves C1, . . . , Ck ⊂ S on the threefold X by C1, . . . , Ck,
respectively. Then the curves C1, . . . , Ck are contained in S0. These are the curves flopped
by ρ. Observe that each Ci is a smooth rational curve that is contained in S0, and its
normal bundle in X is isomorphic to OP1(−1)⊕OP1(−1) (see [6, Lemma 4.1]). Thus, the
map ρ is a composition of r simple flops, commonly known as Atiyah flops.
Remark 3.3. Let us identify the surface S with the fibre of qP1 over the point 0 ∈ P
1,
and denote its proper transforms on the threefolds X and X̂ by S0 an Ŝ0, respectively.
Then S0 ∼= Ŝ0 ∼= S, and ρ maps S0 onto Ŝ0, Moreover, the map ρ induces a birational
morphism S0 → Ŝ0 that contracts the curves C1, . . . , Cr, which is just the morphism
π : S → S, since S0 ∼= S and Ŝ0 ∼= S. Let EZ be the πZ-exceptional surface. Then ρ
−1
flops the proper transforms in X̂ of the fibers of the projection EZ → Z over the points
O1 × {0}, . . . , Ok × {0}.
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Let L̂λ = ρ∗(Lλ). When is L̂λ q-ample? To answer this question, let L = π∗(L). Then
L is an ample Q-divisor on the surface S. Observe that σ(S, L, Z) 6 σ(S, L, Z) and
L ∼Q π
∗
(
L
)
−
k∑
i=1
(L · Ci)Ci.
Then σ(S, L, Z) 6 L · Ci, since (L− λZ) · Ci = L · Ci − λ. Furthermore, we have
L− λZ ∼Q π
∗
(
L− λZ
)
+
k∑
i=1
(λ− L · Ci)Ci
is pseudo-effective if L · Ci < λ < σ(S, L, Z) for every i. Thus, if L · Ci < σ(S, L, Z) for
every i, then σ(S, L, Z) < σ(S, L, Z) 6 τ(S, L, Z).
Lemma 3.4 ([6, Lemma 4.7]). If L ·Ci < λ < σ(S, L, Z) for every i, then L̂λ is q-ample.
Hence, if L · Ci < λ < σ(S, L, Z) for every i, then (X̂ , L̂λ, q) is a test configuration of
the pair (S, L). Its Donaldson–Futaki invariant is also easy to compute. Namely, let
D̂F(λ) = DF(λ) +
2
3
ν(L)
(
k∑
i=1
(
λ− L · Ci
)3)
=
(3.4)
=
2
3
ν(L)
(
λ3Z2 − 3λ2L · Z +
k∑
i=1
(
λ− L · Ci
)3)
+ λ2
(
2− 2g(Z)
)
+ 2λL · Z,
where DF(λ) is the rational function defined in (3.1).
Theorem 3.5. If L · Ci < λ < σ(S, L, Z) for every i, then DF(X̂ , L̂λ, q) = D̂F(λ).
Proof. By [6, Lemma A.3], we have
ρ∗(H1) · ρ∗(H2) · ρ∗(H3) = H1 ·H2 ·H3 −
k∑
i=1
(
H1 · Ci
)(
H2 · Ci
)(
H3 · Ci
)
for any three Q-divisors H1, H2, H3 one the threefold X , Therefore, we have(
L̂λ
)3
=
(
Lλ
)3
−
k∑
i=1
(
Lλ · Ci
)3
.
Similarly, as Ci are floppable curves contained in a fibre of p, thenKX ·Ci = 0 = p
∗(KP1)·Ci
and we have (
L̂λ
)2
·
(
KX̂ − q
∗
(
KP1
))
=
(
Lλ
)2
·
(
KX − p
∗
(
KP1
))
.
Since Lλ · Ci = L · Ci − λ, the assertion follows from (2.2) and Lemma 3.1. 
Corollary 3.6. Suppose that L · Ci < σ(S, L, Z) for every i, and D̂F(σ(S, L, Z)) < 0.
Then there is a positive rational number λ such that L · Ci < λ < σ(S, L, Z) for every i,
and DF(X̂ , L̂λ, q) < 0. In particular, the pair (S, L) is K-unstable.
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In this article we will apply this corollary to polarized smooth del Pezzo surfaces.
Which curve Z should we choose in this case? Should it be a (−1)-curve? If the answer
is positive, then which (−1)-curve should we choose? Once the curve Z is chosen, how
should we choose the contraction π : S → S? Is it uniquely determined by the curve Z?
We will answer all these questions in the remaining part of this article. But first, let us
show how to apply Corollary 3.6 in the simplest case.
Example 3.7 (cf. [6, 6.1]). As in Example 3.2, suppose that S ∼= F1. Let Z be a fiber
of the natural projection F1 → P
1, let C1 be the (−1)-curve, and let π : S → S be the
contraction of C1, so that k = 1, S ∼= P
2, and Z is a line. Up to positive scaling, either
L ∼Q −KS+aC1 for some non-negative rational number a < 1, or L ∼Q −KS+bZ for some
positive rational number b. In the former case, we have ν(L) = 8+a
8+2a−a2
and σ(S, L, Z) = 3,
so that (3.4) gives D̂F(σ(S, L, Z)) = 2
3
· a
3+3a2−4
4−a
< 0. Similarly, in the latter case, we
have ν(L) = 4+b
4+2b
and σ(S, L, Z) = 3 + b, so that D̂F(σ(S, L, Z)) = −4
3
· 1+b
2+b
< 0. Thus,
in both cases, the pair (S, L) is K-unstable by Corollary 3.6.
Let us conclude this section by one observation inspired by [17, Corollary 5.29]. To do
this, fix a point P ∈ S that is not contained in the curves Z,C1, . . . , Ck. Let g : S
′ → S
be the blow-up of the point P , and let G be the exceptional curve of the blow-up g.
Denote by Z ′, C ′1, . . . , C
′
k the proper transforms of the curves Z,C1, . . . , Ck on the surface
S ′, respectively. Let P = π(P ). Then P 6∈ Z, and there exists a commutative diagram
S ′
g //
pi′ 
S
pi

S
′
g
// S
where π′ is a contraction of the curves C ′1, . . . , C
′
k, and g is the blow-up of the point P .
Note that the g-exceptional curve is the proper transform of the curve G on the surface
S
′
. Denote this curve by G. Merging this commutative diagram together with the large
commutative diagram (3.3), we obtain the even larger commutative diagram
X ′
p′
%%
ρ′
✤
✤
✤
piZ′ // S ′ × P1
h //
piΓ′

pS′
##●
●●
●●
●●
●●
● S × P
1
piΓ

pS
||②②
②②
②②
②②
②②
X
piZoo
ρ
✤
✤
✤
p
yy
X̂ ′
q′

pi
Γ
′ ❅
❅❅
❅❅
❅❅
❅ S
′ g //
pi′

S
pi

X̂
q

pi
Γ⑦⑦
⑦⑦
⑦⑦
⑦⑦
X
′
pi
Z
′ ##❋
❋❋
❋❋
❋❋
❋❋
S
′
g
// S X
pi
Z{{①①
①①
①①
①①
①
S
′
× P1
q′
P1{{✇✇
✇✇
✇✇
✇✇
✇✇ h
//
q
S
′
<<①①①①①①①①
S × P1
q
P1 ##●
●●
●●
●●
●●
q
S
bb❉❉❉❉❉❉❉❉❉
P1 P1.
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Here h is the blow-up of the curve P × P1, h is the blow-up of the curve P × P1, and the
maps πZ′ , πZ′ , πΓ′ , πΓ′, ρ
′, q′
P1
, q
S
′ , pS′ , p
′ and q′ are defined similarly to the maps πZ ,
πZ , πΓ, πΓ, ρ, qP1 , qS, pS, p and q, respectively. To get their detailed description, one just
have to add ′ to every geometrical object involved in the definition of the maps πZ , πZ ,
πΓ, πΓ, ρ, qP1 , qS, p and q, We leave this to the reader.
To polarize the surface S ′, choose a positive rational number ε, and let L′ = g∗(L)−εG.
Then L′ is ample provided that the number ε is small enough. Let us assume that this is
the case. Let EZ′ be the exceptional divisor of πZ′ , and let L
′
λ = (pS′ ◦ πZ′)
∗(L′)− λEZ′ ,
where λ is a positive rational number. If λ < σ(S ′, L′, Z ′), then the divisor L′λ is p
′-ample
by [18, Proposition 4.1], so that (X ′,L′λ, p
′) is a slope test configuration of the pair (S ′, L′).
In this case, its Donaldson–Futaki invariant is given by Lemma 3.1. Namely, we have
DF
(
X ′,L′λ, p
′
)
=
2
3
ν(L′)
(
λ3Z2 − 3λ2L · Z
)
+ λ2
(
2− 2g(Z)
)
+ 2λL · Z.
Here we used the fact that the point P is not contained in the curve Z. This assumption
also implies that
lim
ε→0+
σ
(
S ′, L′, Z ′
)
= σ(S, L, Z).
Moreover, we have ν(L) = −KS ·L
L·L
and ν(L′) =
−KS′ ·L
′
L′·L′
= −KS ·L−ε
L2−ε2
. This gives
Corollary 3.8 ([17, Corollary 5.29]). Suppose that λ < σ(S, L, Z) and DF
(
X ,Lλ, p) < 0.
Then λ < σ(S ′, L′, Z ′) and DF(X ′,L′λ, p
′) < 0 for sufficiently small ε > 0.
Note that this corollary together with Example 3.2 imply Theorem 1.3. A similar corol-
lary exists for the flopped version of the slope test configuration described in Section 3. To
present it here, let L̂′λ = ρ
′
∗(L
′
λ) and L
′
= π′∗(L
′). Then L
′
is ample. Since L ·Ci = L
′ ·C ′i
for every curve Ci, we have
L′ ∼Q g
∗(L)− εG ∼Q (π
′)∗
(
L
′)
−
k∑
i=1
(L · Ci)C
′
i.
By Lemma 3.4, if L ·Ci < λ < σ(S, L, Z) for every i, then L̂λ is q-ample, so that (X̂ , L̂λ, q)
is a test configuration of the pair (S, L). Similarly, if L ·Ci < λ < σ(S
′
, L
′
, Z
′
) for every i,
then L̂′λ is q
′-ample, so that (X̂ ′, L̂′λ, q
′) is a test configuration of the pair (S ′, L′). In this
case, its Donaldson–Futaki invariant D̂F(X̂ ′, L̂′λ, q
′) is given by the formula
2
3
ν(L′)
(
λ3Z2 − 3λ2L · Z
)
+ λ2
(
2− 2g(Z)
)
+ 2λL · Z +
2
3
ν(L′)
(
k∑
i=1
(
λ− L · Ci
)3)
by Theorem 3.5. As above, we have
lim
ε→0+
σ
(
S
′
, L
′
, Z
′)
= σ
(
S, L, Z
)
.
This gives
Corollary 3.9. Suppose that L · Ci < λ < σ(S, L, Z) for every i, and D̂F(X̂ , L̂λ, q) < 0.
Then L ·Ci < λ < σ
(
S
′
, L
′
, Z
′)
for every i, and D̂F(X̂ ′, L̂′λ, q
′) < 0 for sufficiently small ε.
We will use this corollary to prove Theorem 1.4.
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4. Ample divisors on del Pezzo surfaces
In this section we describe basic facts about smooth del Pezzo surfaces. The simplest
examples of such surfaces are P2, P1 × P1 and the first Hirzebruch surface F1. To work
with them, we fix notations that we will use throughout the remaining part of this article.
Namely, we denote by ℓ the class of a line in P2. For P1 × P1, we denote by f1 and f2
the fibres of the two distinct projections P1 × P1 → P1. Similarly, for the surface F1, we
denote by e the unique (−1)-curve in F1, and we denote by f the class of a fibre of the
natural morphism F1 → P
1.
Remark 4.1. Note that the divisor af1 + bf2 on P
1 × P1 is nef (respectively, ample) if
and only if a > 0 and b > 0 (respectively, a > 0 and b > 0). The classes f1 and f1 also
generate the Mori cone NE(P1×P1). Similarly, a divisor ae+bf on F1 is nef (respectively,
ample) if and only if b > a > 0 (respectively, b > a > 0). The classes e and f generate
the Mori cone NE(F1).
Now let S be a smooth del Pezzo surface such that K2S 6 7, so that S 6
∼= P2, S 6∼= P1×P1
and S 6∼= F1. Then the Mori cone NE(S) is a polyhedral cone that is generated by all
(−1)-curves on the surface S, i.e. smooth rational curves with self-intersection −1. Recall
that there is a finite number of (−1)-curves on any del Pezzo surface. The description of
these curves is well-known. Nevertheless, we decided to partially present it here, because
we will need this description later.
First, we choose a birational morphism γ : S → P2 that contracts 9 −K2S > 2 disjoint
(−1)-curves. Such morphism always exists, since we assume that K2S 6 7. However, it
is never unique for K2S 6 6. We let r = 9 − K
2
S, and denote the γ-exceptional curves
by E1, . . . , Er. Let Lij be the proper transform of the line in P
2 that contains the points
γ(Ei) an γ(Ej), where 1 6 i < j 6 r. Then
Lij ∼ γ
∗
(
l
)
− Ei − Ej ,
and each Lij is a (−1)-curve. In fact, if r 6 4, then these are all (−1)-curves on S aside
of the curves E1, . . . , Er. If r > 5, let Ci1i2i3i4i5 be the proper transform of the conic in P
2
that contains γ(Ei1), γ(Ei2), γ(Ei3), γ(Ei4) and γ(Ei5) for 1 6 i1 < i2 < i3 < i4 < i5 6 r.
Then each Ci1i2i3i4i5 is also a (−1)-curve and
Ci1i2i3i4i5 ∼ γ
∗
(
2l
)
− Ei1 −Ei2 − Ei3 − Ei4 − Ei5 .
If r = 5 or r = 6, then Ci, Lij , Ei describe all the (−1)-curves in S. If r = 7, then we
denote by Zi the proper transform of the cubic in P
2 that contains the points γ(E1),
γ(E2), γ(E3), γ(E4), γ(E5), γ(E6), γ(E7), and Zi is singular at the point γ(Ei). In this
case, each Zi is a (−1)-curve, and
Zi ∼ γ
∗
(
3l
)
−
(
E1 − E2 − E3 − E4 −E5 − E6 −E6 − E7
)
− Ei.
We have described all (−1)-curves on S in the case when K2S > 2. If K
2
S = 1, then S
contains many more (−1)-curves. For example, the class
γ∗
(
3l
)
−
(
E1 − E2 − E3 −E4 − E5 −E6 − E6 − E7 − E8
)
−Ei + Ej
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contains a unique (−1)-curve for every i 6= j, which we denote by Zij. This curve is the
proper transform of the cubic in P2 that contains all points γ(E1), γ(E2), γ(E3), γ(E4),
γ(E5), γ(E6), γ(E7), γ(E8) except for γ(Ej), which is singular at the point γ(Ei). There
is also a unique (−1)-curve defined in each of the following classes:
γ∗(4l)−
8∑
l=1
El − Ei − Ej −Ek 1 6 i < j < k 6 8,
γ∗(5l)−
8∑
l=1
l 6=i,j
El −
8∑
l=1
El 1 6 i < j 6 8,
γ∗(6l)−Ei − 2
8∑
l=1
El 1 6 i 6 8,
completing the description of all (−1)-curves when K2S = 1.
Let L be an ample Q-divisor on the surface S. Then L · C > 0 for every (−1)-curve C
on the surface S. In fact, the latter condition is equivalent to the ampleness of the divisor
L. Moreover, we have
(4.1) L ∼Q γ
∗
(
εl
)
−
r∑
i=1
εiEi
for some positive rational numbers ε, ε1, . . . , εr. Unfortunately, this Q-rational equivalence
is not canonical, since the contraction γ is not unique for K2S 6 6. There is a better way
to work with ample divisors on S. To present it, we let
µL = inf
{
λ ∈ Q>0
∣∣∣ KS + λL ∈ NE(S)}.
Then µL is a positive rational number, known as the Fujita invariant of (S, L). Let ∆L
be the smallest face of the Mori cone NE(X) that contains KS + µLL. If ∆L = 0, then
µLL ∼Q −KS. If dim(∆L) 6= 0, then KX + µLL is a non-zero effective divisor. Applying
the Minimal Model Program, we obtain a morphism φ : S → Y where Y is smooth and
such that φ contracts all curves contained in ∆L, i.e. φ is the contraction of the face ∆L.
Then either
• φ is a birational morphism that contracts dim(∆L) 6 r disjoint (−1)-curves, or
• dim(∆L) = r, Y ∼= P
1 and general fiber of φ is P1, i.e. φ is a conic bundle.
It seems quite natural to split ample divisors in Amp(S) according to the type of
contraction φ. However, we prefer to use a slightly different splitting into types that is
based on the contraction of one of the largest faces of the Mori cone NE(S) that contains
KX + µLL. Namely, observe that if φ is birational and Y ∼= P
1 × P1, then
(4.2) µLL ∼Q −KS +
r−1∑
i=1
aiFi,
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where F1, . . . , Fr−1 are disjoint (−1)-curves contracted by φ, and each ai is a positive
rational number such that ai < 1. Similarly, if φ is birational and Y 6∼= P
1×P1, then there
exists a (possibly non-unique) birational morphism ψ : Y → P2 such that the composition
ψ ◦ φ is a contraction of r disjoint (−1)-curves F1, . . . , Fr, which generate a maximal face
of the Mori cone NE(X) that contains KS + µLL. In this case, we have
(4.3) µLL ∼Q −KS +
r∑
i=1
aiFi,
where each ai is a non-negative rational number such that ai < 1. Observe that Fi ∈ ∆L
if and only if ai > 0, and, a priori, the contraction ψ ◦ φ does not need to coincide with
γ. Note that in both cases, we have a very simple formula for the slope ν(L) of the pair
(S, L). Namely, we have
ν(L) =
−KS · L
L2
= µL
d+
∑r
i=1 ai
d+ 2
∑r
i=1 ai −
∑r
i=1 a
2
i
.
If φ is a conic bundle, then Y ∼= P1, and ∆L is a maximal face of the Mori cone NE(X)
that contains KX +µLL. Note that the morphism φ has exactly r−1 = 8−K
2
S reducible
fibers, each of them consisting of two (−1)-curves, and the face ∆L is generated by these
(−1)-curves. Then we have
(4.4) µLL ∼Q −KS + bB +
r−1∑
i=1
aiFi,
where B is a general fiber of φ, and F1, . . . , Fr−1 are disjoint (−1)-curves contained in the
singular fibers of φ, each ai is a non-negative rational number such that ai < 1, and b is
a positive rational number. Then
ν(L) =
−KS · L
L2
= µL
d+ 2b+
∑r−1
i=1 ai
d+ 4b+ 2
∑r−1
i=1 ai −
∑r−1
i=1 a
2
i
.
In addition, there exists a commutative diagram
(4.5) S
ψ
  ✁✁
✁✁
✁✁
✁✁ φ
❄
❄❄
❄❄
❄❄
❄
Ŝ
ω
// P1
where ψ is a birational morphism that contracts the curves F1, . . . , Fr−1, and ω is a natural
projection. Then either Ŝ ∼= F1 or Ŝ ∼= P
1 × P1. Observe that the morphism ψ in (4.5) is
uniquely determined by L only if every ai in (4.4) is positive. Thus, if at least one of the
numbers a1, . . . , ar−1 in (4.4) is not positive, then we may assume that Ŝ = P
1 × P1.
Definition 4.2. We say that
• the divisor L is of P2-type if φ is birational and Y 6∼= P1 × P1;
• the divisor L is of P1 × P1-type if either φ is a conic bundle and Ŝ ∼= P1 × P1, or
φ is birational and Y ∼= P1 × P1;
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• the divisor L is of F1-type if φ is a conic bundle, Ŝ ∼= F1, and every ai in (4.4) is
positive.
We will always assume that 0 6 a1 6 · · · 6 ar < 1 if L is of P
2-type. Similarly, if L is
of P1 × P1-type or of F1-type, then we will assume that 0 6 a1 6 · · · 6 ar−1 < 1.
Remark 4.3. Suppose that L is of P1 × P1-type. Then we can combine numerical equiv-
alences (4.2) and (4.4) together by allowing b to be zero in (4.4). Thus, if b = 0 in (4.4),
then f is birational and Y ∼= P1 × P1, so that every ai in (4.4) is positive.
If K2S = 7, then r = 2, and γ is uniquely determined. Thus, if L is of P
2-type, then we
may assume that F1 = E1 and F2 = E2. Similarly, if L is F1-type, then we may assume
that F1 = E1. If L is of P
1 × P1-type, then F1 = L12. In this case, we may assume that
B ∼ L12 + E1 ∼ γ
∗(l)−E2.
If K2S 6 6, we can choose the contraction γ : S → P
2 according to the type of the divisor
L. Namely, if L is of P2-type, then we can assume that γ = ψ ◦ φ and Ei = Fi for every
i. Similarly, if L is of either F1-type or P
1 × P1-type, then we can assume that
B ∼ L1r + E1 ∼ γ
∗(ℓ)−Er,
so that B is a proper transform of a general line in P2 passing through the point γ(Er).
Similarly, if L is of F1-type, then we can assume that Fi = Ei for every i such that
r − 1 > i > 1, so that γ is a composition of ψ with the birational morphism F1 → P
2,
which contracts the curve ψ(Er). If L is of P
1 × P1-type and r = 3, then we can assume
that F1 = E1 and F2 = L2r. Finally, if L is of P
1×P1-type and r > 4, then we can assume
that F1 = E1, F2 = L2r, and Fi = Ei for every i such that r − 1 > i > 3.
Let us illustrate the introduced language by two examples that show how to apply
Corollary 3.6 to the pair (S, L) in the case when S is toric (cf. Examples 3.2 and 3.7).
Example 4.4. Suppose that K2S = 7. Let Z = L12, C1 = E1, C2 = E2, S = P
2, and
let π : S → S be the contraction of the curves C1 and C2 and Z ∼ l. Then we can use
the notations and assumptions of Section 3. We claim that there is a positive rational
number λ such that L · C1 < λ, L · C2 < λ, λ < σ(S, L, Z) and DF(X̂ , L̂λ, q) < 0, which
implies, in particular, that (S, L) is K-unstable. By Corollary 3.6, it is enough to show
that L · C2 < σ(S, L, Z), L · C1 < σ(S, L, Z), and D̂F(σ(S, L, Z)) < 0. To do this, we
may assume that µL = 1. Using (3.4), we see that
D̂F(λ) = ν(L)
(
− 3λ2L · Z − λ3 + (λ− L · C1)
3 + (λ− L · C2)
3
)
+ 2λ2 + 2λL · Z.
If L is of P2-type, then L · Z = 1 + a1 + a2, L · C1 = 1 − a1, L · C2 = 1 − a2, L ∼Q 3ℓ,
which implies that σ(S, L, Z) = 3 > L · C1 > L · C2, so that
D̂F
(
σ(S, L, Z)
)
=
2
3
(1 + a1 + a2)(a
3
1 + 3a
2
1 − 6a1a2 + 6a1 + a
3
2 + 6a2 + 3a
2
2 − 14)
7 + 2(a1 + a2)− a21 − a
2
2
< 0,
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because
a31 + 3a
2
1 − 6a1a2 + 6a1 + a
3
2 + 6a2 + 3a
2
2 − 14 = −(a2 − a1)
3−
− 3(1− a2)(a2 − a1)
2 − 3(a2 − a1)(1− a2)
2 − 6(a2 − a1)(1− a2 + a1)−
− 2(1− a2)
3 − 3(a2 − a1)a2 − 3(1− a2)(a1 + a2 + 4) 6 −2(1− a2)
3 < 0.
If L is of F1-type, then L · Z = 1 + a1, L · C1 = 1− a1, L · C2 = 1 + b and L ∼Q (3 + b)ℓ,
which implies that σ(S, L, Z) = 3 + b > L · C2 > L · C1, so that
D̂F(σ(S, L, Z)) =
2
3
1 + a1
7 + 4b+ 2a1 − a21
+
2
3
1 + a1
7 + 4b+ 2a1 − a21
(3a21 − 3)b
2+
+
2
3
1 + a1
7 + 4b+ 2a1 − a21
(
(−16− 6a1 + 12a
2
1 + 2a
3
1)b− 8a1 + a
4
1 + 9a
2
1 + 4a
3
1 − 14
)
< 0.
Finally, if L is of P1 × P1-type, then L · Z = 1− a1, L · C1 = 1 + a1, L · C2 = 1 + a1 + b
and L ∼Q (3 + b+ a1)ℓ, which implies that σ(S, L, Z) = 3 + a1 + b > L · C2 > L · C1 and
D̂F
(
σ(S, L, Z)
)
=
2
3
(a1 − 1)(2a
3
1 + 4a
2
1b+ 3a1b
2 + 10a21 + 16a1b+ 3b
2 + 22a1 + 16b+ 14)
7 + 4b+ 2a1 − a21
,
so that D̂F(σ(S, L, Z)) < 0.
Example 4.5. Suppose thatK2S = 6. Then it follows from [23] (see also [12, Example 3.2])
that (S, L) is K-polystable if and only if ε1 = ε2 = ε3 or ε = ε1 + ε2 + ε3 in (4.1). Thus,
if L is of P2-type, then (S, L) is K-polystable if and only if a1 = a2 = a3, because
εi = L · Ei =
1− ai
µL
and ε = L · γ∗(l) = 3
µL
in this case. Similarly, if L is of F1-type, then ε1 =
1−a1
µL
, ε2 =
1−a2
µL
and ε3 =
1+b
µL
and ε = 3+b
µL
, which implies that (S, L) is not K-polystable, because a1 > 0,
a2 > 0 and b > 0 in this case. Finally, if L is of P
1 × P1-type, then ε1 =
1−a1
µL
, ε2 =
1+a2
µL
,
ε3 =
1+a2+b
µL
and ε = 3+a2+b
µL
, so that (S, L) is K-polystable if and only if a1 = a2. Thus,
we see that (S, L) is K-polystable if and only if either L is of P2-type and a1 = a2 = a3,
or L is of P1 × P1-type and a1 = a2. In fact, if none of these conditions is satisfied, then
(S, L) can be destabilized by the flopped version of the slope test configuration described
in Section 3. To show this, let Z be one of the (−1)-curves on the surface S, let C1 and
C2 be two disjoint (−1)-curves that intersect Z, and let π : S → S be the contraction
of the curves C1 and C2. Then S ∼= F1 and Z ∼ f + e. Let us use the notations and
assumptions of Section 3. As in Example 4.4, it is enough to show that we can choose
Z such that L · C1 < σ(S, L, Z), L · C2 < σ(S, L, Z) and D̂F(σ(S, L, Z)) < 0. To do
this, we may assume that µL = 1. If L is of P
2-type, then we let Z = L12, C1 = E1 and
C2 = E2, so that L · Z = 1 + a1 + a2, L · C1 = 1 − a1, L · C2 = 1 − a2, Z ∼ f + e and
L ∼Q (2 + a3)e+ 3f , which implies that
σ(S, L, Z) = 2 + a3 > L · C2 > L · C1,
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and it follows from (3.4) that
D̂F
(
σ(S, L, Z)
)
=
2(a1 + a2 + a3)h1(a1, a2, a3)
3(6 + 2(a1 + a2 + a3)− a21 − a
2
2 − a
2
3)
,
where h1(a1, a2, a3) = a
3
1+a
3
2−2a
3
3+3a
2
1−6a1a2+3a1a3+3a
2
2+3a2a3−6a
2
3+3a1+3a2−6a3.
If a1 < a3, then
h1(a1, a2, a3) = −3a
2
1(a2 − a1)− 6a
2
1(a3 − a2)− 3a1(a2 − a1)
2 − 12a1(a2 − a1)(a3 − a2)−
− 6a1(a3 − a2)
2 − (a2 − a1)
3 − 6(a2 − a1)
2(a3 − a2)− 6(a2 − a1)(a3 − a2)
2−
− 2(a3 − a2)
3 − 3a1(a2 − a1)− 6a1(a3 − a2)− 9(a2 − a1)(a3 − a2)−
− 6(a3 − a2)
2 − 3(a2 − a1)− 6(a3 − a2) 6 3(a2 − a1)− 6(a3 − a2) < 0,
so that D̂F(σ(S, L, Z)) < 0 in this case. Similarly, if L is of F1-type, we let Z = L13,
C1 = E1 and C2 = E3, so that L ·Z = 1+a1, L ·C1 = 1−a1, L ·C2 = 1+ b, Z ∼ e+f and
L ∼Q (2+ b+a2)e+(3+ b)f , which implies that σ(S, L, Z) = 2+ b+a2 > L ·C2 > L ·C1,
so that
D̂F
(
σ(S, L, Z)
)
=
2(a1 + a2)h2(a1, a2, b)
3(6 + 4b+ 2(a1 + a2)− a21 − a
2
2)
,
where h2(a1, a2, b) is the polynomial
3(a1−a2)b
2+(2a21+a1a2−4a
2
2+9(a1−a2)−3)b+a
3
1−2a
3
2+3a
2
1+3a1a2−6a
2
2+3a1−6a2.
Since a1 6 a2, it follows that h(a1, a2, b) < 0 unless b = a1 = a2 = 0, and we conclude
that D̂F(σ(S, L, Z)) < 0 in this case as well. Finally, if L is of P1 × P1-type, let Z = E1,
C1 = L13 and C2 = L12, so that L · Z = 1 − a1, L · C1 = 1 + a1, L · C2 = 1 + b + a1,
Z ∼ f + e and L ∼Q (2 + b+ a1 + a2)e+ (3 + b+ a1)f , so that
σ(S, L, Z) = 2 + b+ a1 + a2 > L · C2 > L · C1,
which implies that
D̂F
(
σ(S, L, Z)
)
=
2(a1 − a2)h3(a1, a2, b)
3(6 + 4b+ 2(a1 + a2)− a21 − a
2
2)
,
where h3(a1, a2, b) is the polynomial
2a31 + 4a
2
1 + 4a
2
1b+ 4a
2
1a2 + 7a1a2b+ 3a1b
2 + 2a32 + 4a
2
2b+ 3a2b
2+
+ 6a21 + 4a
2
2a1 + 12a1a2 + 9a1b+ 6a
2
2 + 9a2b+ 6a1 + 6a2 + 3b.
This shows that D̂F(σ(S, L, Z)) < 0 provided a1 6= a2.
Proof of Theorem 1.4. The assertion follows from Example 4.5, Corollary 3.9 and the fact
that S is a del Pezzo surface. 
In the remaining part of this article we will apply Corollary 3.6 to the pair (S, L) in
the case when S is not toric. To do this in a concise way, we need to prove several very
explicit technical results about polarized del Pezzo surfaces. We will do this in the next
section.
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5. Seshadri constants and pseudo-effective thresholds
Let us use all assumptions and notations of Section 4. Suppose, in addition, that
K2S 6 5, so that S is not toric. In this case, the group Aut(S) is known to be finite, and
the pair (S,−KS) is K-stable by Tian’s theorem [20].
Let Z be a (−1)-curve in the del Pezzo surface S, and let µ be a positive rational
number. In this section, we study numerical properties of the divisor L− µZ. Since this
problem depend on the scaling of L in an obvious way, we will assume, for simplicity, that
that the Fujita invariant of the pair (S, L) equals 1, i.e. µL = 1.
The first threshold that controls the numerical properties of the divisor L − µZ is the
Seshadri constant σ(S, L, Z). In our case, it can be computed as follows:
(5.1) σ(S, L, Z) = min
{
L · C
Z · C
∣∣∣∣∣ C is a (−1)-curve on S such that C ∩ Z 6= ∅
}
.
Using this formula, one can easily compute σ(S, L, Z). The second threshold one can
relate to the triple (S, L, Z) is the pseudo-effective threshold τ(S, L, Z) defined in (3.2).
Observe that σ(S, L, Z) 6 τ(S, L, Z).
Remark 5.1. If S ∼= P1 × P1 or S ∼= P2, then τ(S, L, Z) = σ(S, L, Z). Similarly, if S ∼= F1
and σ(S, L, Z) = L·f
Z·f
, then σ(S, L, Z) = τ(S, L, Z).
For the simple reason of applying results of Section 3 to the pair (S, L), we are mostly
interested in the case when σ(S, L, Z) < µ < τ(S, L, Z). Because of this, we will always
assume that
σ(S, L, Z) 6 µ 6 τ(S, L, Z).
Then L − µZ is a pseudo-effective divisor. Moreover, it is not nef if µ > σ(S, L, Z).
Taking its Zariski decomposition (see [11, Theorem I:2.3.19]), we see that there exists a
birational morphism π : S → S that contracts k > 0 disjoint (−1)-curves C1, . . . , Ck such
that
(5.2) L− µZ ∼Q π
∗
(
L− µZ
)
+
k∑
i=1
ciCi,
where L = π∗(L) and Z = π(Z), the divisor L−µZ is nef, and c1, . . . , ck are some positive
rational numbers. Then S is a smooth del Pezzo surface, K2
S
= K2S + k and Z
2
= −1+ k.
Note that k = 0 if and only if the divisor L− µZ is nef. In this case, the morphism π is
an isomorphism. If k > 1, from (5.1), we see that
σ
(
S, L, Z
)
> µ >
L · Ci
Z · Ci
> σ(S, L, Z)
for every i. Without loss of generality, we may assume that L·Ci
Z·Ci
6
L·Cj
Z·Cj
for i < j.
Remark 5.2. Let C1, . . . , Cm be disjoint (−1)-curves on S such that Ci ·Z = 1 for every i.
Let η : S → S˜ be the contraction of the curves C1, . . . , Cm, let L˜ = η∗(L), and let Z˜ =
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η(Z). Then Z˜ is smooth and
(5.3) L− σ(S˜, L˜, Z˜)Z ∼Q η
∗(L˜− σ(S˜, L˜, Z˜)Z˜) +
m∑
i=1
(
σ(S˜, L˜, Z˜)− L · Ci
)
Ci.
Suppose that σ(S˜, L˜, Z˜) > L·Ci for every i, and suppose also that σ(S˜, L˜, Z˜) = τ(S˜, L˜, Z˜).
Then τ(S, L, Z) = σ(S˜, L˜, Z˜). Moreover, if we also have σ(S˜, L˜, Z˜) > L · Ci for every i,
then (5.3) is the Zariski decomposition of L − τ(S, L, Z)Z. In this case we may assume
that η = π, because the Zariski decomposition is unique by [11, Theorem I:2.3.19].
In Section 6, we will apply Corollary 3.6 to the pair (S, L) using the curve Z, the
contraction π : S → S, and a positive rational number λ such that 0 ≪ λ < µ. To do
this we need the curve Z to be smooth. This is always the case when K2S > 3, because
then any two (−1)-curves intersect at most at one point. However, this is an additional
condition in the case K2S 6 2. Recall that we assume that K
2
S 6 5.
Lemma 5.3. Suppose that L is of P2-type, Z = E1, µ = τ(S, L, Z) and
(5.4) a3 >

2
3
if K2S = 1,
3
5
if K2S = 2,
1
2
if K2S = 3,
1
3
if K2S = 4,
0 if K2S = 5.
Then k = r − 1, we may assume that C1 = L12, C2 = L13, C3 = L14, . . . , Ck = L1r, and
σ(S, L, Z) = L · L12 = 1 + a1 + a2 6 L · L13 = 1 + a1 + a3 6 · · ·
· · · 6 L · L1r = 1 + a1 + ar < 2 + a1 = σ
(
S, L, Z
)
= τ(S, L, Z).
If K2S is even, then S = F1. If K
2
S is odd, then S = P
1 × P1. The curve Z is smooth.
Proof. Let η : S → S˜ be the contraction of L12, . . . , L1r, let L˜ = η∗(L), and let Z˜ = η(Z).
Then Z˜2 = r − 2, and the curve Z˜ is smooth. Moreover, either S˜ ∼= F1 or S˜ ∼= P
1 × P1.
In the former case, we have η(Ei) ∼ f for every i > 2. Similarly, in the latter case, we
may assume that η(Ei) ∼ f2 for every i > 2.
Suppose that K2S is even. Then there is a (−1)-curve E ⊂ S disjoint from the curves
L12, . . . , L1r, which implies that S˜ ∼= F1 and η(E) ∼ e. Indeed, ifK
2
S = 4, then E = C12345.
Similarly, if K2S = 2, then E = Z1. Moreover Z˜ · f = 1, from which we can deduce that
Z˜ ∼ e+ r−1
2
f , which in turn implies that
L˜ ∼Q (2 + a1)e +
(
3 +
r − 1
2
a1 +
r∑
i=2
ai
)
f.
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Using Remark 5.1 and inequality (5.4), we conclude that
τ
(
S˜, L˜, Z˜
)
= σ
(
S˜, L˜, Z˜
)
= min
{
3 + r−1
2
a1 + a2 + · · ·+ ar
r−1
2
, 2 + a1
}
= 2 + a1.
Suppose now that K2S is odd. We claim that the surface S contains an irreducible curve
C such that η(C) · η(E2) = 1 and η(C) · η(C) = 0. Indeed, if K
2
S = 1, then C = Z1,8.
Similarly, if K2S = 3, then C = C12345. Finally, if K
2
S = 5, then C = L23. Thus, we see
that S˜ ∼= P1 × P1. Then Z˜ ∼ f1 +
r−2
2
f2, which implies
L˜ ∼Q (2 + a1)f1 +
(
2 +
r − 2
2
a1 +
r∑
i=2
ai
)
f2.
Using Remark 5.1 and (5.4), we deduce that
τ
(
S˜, L˜, Z˜
)
= σ
(
S˜, L˜, Z˜
)
= min
{
2 + r−2
2
a1 + a2 + · · ·+ ar
r−2
2
, 2 + a1
}
= 2 + a1.
Hence, we see that τ(S˜, L˜, Z˜) = σ(S˜, L˜, Z˜) = 2 + a1 in all cases. On the other hand,
we have
(5.5) L− (2 + a1)Z ∼Q η
∗
(
L˜− (2 + a1)Z˜
)
+
r∑
i=2
(1− ai)L1i.
Using Remark 5.2, we see that µ = τ(S, L, Z) = σ(S˜, L˜, Z˜) = 2 + a1, and (5.5) is the
Zariski decomposition of the divisor L−µZ. Since the Zariski decomposition is unique by
[11, Theorem I:2.3.19], we may assume that η = π and S˜ = S, so that k = r − 1. Hence,
we may also assume that C1 = L12, C2 = L13, C3 = L14, . . . , Ck = L1r. Note that (5.5)
and (5.1) imply that σ(S, L, Z) = 1 + a1 + a2. 
Lemma 5.4. Suppose that L is of F1-type, Z = E1, µ = τ(S, L, Z) and
(5.6) a3 >
5−K2S
6−K2S
.
Then
σ(S, L, Z) = L·L1r = 1+a1 6 L·L1i = 1+b+a1+ai < 2+a1+b = σ
(
S, L, Z
)
= τ(S, L, Z)
for every i such that 2 6 i < r. One has k = r− 1, C1 = L1r, and Ci = L1i for r > i > 2.
If K2S is even, then S = F1. If K
2
S is odd, then S = P
1 × P1. The curve Z is smooth.
Proof. Observe first that 2 + a1 + b > L · L1i for every i > 2, because
L ∼Q −KS +
r−1∑
i=1
aiEi + b(L1r + E1).
Let η : S → S˜ be the contraction of the curves L12, . . . , L1r, let L˜ = η∗(L) and Z˜ = η(Z).
Then Z˜ is smooth and Z˜2 = r−2. Moreover, either S˜ = F1 or S˜ = P
1×P1. Furthermore,
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if K2S = 9 − r is even, then Z˜
2 is odd, so that S˜ = F1. Arguing as in the proof of
Lemma 5.3, we see that S˜ = P1 × P1 if K2S is odd. Let E˜i = η(Ei). Then
E˜i · E˜j =

0 if i > 2 and j > 2,
1 if j > i = 1 or i > j = 1,
r − 2 if i = j = 1.
Therefore, if S˜ = F1, then Z˜ = E˜1 ∼ e +
r−1
2
f , and E˜i ∼ f for every i > 2. In this case,
we have η∗(B) ∼ Z˜, so that
L˜ ∼ (2 + b+ a1)e+
(
3 +
r − 1
2
b+
r − 1
2
a1 + a2 + · · ·+ ar−1
)
f,
which implies
τ
(
S˜, L˜, Z˜
)
= σ
(
S˜, L˜, Z˜
)
= min
{
2+b+a1,
2 + r−2
2
b+ r−2
2
a1 + a2 + · · ·+ ar−1
r−2
2
}
= 2+b+a1,
because of (5.6) and Remark 5.1. Similarly, if S˜ = P1 × P1, then we may assume that
E˜i ∼ f2 for every i > 2, so that E˜1 ∼ f1 +
r−2
2
f2. In this case, we have
L˜ ∼ (2 + b+ a1)f1 +
(
2 +
r − 1
2
b+
r − 2
2
a1 + a2 + · · ·+ ar−2
)
f2,
which implies that τ(S˜, L˜, Z˜) = σ(S˜, L˜, Z˜) = 2+ b+a1, because of (5.6) and Remark 5.1.
On the other hand, we have
(5.7) L− (2 + b+ a1)Z ∼Q η
∗
(
L˜− (2 + b+ a1)Z˜
)
+
r∑
i=1
(2 + b+ a1 − L · L1i)L1i.
Using Remark 5.2, we see that τ(S, L, Z) = 2+b+a1, and (5.7) is the Zariski decomposition
of the divisor L − µZ. Since the Zariski decomposition is unique, we may assume that
η = π and S˜ = S, so that k = r − 1, C1 = L1r, and Ci = L1i for for every i such
that 2 6 i < r. Thus, to complete the proof of the lemma, we have to show that
σ(S, L, Z) = 1 + a1. This follows easily from (5.7) and (5.1). 
Lemma 5.5. Suppose that K2S = 5, L is of P
1 × P1-type, Z = E1, µ = τ(S, L, Z). Then
σ(S, L, Z) = L · L14 = 1 + a1 6 L · L12 = 1 + b+ a1 6
6 L · L13 = 1 + b+ a1 + a2 + a3 < 2 + b+ a1 + a2 = σ
(
S, L, Z
)
= τ(S, L, Z).
Moreover, one has k = 3, S = P1 × P1, C1 = L14, C2 = L12, C3 = L13.
Proof. Recall that
L ∼Q −KS + a1E1 + a2L24 + a3E3 + b(L13 + E1),
and the only (−1)-curves on the surface S that intersect Z are the curves L12, L13 and
L14. Intersecting L with these curves, we see that σ(S, L, Z) = L · L14 = 1 + a1 by (5.1).
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Let η : S → S˜ be the contraction of the curves L12, L13 and L14. Then S˜ ∼= P
1 × P1.
Let Z˜ = η(Z), L˜24 = η(L24) and E˜3 = η(E3) . Then L˜24 · E˜3 = 1 and L˜
2
24 = E˜
2
3 = 0.
Thus, we may assume that L˜24 ∼ f1 and E˜3 ∼ f2. Since Z˜
2 = 2, we have Z˜ ∼ f1 + f2.
Let L˜ = η∗(L). Since η∗(B) ∼ Z˜, we have
L˜ ∼Q −KS˜ + (b+ a1)Z˜ + a2L˜24 + a3E˜3 ∼Q (2 + b+ a1 + a2)f1 + (2 + b+ a1 + a3)f2,
so that σ(S˜, L˜, Z˜) = τ(S˜, L˜, Z˜) = 2 + b+ a1 + a2. Moreover, we have
(5.8) L− (2 + b+ a1 + a2)Z ∼Q η
∗
(
L˜− (2 + b+ a1 + a2)Z˜
)
+
+ (2 + b+ a1 + a2 − L · L14)L14 + (2 + b+ a1 + a2 − L · L12)L12+
+ (2 + b+ a1 + a2 − L · L13)L13.
Using Remark 5.2, we see that τ(S, L, Z) = 2 + b + a1 + a2, and (5.8) is the Zariski
decomposition of the divisor L − µZ, so that k = 3. Thus, we may assume that η = π,
S˜ = S, and also C1 = L14, C2 = L12 and C3 = L13. 
Lemma 5.6. Suppose that K2S = 4, L is of P
1 × P1-type, Z = E1, µ = τ(S, L, Z). Then
σ(S, L, Z) = L · L15 = 1 + a1 6 L · L12 = 1 + b+ a1 6
6 L · L13 = 1 + b+ a1 + a2 + a3 6 L · L14 = 1 + b+ a1 + a2 + a4 <
< min
{
3
2
+ b+ a1 +
a2 + a3 + a4
2
, 2 + b+ a1 + a2
}
= σ
(
S, L, Z
)
= τ(S, L, Z).
Moreover, one has k > 4, C1 = L15, C2 = L12, C3 = L13, C4 = L14 and
(a) either k = 4, S = F1, a3 + a4 > 1 + a2 and τ(S, L, Z) = 2 + b+ a1 + a2,
(b) or k = 5, C5 = C12345, S = P
2, a3 + a4 < 1 + a2, and
L · C12345 = 1 + b+ a1 + a3 + a4 < τ(S, L, Z) =
3
2
+ b+ a1 +
a2 + a3 + a4
2
.
Proof. Recall that
L ∼Q −KS + a1E1 + a2L25 +
4∑
i=3
aiEi + b(L15 + E1).
Observe that the only (−1)-curves on S that intersect Z are the curves E1, L12, L13, L14,
L15 and C12345. Intersecting the divisor L with these curves, we get
L · L15 = 1 + a1 6 L · L12 = 1 + b+ a1 6 L · L13 = 1 + b+ a1 + a2 + a3 6
6 L · L14 = 1 + b+ a1 + a2 + a4 6 L · C12345 = 1 + b+ a1 + a3 + a4,
which implies that σ(S, L, Z) = 1 + a1 by (5.1).
Note that the curves L12, L13, L14, L15 and C12345 are disjoint. Let η : S → P
2 be the
contraction of these curves, L˜ = η∗(L), and Z˜ = η(Z). Then Z˜ is a conic and
L˜ ∼Q (3 + 2b+ 2a1 + a2 + a3 + a4)ℓ,
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so that σ(S˜, L˜, Z˜) = τ(S˜, L˜, Z˜) = 3
2
+ b + a1 +
a2+a3+a4
2
. Moreover, a2 + 1 > a3 + a4, if
and only if σ(S˜, L˜, Z˜) > L · C12345 = 1 + b+ a1 + a3 + a4. Observe that
(5.9) L− σ
(
S˜, L˜, Z˜
)
Z ∼Q
5∑
i=2
(
σ
(
S˜, L˜, Z˜
)
− L · L1i
)
L1i+
+
(
σ
(
S˜, L˜, Z˜
)
− L · C12345
)
C12345.
Using Remark 5.2, we see that if a2+1 > a3+a4, then τ(S, L, Z) = τ(S˜, L˜, Z˜) = σ(S˜, L˜, Z˜),
so that (5.9) is the Zariski decomposition of the divisor L−µZ. Hence, if a2+1 > a3+a4,
then we may assume that η = π, S˜ = S, C1 = L15, C2 = L12, C3 = L13, C4 = L14 and
C5 = C12345.
To complete the proof, we now assume that a2 + 1 6 a3 + a4. Let υ : S → F1 be the
contraction of the curves L12, L13, L14 and L15, let L̂ = υ∗(L) and Ẑ = υ(Z). Then
(5.10) L− (2 + b+ a1 + a2)Z ∼Q υ
∗
(
L̂− (2 + b+ a1 + a2)Ẑ
)
+
+ (2 + b+ a1 + a2 − L · L15)L15 + (2 + b+ a1 + a2 − L · L12)L12+
+ (2 + b+ a1 + a2 − L · L13)L13 + (2 + b+ a1 + a2 − L · L14)L14,
where the coefficients on the right hand side of (5.10) are all positive. Furthermore,
σ(Ei) ∼ f if i > 2, σ(E2) · Ẑ = 1 and Ẑ
2 = 3, so it follows that Ẑ ∼ e + 2f . Similarly
σ(L25) ∼ e+ f . Hence, we have
L̂ ∼Q (2 + b+ a1 + a2)e+ (3 + 2b+ 2a1 + a2 + a3 + a4)f.
Since 1 + a2 6 a3 + a4, it follows from Remark 5.1 that
σ(Ŝ, L̂, Ẑ) = τ(Ŝ, L̂, Ẑ) = 2 + b+ a1 + a2.
Using Remark 5.2, we see that τ(S, L, Z) = 2+ b+a1+a2, and the Zariski decomposition
of the divisor L−µZ is given by (5.10). Hence, we may assume that υ = π and Ŝ = S, so
that k = 4 in this case. Moreover, we may also assume that C1 = L15, C2 = L12, C3 = L13
and C4 = L14. This completes the proof of the lemma. 
Lemma 5.7. Suppose that K2S = 3, L is of P
1 × P1-type, Z = E1, µ = τ(S, L, Z). Then
σ(S, L, Z) = L · L16 = 1 + a1 6 L · L12 = 1 + b+ a1 6
6 L · L13 = 1 + b+ a1 + a2 + a3 6 L · L14 = 1 + b+ a1 + a2 + a4 6
6 min
{
1 + b+ a1 +
a2 + a3 + a4 + a5
2
, 2 + b+ a1 + a2
}
= σ
(
S, L, Z
)
= τ(S, L, Z).
Moreover, one has k > 1, C1 = L16, and one of the following cases holds:
(a) if a1 = a2 = a3 = a4 = a5 = 0, then k = 1 and µ = 1 + b;
(b) if a2 = a3 = a4 = a5 > 0, then k = 2, C2 = L12 and µ = 1 + b+ a1 + 2a2;
(c) if a2 = a3 < a4 = a5, then k = 3, C2 = L12, C3 = L13 and µ = 1 + b+ a1 + a2 + a5;
(d) if a2 + a5 = a3 + a4 and a4 < a5, then k = 4, C2 = L12, C3 = L13, C4 = L14 and
µ = 1 + b+ a1 + a2 + a5;
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(e) if a2 + a5 < a3 + a4 and a3 + a4 + a5 < 2 + a2, then k = 5, C2 = L12, C3 = L13,
C4 = L14, C5 = L15, S = P
1 × P1 and µ = 1 + b+ a1 +
a2+a3+a4+a5
2
;
(f) if a2 + a5 < a3 + a4 and a3 + a4 + a5 > 2 + a2, then k = 5, C2 = L12, C3 = L13,
C4 = L14, C5 = L15, S = P
1 × P1 and µ = 2 + b+ a1 + a2;
(g) if a2 + a5 > a3 + a4, then k = 5, C2 = L12, C3 = L13, C4 = L14, C5 = C12346, S = F1
and µ = 1 + b+ a1 +
a2+a3+a4+a5
2
.
Proof. Recall that
L ∼Q −KS + a1E1 + a2L26 +
5∑
i=3
aiEi + b(L16 + E1).
Observe also that the only (−1)-curves on S that intersect Z are the curves L12, L13, L14,
L15, L16, C12345, C12346, C12356, C12456 and C13456. Moreover, we have
L · L16 = 1 + a1 6 L · L12 = 1 + b+ a1 6 L · L13 = 1 + b+ a1 + a2 + a3 6
6 L · L14 = 1 + b+ a1 + a2 + a4 6 L · C12346 = 1 + b+ a1 + a3 + a4 6
6 L · C12356 = 1 + b+ a1 + a3 + a5 6 L · C12456 = 1 + b+ a1 + a4 + a5 <
< L ·C13456 = 1+ b+a1+a2+a3+a4+a5 6 L ·C12345 = 1+2b+a1+a2+a3+a4+a5,
and L ·L14 6 L ·L15 = 1+ b+a1+a2+a5 6 L ·C12356. Then σ(S, L, Z) = 1+a1 by (5.1).
If a2 + a5 6 a3 + a4, let η : S → S˜ be the contraction of the curves L16, L12, L13, L14
and L15. Similarly, if a2+a5 > a3+a4, let η : S → S˜ be the contraction of the curves L16,
L12, L13, L14 and C12346. In both cases, let L˜ = η∗(L) and Z˜ = η(Z). Similarly, denote
by L˜26, E˜3, E˜4, E˜5 and C˜12345 the images on S˜ of the curves L26, E3, E4, E5 and C12345,
respectively. If a2 + a5 6 a3 + a4, then Z˜
2 = 4, L˜226 = 2, E˜
2
3 = E˜
2
4 = E˜
2
5 = C˜
2
12345 = 0,
Z˜ · E˜3 = 1, the curves E˜3, E˜4 and E˜5 are disjoint, and C˜12345 · E˜2 = 1, so that S˜ ∼= P
1×P1.
In this case, we may assume that E˜3 ∼ E˜4 ∼ E˜5 ∼ f2, which implies that Z˜ ∼ f1 + 2f2
and L˜26 ∼ f1 + f2, so that
L˜ ∼Q (2 + b+ a1 + a2)f1 + (2 + 2b+ 2a1 + a2 + a3 + a4 + a5)f2,
which in turns implies that
σ
(
S˜, L˜, Z˜
)
= τ(S˜, L˜, Z˜) = min
{
2 + b+ a1 + a2, 1 + b+ a1 +
a2 + a3 + a4 + a5
2
}
.
Similarly, if a2 + a5 > a3 + a4, then Z˜
2 = 4, E˜25 = −1, L˜
2
26 = E˜
2
3 = E˜
2
4 = 1, and
E˜5 · L˜26 = E˜5 · E˜3 = E˜5 · E˜4 = Z˜ · E˜5 = 0, which implies that S˜ ∼= F1 and E˜5 ∼ e. In this
case, we have Z˜ ∼ 2e+ 2f and L˜26 ∼ E˜3 ∼ E˜4 ∼ e+ f , so that
L˜ ∼Q (2 + 2b+ 2a1 + a2 + a3 + a4 + a5)e+ (3 + 2b+ 2a1 + a2 + a3 + a4)f,
which also gives σ(S˜, L˜, Z˜) = τ(S˜, L˜, Z˜) = 1 + b+ a1 +
a2+a3+a4+a5
2
by Remark 5.1.
If a2 + a5 6 a3 + a4, then
(5.11) L − σ
(
S˜, L˜, Z˜
)
Z ∼Q η
∗
(
L˜ − σ
(
S˜, L˜, Z˜
)
Z˜
)
+
6∑
i=2
(
σ
(
S˜, L˜, Z˜
)
− L · L1i
)
L1i.
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and the coefficients in front of each L1i in (5.11) are all non-negative, so that Remark 5.2
gives τ(S, L, Z) = σ(S˜, L˜, Z˜). Moreover, if a2 + a5 < a3 + a4, then all coefficients in front
of each L1i in (5.11) are positive, so that (5.11) is the Zariski decomposition of the divisor
L − µZ by Remark 5.2. In this case, we may assume that η = π and S˜ = S, C1 = L16,
C2 = L12, C3 = L13, C4 = L14 and C5 = L15, which gives us the cases (e) and (f).
Similarly, if a2 + a5 > a3 + a4, then τ(S, L, Z) = σ(S˜, L˜, Z˜) by Remark 5.2, since all the
coefficients in front of the right hand side of
(5.12) L− σ
(
S˜, L˜, Z˜
)
Z ∼Q η
∗
(
L˜− σ
(
S˜, L˜, Z˜
)
Z˜
)
+
(
σ
(
S˜, L˜, Z˜
)
− L · L16
)
L16+
+
4∑
i=2
(
σ
(
S˜, L˜, Z˜
)
− L · L1i
)
L1i +
(
σ
(
S˜, L˜, Z˜
)
− L · C12346
)
C12346,
are positive. Using Remark 5.2 again, we see that if a2 + a5 > a3 + a4, then (5.12) is the
Zariski decomposition of the divisor L − µZ. In this case we may assume that η = π,
S˜ = S, C1 = L16, C2 = L12, C3 = L13, C4 = L14 and C5 = C12346, which gives us the
case (g).
To complete the proof, we may assume that a2+a5 = a3+a4. Then µ = 1+b+a1+a2+a5,
so that (L−µZ)·L16 = −b−a2−a5 < 0, (L−µZ)·L12 = −a2−a5, (L−µZ)·L13 = a3−a5
and (L−µZ) ·L14 = a4−a5. Let υ : S → Ŝ be the contraction of the curve L16, and those
curves (if any) among L12, L13 and L14 that have negative intersection with L− µZ. Let
L̂ = υ∗(L) and Ẑ = υ(Z), so that
(5.13) L− µZ ∼Q υ
∗
(
L̂− µẐ
)
+ (µ− L · L16)L16 +
4∑
i=2
(µ− L · L1i)L1i.
By Remark 5.2, the Zariski decomposition of the divisor L−µZ is (5.13), so that we may
assume that η = π, S˜ = S and C1 = L16. If µ − L · L12 = 0, then k = 1, which is case
(a). Moreover, if µ − L · L14 > 0, then k = 4, and we may also assume that C2 = L12,
C3 = L13 and C4 = L14, which is case (d). Similarly, if µ−L ·L14 = 0 and µ−L ·L13 > 0,
then k = 3, and we may assume that C2 = L12 and C3 = L13, which is case (c). Finally,
if µ−L ·L13 = 0, then k = 2, and we may assume that C2 = L12, which is case (b). This
completes the proof of the lemma. 
If K2S = 2, let us denote the (−1)-curve curve Z1 also as Z17.
Lemma 5.8. Suppose that K2S 6 2, L is of P
1 × P1-type, and Z = E1. Then
σ(S, L, Z) = L · L1r = 1 + a1 6 L · L12 = 1 + b+ a1 6
6 L · L13 = 1 + b+ a1 + a2 + a3 6 L · L14 = 1 + b+ a1 + a2 + a4 6
6 L · L15 = 1 + b+ a1 + a2 + a5 6 L · L16 = 1 + b+ a1 + a2 + a6.
Moreover, one has L · L14 6 L · C1234r = 1 + b+ a1 + a3 + a4. Furthermore, one has
L · Z17
Z · Z17
=
1 + 2b+ 2a1 + a2 + a3 + a4 + a5 + a6
2
,
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and the curve Z17 is disjoint from the (−1)-curves L1r, L12, L13, L14, L15, L16 and C1234r.
Let C be a (−1)-curve on the surface S such that the curve C intersects the curve Z, C
is not one of E1, L1r, L12, L13, L14, L15, L16, C1234r, Z17 and a3 >
2
3
. Then
L · C
Z · C
> min
{
L · L16, L · C1234r,
L · Z17
Z · Z17
}
.
Proof. Recall that
L ∼Q −KS + a1E1 + a2L2r +
r−1∑
i=3
aiEi + b(L1r + E1),
and observe that all assertions of the lemma are obvious except for the last one. Let us
prove it. Note that C · B > C · Z > 1, since B ∼ E1 + L1r and C 6= L1r. Moreover, by
looking at the classes of the list of (−1)-curves in S, we have C ·Z 6 4−K2S . Furthermore,
the surface S contains a unique (−1)-curve Z ′ such that Z ′ · Z = 4 −K2S. We also have
Z + Z ′ ∼ −(3 − K2S)KS. Indeed, if K
2
S = 2, then Z
′ = Z17 and if K
2
S = 1, then γ(Z
′)
is a sextic curve that has triple singular point at γ(E1), and double points in the points
γ(E2), γ(E3), γ(E4), γ(E5), γ(E6), γ(E7) and γ(E8).
Suppose first that C · Z = 1. Then
L · C
Z · C
= L · C > 1 + b+ a1 + a2C · L2r +
r−1∑
i=3
aiC · Ei.
Thus, if C · (L2r + E3 + · · ·+ Er−1
)
> 3, then
L · C
Z · C
> 1 + b+ a1 + a2 + a3 + a4 > 2 + b+ a1 + a2 > 1 + b+ a1 + a2 + a6 = L · L16.
Going through the list of (−1)-curves on S, we see that if C · (L2r +E3+ · · ·+Er−1) 6 2,
then either C = L17 and K
2
S = 1, or C is one of the curves C12ijr with 2 < i < j < r and
(i, j) 6= (3, 4). In the former case, we have L · C > L · L16. In the latter case, we have
L · C > L · C1234r.
Suppose now that C · Z > 2. If K2S = 2, then C · Z = 2 as C · Z 6 4 −K
2
S and C =
Z ′ = Z17. Thus, to complete the proof, we may assume that K
2
S = 1 and 3 > C · Z > 2.
If C · Z = 3, then C = Z ′ ∼Q −2KS − Z, so that
L · C
Z · C
=
L · (−2KS − Z)
3
=
1 + 4b+ 3a1 + 2a2 + 2a3 + 2a4 + 2a5 + 2a6 + 2a7
3
>
L · Z17
Z · Z17
because a3 >
2
3
. Thus, we may assume that C · Z = 2. If C = Z1i with 2 6 i 6 8, then
L · C > 1 + 2b+ 2a1 + a2 + a3 + a4 + a5 + a6 + a7 − ai > L · Z17.
For the other three types of classes of possible (−1)-curves introduced in section 4 it is
straight forward to see that L · C > L · Z17. 
Now we are ready to complete this section by proving
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Lemma 5.9. Suppose that K2S 6 2, L is of P
1 × P1-type, Z = E1, and a3 >
2
3
. Then
σ(S, L, Z) < µ 6 τ(S, L, Z), k > 2, C1 = L1r, C2 = L12, µ = σ(S, L, Z) and the curve Z
is smooth, where
min
{
1 + 2b+ 2a1 + a2 + a3 + a4 + a5 + a6
2
, 1 + b+ a1 + a2 + a6
}
.
Moreover one of the following cases holds:
(a) if 1 + a2 + a3 > a4 + a5 + a6, then k = 2 and µ =
1+2b+2a1+a2+a3+a4+a5+a6
2
;
(b) if 1+ a2+ a3 < a4+ a5+ a6 and a3+ a5+ a6 6 1+ a2+ a4, then k = 3, C3 = L13 and
µ = 1+2b+2a1+a2+a3+a4+a5+a6
2
;
(c) if a3+ a5+ a6 > 1+ a2+ a4, a3+ a4+ a6 6 1+ a2+ a5 and a2+ a5+ a6 6 1+ a3+ a4,
then k = 4, C3 = L13, C4 = L14 and µ =
1+2b+2a1+a2+a3+a4+a5+a6
2
;
(d) if a3 + a4 + a6 > 1 + a2 + a5 and 1 + a2 + a6 > a3 + a4 + a5, then k = 5, C3 = L13,
C4 = L14, C5 = L15 and µ =
1+2b+2a1+a2+a3+a4+a5+a6
2
;
(e) if a3 + a4 + a6 > 1 + a2 + a5 and 1 + a2 + a6 < a3 + a4 + a5, then k = 5, C3 = L13,
C4 = L14, C5 = L15 and µ = 1 + b+ a1 + a2 + a6;
(f) if a2 + a5 + a6 > 1 + a3 + a4, then k = 5, C3 = L13, C4 = L14, C5 = C1234r and
µ = 1+2b+2a1+a2+a3+a4+a5+a6
2
.
Proof. Using Lemma 5.8, we see that
L · Z17
Z · Z17
=
1 + 2b+ 2a1 + a2 + a3 + a4 + a5 + a6
2
> 1 + b+ a1 = L · L12 > σ(S, L, Z),
because a3 >
2
3
. So that µ is the smallest number among L·Z17
Z·Z17
and L · L16, so that
µ > σ(S, L, Z). We will show later that µ 6 τ(S, L, Z). Observe that µ > L · L1r and
µ > L ·L12. However, we do not know whether µ is larger than the remaining intersections
L · L13, L · L14, L · L15, L · L16 and L · C1234r or not, because
L·Z17
Z·Z17
can be small. This
explains the several cases we may have.
Suppose first that either µ > L · L15 or µ > L · C1234r (or both). Note that µ > L · L15
if and only if a6 > a5 and a3 + a4 + a6 > 1 + a2 + a5. Similarly, µ > L · C1234r if and
only if a2 + a6 > a3 + a4 and a2 + a5 + a6 > 1 + a3 + a4. In particular, we must have
a2+ a5 6= a3+ a4. If a2+ a5 < a3+ a4, let η : S → S˜ be the contraction of the curves L1r,
L12, L13, L14 and L15. Similarly, if a2 + a5 > a3 + a4, let η : S → S˜ be the contraction of
the curves L1r, L12, L13, L14 and C1234r. Denote by E˜5, E˜6, E˜7, L˜16, L˜17, Z˜15, Z˜16 and Z˜17
the images on S˜ of the curves E5, E6, E7, L16, L17, Z15, Z16 and Z17, respectively. Then
S˜ is a smooth del Pezzo surface and K2
S˜
= K2S + 5. If K
2
S = 1 (K
2
S = 2, respectively) and
a2 + a5 < a3 + a4, then all (−1)-curves on S˜ are E˜6, E˜7, L˜16, L˜17, Z˜16 and Z˜17 (E˜6, L˜16
and Z˜17, respectively). Similarly, if d = 1 (d = 2, respectively) and a2 + a5 > a3 + a4,
then all (−1)-curves on S˜ are E˜5, E˜6, E˜7, Z˜15, Z˜16 and Z˜17 (E˜5, E˜6, Z˜17, respectively).
Let L˜ = η∗(L) and Z˜ = η(Z). Then Z˜ is smooth, and µ = σ(S˜, L˜, Z˜). The latter
follows from the intersection of the divisor L˜−µZ˜ with (−1)-curves on S˜. For example, if
a2+a5 > a3+a4, then µ =
1+2b+2a1+a2+a3+a4+a5+a6
2
, which implies that (L˜−µZ˜) · Z˜17 = 0.
Similarly, if a2+a5 6 a3+a4 and 1+a2+a6 < a3+a4+a5, then µ = 1+ b+a1+a2+a6,
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which implies that (L˜− µZ˜) · L˜16 = 0. In particular L˜− µZ˜ is nef. On the other hand, if
a2 + a5 < a3 + a4, then L · L15 6 L · C1234r, and
(5.14) L− µZ ∼Q η
∗
(
L˜− µZ˜
)
+ (µ− L · L1r)L1r +
5∑
i=2
(µ− L · L1i)L1i,
where µ−L ·L1i > 0 for every i ∈ {2, 3, 4, 5, r}, as µ > L ·L15. If a2 + a5 < a3 + a4, then
(5.15) L− µZ ∼Q η
∗
(
L˜− µZ˜
)
+ (µ− L · L1r)L1r+
+
4∑
i=2
(µ− L · L1i)L1i + (µ− L · C1234r)C1234r,
where µ − L · L1i > 0 for every i ∈ {2, 3, 4, r} and µ − L · C1234r > 0. Therefore, the
divisor L−µZ is pseudo-effective in both cases. In particular, we see that µ 6 τ(S, L, Z).
Moreover, (5.14) (respectively (5.15)) is the Zariski decomposition of the divisor L− µZ
in the case when a2+a5 < a3+a4 (respectively when a2+a5 > a3+a4). Since the Zariski
decomposition of L− µZ is unique, we may assume that η = π and S˜ = S, so that k = 5
in this case. Thus, we may assume that C1 = L1r, C2 = L12, C3 = L13, C4 = L14. If
a2 + a5 < a3 + a4, then C5 = L15, so that we are either in the case (d) or in the case (e).
If a2 + a5 > a3 + a4, then C5 = C1234r, which is the case (f). This proves the required
assertion in the case when µ > L · L15 or µ > L · C1234r.
Now we suppose that µ 6 L · L15 and µ 6 L · C1234r. The former inequality implies
that a3 + a4 + a6 6 1 + a2 + a5, so that, in particular, a3 + a4 + a5 6 1 + a2 + a6. Thus,
we have
µ =
1 + 2b+ 2a1 + a2 + a3 + a4 + a5 + a6
2
=
L · Z17
Z · Z17
.
Then (L− µZ) · Z17 > 0, (L− µZ) · C1234r > 0, (L− µZ) · L15 > 0, (L− µZ) · L16 > 0.
Let us use the same notations as in the previous case with one exception: now now
assume that η : S → S˜ is the contraction of those curves among L1r, L12, L13, L14 that
have negative intersection with L− µZ. In particular, η contracts L1r and L12, since we
already know that (L − µZ) · L1r < 0 and (L − µZ) · L12 < 0. We claim that L˜ − µZ˜ is
nef. Indeed, let C˜ be a (−1)-curve on S˜, and let C be its proper transform on the surface
S. Then (L˜−µZ˜) · C˜ = (L−µZ) ·C > 0 by Lemma 5.8. This implies that L˜−µZ˜ is nef.
Now arguing as in the previous case, we see that we can assume that η = π and S˜ = S.
If L1r and L12 are the only curves among L1r, L12, L13, L14 that have negative intersec-
tion with L−µZ, then we get k = 2, and we may assume that C1 = L1r and C2 = L12. In
this case, we have (L−µZ) ·L13 > 0, which can be rewritten as 1+a2+a3 > a4+a5+a6,
which gives us the case (a). Similarly, if (L− µZ) · L13 < 0 and (L− µZ) · L14 > 0, then
1+a2+a3 < a4+a5+a6 and a3+a5+a6 6 1+a2+a4, respectively. In this case, we have
k = 3, and we may assume that C1 = L1r, C2 = L12 and C3 = L13, which is the case (b).
Finally, if both (L−µZ) ·L13 < 0 and (L−µZ) ·L14 < 0, then a3+ a5+ a6 > 1+ a2+ a4
and k = 4. In this case η contracts all 4 curves L1r, L12, L13, L14, so that we may assume
that C1 = L1r, C2 = L12, C3 = L13, C4 = L14, which is the case (c). This completes the
proof of the lemma. 
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6. Computing Donaldson–Futaki invariants
In this section, we will prove Theorems 1.2 and 1.5. Namely, let S be a smooth del
Pezzo surface such that K2S 6 5, and let L be an ample Q-divisor on it. We will apply the
results of Section 3 to the pair (S, L) using Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9. To do this,
let us use notations and assumptions of Sections 3, 4 and 5. As usual, we may assume
that µL = 1, where µL is the Fujita invariant of (S, L).
Observe that the inequality (5.4) (respectively (5.6)) follows from (1.1) or (1.2) (respec-
tively (1.4)). Similarly, the inequality a3 >
2
3
follows from (1.3). Thus, we assume that
(5.4) holds in the case when L is of P2-type, (5.6) holds if L if is of F1-type and a3 >
2
3
if
L is of F1-type.
Let Z = E1, and let µ be the number defined in Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9.
Then µ = τ(S, L, Z) except the case when K2S 6 2 and L is a divisor of P
1 × P1-type. In
this case, we have
µ = min
{
1 + 2b+ 2a1 + a2 + a3 + a4 + a5 + a6
2
, 1 + b+ a1 + a2 + a6
}
,
so that µ 6 τ(S, L, Z) by Lemma 5.9. Moreover, there exists a birational morphism
π : S → S that contracts a disjoint union of (−1)-curves C1, . . . , Ck, canonically deter-
mined by (S, L, Z) and which are described in Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9. In each
case, we have µ = σ(S, L, Z), where L = π∗(Z) and Z = π(Z). Here σ(S, L, Z) is the
Seshadri constant of the pair (S, L) with respect to the curve Z. Moreover, it follows
from Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9 that the curve Z is smooth, and L ·Ci < σ(S, L, Z)
for every i. Thus, it follows from Corollary 3.6 that (S, L) is not K-stable if D̂F(µ) < 0,
where D̂F is the rational function defined in (3.4). The goal is to show that D̂F(µ) < 0
provided that the divisor L satisfies the hypotheses of Theorems 1.2 and 1.5.
To simplify computations, let D = 3
2
D̂F(µ)L2, so that D has the same sign as D̂F.
Using (3.4) and L · E1 = 1− a1, we get
(6.1) D = −KS ·L
(
−µ3−3µ2(1−a1)
)
+3µ2L2+3µL2(1−a1)−KS ·L
(
k∑
i=1
(
µ−L·Ci
)3)
,
where k, each L ·Ci, and µ = σ(S, L, Z) are given by Lemmas 5.3, 5.4 5.5, 5.6, 5.7, or 5.9.
If L is of F1-type or P
1 × P1-type, then D = A · b2 +B · b + C for some functions A, B
and C that depend only on a1, . . . , ar−1. For instance, if K
2
S = 5 and L is of P
1×P1-type,
then (6.1) and Lemma 5.5 imply that D is the polynomial
(6.2)
(
3a21 + 3− 3a
2
2 − 3a
2
3
)
b2+
+
(
4a31+3a
2
1a2+3a
2
1a3−3a1a
2
2−3a1a
2
3−4a
3
2−6a2a
2
3−2a
3
3+6a
2
1−9a
2
2−9a
2
3+6a1+3a2+3a3+8
)
b+
+ 5 + 4a1 + 4a2 + 4a3 + 2a
4
1 − 2a
4
2 − a
4
3 + 4a
3
1 − 7a
3
2 − 2a
3
3 + 3a
2
1a2a3 − 3a1a2a
2
3 + 3a
2
1+
+ 3a1a2 − 6a
2
2 − 6a
2
3 + 2a
3
1a2 + 2a
3
1a3 − 2a1a
3
2 − a1a
3
3 + a
3
2a3 − a2a
3
3 + 3a
2
1a2+
+ 3a21a3 − 6a1a
2
2 − 6a1a
2
3 + 3a
2
2a3 − 12a2a
2
3 + 3a1a3 + 9a2a3 − 3a
2
2a
2
3.
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If K2S = 4 and L is of F1-type, then Lemma 5.4 implies that A = 3a
2
1+6−3a
2
2−3a
2
3−3a
2
4,
B = 4a31 + 3a
2
1a2 + 3a
2
1a3 + 3a
2
1a4 − 3a1a
2
2 − 3a1a
2
3−
− 3a1a
2
4 − 2a
3
2 − 2a
3
3 − 2a
3
4 + 3a
2
1 − 9a
2
2 − 9a
2
3 − 9a
2
4 + 9a1 + 3a2 + 3a3 + 3a4 + 16,
and
C = 8 + 8a1 + 8a2 + 8a3 + 8a4 + 2a
4
1 − a
4
2 − a
4
3 − a
4
4 + 2a
3
1 − a
3
2 − a
3
3 − a
3
4 − 9a
2
4−
− 9a23 − 9a
2
2 + 2a
3
1a2 + 2a
3
1a3 + 2a
3
1a4 − a1a
3
2 − a1a
3
3 − a1a
3
4 − a
3
2a3 − a
3
2a4 − a2a
3
3−
− a2a
3
4 − a
3
3a4 − a3a
3
4 + 3a
2
1a2 + 3a
2
1a3 + 3a
2
1a4 − 6a1a
2
2 − 6a1a
2
3 − 6a1a
2
4 + 3a
2
2a3 + 3a
2
2a4+
+ 3a2a
2
3 + 3a2a
2
4 + 3a
2
3a4 + 3a3a
2
4 + 3a1a2 + 3a1a3 + 3a1a4 − 6a2a3 − 6a2a4 − 6a3a4.
Similarly, if S is a smooth cubic surface, L is of P1 × P1-type, a2 + a5 < a3 + a4 and
a3 + a4 + a5 > 2 + a2, then Lemma 5.7 gives k = 5, C1 = L16, C2 = L12, C3 = L13,
C4 = L14, C5 = L15, S = P
1 × P1 and µ = 2 + b + a1 + a2. In this case, we have
L ·C1 = 1+a1, L ·C2 = 1+ b+a1, L ·C3 = 1+ b+a1+a2+a3, L ·C4 = 1+ b+a1+a2+a4
and L ·C5 = 1+ b+ a1 + a2 + a5, so that (6.1) gives A = 3a
2
1 +9− 3a
2
2− 3a
2
3 − 3a
2
4− 3a
2
5,
B = 4a31 + 3a
2
1a2 + 3a
2
1a3 + 3a
2
1a4 + 3a
2
1a5 − 3a1a
2
2 − 3a1a
2
3−
− 3a1a
2
4 − 3a1a
2
5 − 4a
3
2 − 6a2a
2
3 − 6a2a
2
4 − 6a2a
2
5 − 2a
3
3 − 2a
3
4−
− 2a35 − 9a
2
2 − 9a
2
3 − 9a
2
4 − 9a
2
5 + 12a1 + 15a2 + 3a3 + 3a4 + 3a5 + 24,
and
C = 9 + 12a1 + 12a2 + 12a3 + 12a4 + 12a5 − 3a
2
1 − 6a
2
2 − 12a
2
3 − 12a
2
4 − 12a
2
5−
− a44 − a
4
5 − 9a
3
2 + 3a
2
1a3 + 3a
2
1a4 + 3a
2
1a5 − 6a1a
2
2 − 6a1a
2
3 − 6a1a
2
4 − 6a1a
2
5+
+ 3a22a4 + 3a
2
2a5 − 12a2a
2
3 − 12a2a
2
4 − 12a2a
2
5 + 3a
2
3a4 + 3a
2
3a5 + 3a3a
2
4 + 3a3a
2
5+
+ 3a4a
2
5 + 3a1a3 + 3a1a4 + 3a1a5 + 9a2a3 + 9a2a4 + 9a2a5 − 6a3a4 − 6a3a5 − 6a4a5−
− 3a22a
2
3 − 3a
2
2a
2
4 − 3a
2
2a
2
5 + 9a1a2 + 2a
3
1a2 + 2a
3
1a3 + 2a
3
1a4 + 2a
3
1a5 − 2a1a
3
2−
− a1a
3
3 − a1a
3
4 − a1a
3
5 + a
3
2a3 + a
3
2a4 + a
3
2a5 − a2a
3
3 − a2a
3
4 − a2a
3
5 − a
3
3a4−
− a33a5 + 3a
2
2a3 − a3a
3
4 − a3a
3
5 − a
3
4a5 − a4a
3
5 − 3a
2
1a2 + 3a
2
1a2a3 − 3a1a2a
2
3−
− 3a1a2a
2
5 − 3a1a2a
2
4 + 3a
2
4a5 + 3a
2
1a2a5 + 3a
2
1a2a4 + 2a
4
1 − 2a
4
2 − a
4
3.
We clearly see the pattern for the polynomial A. Indeed, if L is of F1-type or P
1×P1-type,
then
A = 3a21 + 3r − 9− 3a
2
2 − · · · − 3a
2
r−1.
Thus, if L is of F1-type or P
1 × P1-type, and a21 + r − 3 < a
2
2 + · · ·+ a
2
r−1, then
D(a1, . . . , ar−1, b) < 0
for b≫ 0. This proves Theorem 1.2.
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Now let us denote by DP2 the polynomial
(6.3) 5 + 2a34 + 2a
3
5 + 2a
3
6 + 2a
3
7 + 2a
3
8 + 2a
4
1 − a
4
2 − a
4
3 − a
4
4 − a
4
5 − a
4
6+
− a47 − a
4
8 + 3a1a6 − 6a1a
2
8 − a2a
3
5 + 3a2a
2
6 + 3a3a
2
6 + 3a6a
2
2 + 2a4a
3
1 + 3a3a
2
7+
+ 20a6 − 18a
2
3 − 18a
2
4 − 18a
2
5 − 18a
2
6 − 18a
2
7 − 18a
2
8 + 3a1a2 + 3a1a4 + 3a1a5+
20a7 + 3a1a7 + 3a1a8 − a1a
3
2 − a1a
3
3 − a1a
3
4 − a1a
3
5 − a1a
3
6 − a1a
3
7 + 3a8a
2
6−
− a1a
3
8 − 6a1a
2
2 − 6a1a
2
3 − 6a1a
2
4 − 6a1a
2
5 − 6a1a
2
6 − 6a1a
2
7 − 6a2a3 + 3a8a
2
4+
+ 20a8 − 6a2a5 − 6a2a6 − 6a2a7 − 6a2a8 + 2a2a
3
1 − a2a
3
3 − a2a
3
4 − a2a
3
6 + 3a8a
2
5+
+ 2a33 − a2a
3
7 − a2a
3
8 + 3a2a
2
1 + 3a2a
2
3 + 3a2a
2
4 + 3a2a
2
5 + 3a2a
2
7 + 3a2a
2
8−
− 6a3a5 − 6a3a6 − 6a3a7 − 6a3a8 + 2a3a
3
1 − a3a
3
2 − a3a
3
4 − a3a
3
5 − a3a
3
6+
− 4a31 + 3a1a3 − a3a
3
7 − a3a
3
8 + 3a3a
2
1 + 3a3a
2
2 + 3a3a
2
4 + 3a3a
2
5 + 3a3a
2
8−
− 6a3a4 − 6a5a6 − 6a4a6 − a5a
3
7 + 3a7a
2
2 − a8a
3
6 + 2a7a
3
1 + 3a8a
2
7 + 3a5a
2
8+
+ 20a2 − 6a4a5 − 6a4a7 − 6a4a8 − a4a
3
2 − a4a
3
3 − a4a
3
5 − a4a
3
6 − a4a
3
7+
+ 2a32 − a4a
3
8 + 3a4a
2
1 + 3a4a
2
2 + 3a4a
2
3 + 3a4a
2
5 + 3a4a
2
6 + 3a4a
2
7 + 3a4a
2
8+
+ 20a3 − 6a5a7 − 6a5a8 + 2a5a
3
1 − a5a
3
2 − a5a
3
3 − a5a
3
4 − a5a
3
6 − a5a
3
8 + 3a5a
2
1−
− 18a22 + 3a5a
2
2 + 3a5a
2
3 + 3a5a
2
4 + 3a5a
2
6 + 3a5a
2
7 − 6a6a7 − 6a6a8 + 2a6a
3
1+
+ 20a1 +−a6a
3
2 − a6a
3
3 − a6a
3
4 − a6a
3
5 − a6a
3
7 − a6a
3
8 + 3a6a
2
1 + 3a6a
2
3 + 3a8a
2
2+
+ 3a6a
2
4 + 3a6a
2
5 + 3a6a
2
7 + 3a6a
2
8 − 6a7a8 − a7a
3
2 − a7a
3
3 − a7a
3
4 + 3a8a
2
3−
− 9a21 + 20a4 − a7a
3
5 − a7a
3
6 − a7a
3
8 + 3a7a
2
1 + 3a7a
2
3 + 3a7a
2
4 + 3a7a
2
5 + 3a7a
2
6+
+ 20a5 − 6a2a4 + 3a7a
2
8 + 2a8a
3
1 − a8a
3
2 − a8a
3
3 − a8a
3
4 − a8a
3
5 − a8a
3
7 + 3a8a
2
1.
If L is of P2-type, thenD equalsDP2, DP2(a1, a2, a3, a4, a5, a6, 1), DP2(a1, a2, a3, a4, a5, 1, 1),
DP2(a1, a2, a3, a4, 1, 1, 1) and DP2(a1, a2, a3, 1, 1, 1, 1) in the case when K
2
S = 1, K
2
S = 2,
K2S = 3, K
2
S = 4 and K
2
S = 5, respectively. This follows from (6.1) and Lemma 5.3. Now,
by Lemmas A.1 and A.2, we get D < 0 when L is of P2-type and (1.1) or (1.2) hold.
To deal with an ample Q-divisor L of F1-type, let us denote by DF1 the polynomial
(6.4) −
(
1 + 2b+
7∑
i=1
ai
)(
(2 + a1 + b)
3 + 3(1− a1)(2 + a1 + b)
2
)
+
+3
(
2+a1+b
)2(
1+4b+2
7∑
i=1
ai−
7∑
i=1
a2i
)
+3(1−a1)(2+a1+b)
(
1+4b+2
7∑
i=1
ai−
7∑
i=1
a2i
)
+
+
(
1+2b+
7∑
i=1
ai
)(
(1+b)3+(1−a2)
3+(1−a3)
3+(1−a4)
3+(1−a5)
3+(1−a6)
3+(1−a7)
3
)
.
Then D = DF1 in the case when L is of F1-type and K
2
S = 1. Indeed, if K
2
S = 1, then
it follows from Lemma 5.4 that µ = 2 + a1 + b, k = 7, C1 = L18, C2 = L12, C3 = L13,
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C4 = L14, C5 = L15, C6 = L16 and C7 = L17, so that L·C1 = 1+a1, L·C2 = 1+a1+a2+b,
L·C3 = 1+a1+a3+b, L·C4 = 1+a1+a4+b, L·C5 = 1+a1+a5+b, L·C6 = 1+a1+a6+b and
L ·C7 = 1+ a1+ a7+ b. Thus, in this case, it follows from (6.1) that D = DF1. Similarly,
one can deduce from Lemma 5.4 and (6.1) that D equals DF1(a1, a2, a3, a4, a5, a6, 1, b),
DF1(a1, a2, a3, a4, a5, 1, 1, b), DF1(a1, a2, a3, a4, 1, 1, 1, b), DF1(a1, a2, a3, 1, 1, 1, 1, b) in the
case when K2S = 2, K
2
S = 3, K
2
S = 4 and K
2
S = 5, respectively. Thus, it follows from
Lemma A.3 that D < 0 in the case when L is of F1-type and (1.4) holds.
If K2S = 5 and L is of P
1 × P1-type, then D is the polynomial (6.2). In this case, we
have D < 0 by Lemma A.4 provided that (1.3) holds. Similarly, if K2S = 4, L is a divisor
of P1 × P1-type, and a3 + a4 > 1 + a2, then it follows from Lemma 5.6 that D is given by
(6.5)
(
3a21 − 3a
2
2 − 3a
2
3 − 3a
2
4 + 6
)
b2 + 4a31b+ 3a
2
1a2b+ 3a
2
1a3b+ 3a
2
1a4b− 9a
2
2b−
− 9a23b− 3a1a
2
2b− 3a1a
2
3b− 3a1a
2
4b− 4a
3
2b− 6a2a
2
3b− 6a2a
2
4b− 2a
3
3b− 2a
3
4b+ 3a
2
1b−
− 9a24b+ 9a1b+ 9a2b+ 3a3b+ 3a4b+ 16b+ 8 + 8a1 + 8a2 + 8a3 + 8a4 + 2a
4
1 − 2a
4
2−
− a43 − a
4
4 + 2a
3
1 − 8a
3
2 − a
3
3 − a
3
4 − 9a
2
4 − 9a
2
3 − 6a
2
2 + 3a
2
1a2a4 − 3a1a2a
2
4 − 3a1a2a
2
3+
− 12a2a
2
4 + 3a
2
1a2a3 + 2a
3
1a2 + 2a
3
1a3 + 2a
3
1a4 − 2a1a
3
2 − a1a
3
3 − a1a
3
4 + a
3
2a3 + a
3
2a4 − a2a
3
3−
− a2a
3
4 − a
3
3a4 − a3a
3
4 + 3a
2
1a3+ 3a
2
1a4 − 6a1a
2
2 − 6a1a
2
3 − 6a1a
2
4 + 3a
2
2a3 + 3a
2
2a4 − 12a2a
2
3−
+ 3a23a4 + 3a3a
2
4 + 3a1a3 + 3a1a4 + 9a2a3 + 9a2a4 − 6a3a4 − 3a
2
2a
2
3 − 3a
2
2a
2
4 + 6a1a2.
If K2S = 4 and a3 + a4 6 1 + a2, then D is
(6.6)
(
3a21 − 3a
2
2 − 3a
2
3 − 3a
2
4 + 6
)
b2 + 4a31b+ 3a
2
1a2b+ 3a
2
1a3b+ 3a
2
1a4b− 3a1a
2
2b−
− 3a1a
2
3b− 3a1a
2
4b− 2a
3
2b− 2a
3
3b− 2a
3
4b+ 3a
2
1b− 9a
2
2b− 9a
2
3b− 9a
2
4b+ 9a1b+ 3a2b+
+ 3a3b+ 3a4b+ 16b+ 8+ 8a1 + 8a2 + 8a3+ 8a4+ 3a
2
1a2 + 2a
4
1 − a
4
2− a
4
3 − a
4
4 + 2a
3
1 − a
3
2−
− a33 − a
3
4 + 3a1a2 − 9a
2
4 − 9a
2
3 − 9a
2
2 − 6a1a
2
2 + 3a1a3 − 6a4a2 − 6a3a2 + 2a
3
1a2 + 3a
2
3a4+
+ 2a31a3 + 2a
3
1a4 − a1a
3
2 + 3a3a
2
4 − a1a
3
3 − a1a
3
4 − a
3
2a3 − a
3
2a4 − a2a
3
3 − a2a
3
4 − a
3
3a4−
− a3a
3
4+3a
2
1a3+3a1a4+3a
2
1a4− 6a1a
2
3− 6a1a
2
4+3a
2
2a3+3a
2
2a4+3a2a
2
3+3a2a
2
4− 6a3a4.
In both cases, (1.3) implies D < 0 by Lemmas A.6 and A.5.
If K2S = 3, L is of P
1 × P1-type, and a3 + a4 + a5 > 2 + a2, then D is the polynomial
(6.7) −
(
3 + 2b+
5∑
i=1
ai
)(
(2 + b+ a1 + a2)
3 + 3(1− a1)(2 + b+ a1 + a2)
2
)
+
+
(
3(2 + b+ a1 + a2)
2 + 3(1− a1)(2 + b+ a1 + a2)
)(
3 + 4b+ 2
5∑
i=1
ai −
5∑
i=1
a2i
)
+
+
(
3 + 2b+
5∑
i=1
ai
)(
(1 + b+ a2)
3 + (1 + a2)
3 + (1− a3)
3 + (1− a4)
3 + (1− a5)
3
)
.
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This follows from Lemma 5.7. Similarly, if a3 + a4 + a5 6 2 + a2, then D is
(6.8) −
(3 + 2b+ a1 + a2 + a3 + a4 + a5)(2 + 2b+ 2a1 + a2 + a3 + a4 + a5)
3
8
−
−
3(1− a1)(3 + 2b+ a1 + a2 + a3 + a4 + a5)(2 + 2b+ 2a1 + a2 + a3 + a4 + a5)
2
4
+
+
3(2 + 2b+ 2a1 + a2 + a3 + a4 + a5)
2
4
(
3 + 4b+ 2
5∑
i=1
ai −
5∑
i=1
a2i
)
+
+
3(1− a1)(2 + 2b+ 2a1 + a2 + a3 + a4 + a5)
2
(
3 + 4b+ 2
5∑
i=1
ai −
5∑
i=1
a2i
)
+
+
(b+ a2 + a3 + a4 + a5)
3
8
(
3 + 2b+
5∑
i=1
ai
)
+
(a2 + a3 + a4 + a5)
3
8
(
3 + 2b+
5∑
i=1
ai
)
+
+
(a4 + a5 − a2 − a3)
3
8
(
3 + 2b+
5∑
i=1
ai
)
+
(a3 + a5 − a2 − a4)
3
8
(
3 + 2b+
5∑
i=1
ai
)
+
+
|a3 + a4 − a2 − a5|
3
8
(
3 + 2b+
5∑
i=1
ai
)
.
In both cases, (1.3) implies that D < 0 by Lemmas A.7 and A.8.
If K2S 6 2 and L is of P
1 × P1-type, then we can derive the formulas for D using (6.1)
and Lemma 5.9. To present them in a compact way, let us denote by F the polynomial
(6.9) −
1
8
(
1 + 2b+ 2a1 +
6∑
i=2
ai
)3(
1 + 2b+
7∑
i=1
ai
)
+
−
3
4
(1− a1)
(
1 + 2b+ 2a1 +
6∑
i=2
ai
)2(
1 + 2b+
7∑
i=1
ai
)
+
+
3
4
(
1 + 2b+ 2a1 +
6∑
i=2
ai
)2(
1 + 4b+ 2
7∑
i=1
ai −
7∑
i=1
a2i
)
+
+
3
2
(1− a1)
(
1 + 2b+ 2a1 +
6∑
i=2
ai
)(
1 + 4b+ 2
7∑
i=1
ai −
7∑
i=1
a2i
)
+
+
1
8
(
1 + 2b+
7∑
i=1
ai
)(
− 1 + 2b+
6∑
i=2
ai
)3
+
1
8
(
1 + 2b+
7∑
i=1
ai
)(
− 1 +
6∑
i=2
ai
)3
.
If K2S = 1, L is of P
1×P1-type, and 1+ a2+ a3 > a4+ a5+ a6 then D = F by Lemma 5.9
Similarly, if K2S = 1, 1 + a2 + a3 6 a4 + a5 + a6 and a3 + a5 + a6 6 1 + a2 + a4, then D is
the polynomial
(6.10) F+
1
8
(
1 + 2b+
7∑
i=1
ai
)(
a4 + a5 + a6 − 1− a2 − a3
)3
.
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Likewise, if K2S = 1, a3 + a5 + a6 > 1 + a2 + a4, a3 + a4 + a6 6 1 + a2 + a5 and
a2 + a5 + a6 6 1 + a3 + a4, then D is the polynomial
(6.11) F+
1
8
(
1+2b+
7∑
i=1
ai
)((
a4+a5+a6−1−a2−a3
)3
+
(
a3+a5+a6−1−a2−a4
)3)3
.
If K2S = 1, a3 + a4 + a6 > 1 + a2 + a5, 1 + a2 + a6 > a3 + a4 + a5 and a2 + a5 6 a3 + a4,
then D is the polynomial
(6.12) F +
1
8
(
1 + 2b+
7∑
i=1
ai
)(
a4 + a5 + a6 − 1− a2 − a3
)3
+
+
1
8
(
1+2b+
7∑
i=1
ai
)(
a3+a5+a6−1−a2−a4
)3
+
1
8
(
1+2b+
7∑
i=1
ai
)(
a3+a4+a6−1−a2−a5
)3
.
If K2S = 1, a2 + a5 + a6 > 1 + a3 + a4 and a2 + a5 > a3 + a4, then D is the polynomial
(6.13) F +
1
8
(
1 + 2b+
7∑
i=1
ai
)(
a4 + a5 + a6 − 1− a2 − a3
)3
+
+
1
8
(
1+2b+
7∑
i=1
ai
)(
a3+a5+a6−1−a2−a4
)3
+
1
8
(
1+2b+
7∑
i=1
ai
)(
a3+a4+a6−1−a2−a5
)3
+
+
1
8
(
1 + 2b+
7∑
i=1
ai
)(
a2 + a5 + a6 − 1− a3 − a4
)3
.
Finally, if K2S = 1, a3+a4+a6 > 1+a2+a5, 1+a2+a6 6 a3+a4+a5 and a2+a5 6 a3+a4,
then D is the polynomial
(6.14) −
(
1 + 2b+
7∑
i=1
ai
)(
4 + b− 2a1 + a2 + a6
)(
1 + b+ a1 + a2 + a6
)2
+
+3
((
1+ b+ a1+ a2+ a6
)2
+
(
1− a1
)(
1+ b+ a1+ a2+ a6
))(
1+ 4b+2
7∑
i=1
ai−
7∑
i=1
a2i
)
+
+
(
1 + 2b+
7∑
i=1
ai
)((
b+ a2 + a6
)3
+
(
a2 + a6
)3
+
(
a6 − a3
)3
+
(
a6 − a4
)3
+
(
a6 − a5
)3)
.
This gives the formulas for D in the case when K2S = 1 and L is of P
1×P1-type. In these
cases, if a2 − a1 > 0.9347, then D < 0 by Lemmas A.9, A.10, A.11, A.12, A.13 and A.14.
If K2S = 2 and L is of P
1 × P1-type, then the formulas for D are obtained from (6.9),
(6.10), (6.11), (6.12), (6.13) and (6.14) by letting a7 = 1. In this case, if a2−a1 > 0.9206,
then D < 0 by Lemmas A.9, A.10, A.11, A.12, A.13 and A.14.
We see that D < 0 in the following cases: when L is of P2-type and either (1.1) or (1.2)
holds, when L is of F1-type and (1.4) holds, when L is of P
1 × P1-type and (1.3) holds.
As we already explained above, this implies Theorem 1.5.
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Appendix A. Symbolic computations
The proof of Theorem 1.5 relies on computations which use symbolic algebra packages.
The length limitations of journals make it impractical to include such computations in
original articles. On the other hand, the code used to perform computations is hardly
ever maintained or preserved after several years, making it impossible to verify results
decades later, letting the reader to rely on the good faith and skills of the authors. In
reality this is hardly a new problem of the 21st century. Indeed, let us recall the following
quote of one of the articles of Sylvester [19] from 1871:
The manuscript sheets containing the original calculations [...] are de-
posited in the iron safe of the Johns Hopkins University, Baltimore, where
they can be seen and examined, or copied, by any one interested in the
subject.
Similarly, the online platform arXiv allows us to preserve our computations. The proofs
in this article ultimately require verifying that certain polynomials of degree 4 in up to
8 variables are negative under suitable conditions. The appendix in the online version of
this article contains all details of the proofs of the following lemmas, where such positivity
is claimed, while the version submitted for publication only contains the proofs of three
lemmas, each serving as an example of the three different approaches used in the proofs.
Let a1, a2, a3, a4, a5, a6, a7, a8, b be real numbers such that 0 6 a1 6 a2 6 . . . 6 an < 1
and b > 0. Let s1 = a2 − a1, s2 = a3 − a2, s3 = a4 − a3, s4 = a5 − a4, s5 = a6 − a5,
s6 = a7 − a6 and s7 = a8 − a7. For every polynomial f in R[a1, a2, a3, a4, a5, a6, a7, a8, b],
let us denote by f̂ the polynomial in R[a1, s1, s2, s3, s4, s5, s6, s7, b] obtained from f using
the corresponding change of variables.
Lemma A.1. Let f be the polynomial (6.3). Then the following assertions hold:
• f(a1, a2, a3, a4, 1, 1, 1, 1) < 0 when a2 − a1 > 0.6248;
• f(a1, a2, a3, a4, a5, 1, 1, 1) < 0 when a2 − a1 > 0.7488;
• f(a1, a2, a3, a4, a5, a6, 1, 1) < 0 when a2 − a1 > 0.8099;
• f(a1, a2, a3, a4, a5, a6, a7, 1) < 0 when a2 − a1 > 0.8469;
• f(a1, a2, a3, a4, a5, a6, a7, a8) < 0 when a2 − a1 > 0.8717.
Proof. Let f5 = f(a1, a2, a3, a4, 1, 1, 1, 1). Then f̂5(0, x, 0, 0) = −9x
4+12x3−36x2+12x+5.
This polynomial has one positive root. Denote it by γ5. Then γ5 ≈ 0.6247798071 and
f̂5(a1, x+ γ5, s2, s3) = −4a
4
1 − 26a
3
1s2 − 13a
3
1s3 − 39a
3
1γ5 − 39a
3
1x− 36a
2
1s
2
2−
− 42a21s3x− 63a
2
1x
2 − 20a1s
3
2 − 30a1s
2
2s3 − 66a1s
2
2γ5 − 66a1s
2
2x− 24a1s2s
2
3 − 8s
3
2s3−
− 84a21s2x− 12s
2
3γ
2
5 − 66a1s2s3γ5 − 66a1s2s3x− 78a1s2γ
2
5 − 78a1s2x
2 − 7a1s
3
3−
− 36a21s2s3 − 27a1s
2
3γ5 − 27a1s
2
3x− 39a1s3x
2 − 39a1γ
3
5 − 12s3γ
3
5 − 39a1x
3 − 4s42 − 9s
2
2s
2
3−
− 15a21s
2
3 − 27s
2
2s3x− 30s
2
2x
2 − 5s2s
3
3 − 21s2s
2
3γ5 − 21s2s
2
3x− 30s2s3x
2 − 72s2γ
2
5x−
− 42a21s3γ5− 21a1s3− 63a1x− 18s
2
2− 18s2s3− 6s
2
3− s
4
3 − 6s
3
3γ5 − 24s2γ
3
5 − 2s
3
3− 18s
3
2x−
− 24s2x
3 − 6s33x− 24s
2
3γ5x− 12s
2
3x
2 − 36s3γ
2
5x− 12s3x
3 − 9x4 − 6a1s
2
3 − 3s2s
2
3−
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−48s2x(1−γ5)−a
2
1(24−7a1−9γ5−3s3)−9xa
2
1(14γ5−1)−6a
2
1s2(14γ5−1)−24s3x(1−γ5)−
− 63a21γ
2
5 − a1s2x(13γ5 − 2)− 2s
3
2(9γ5+ 1)− 4s3(6γ5− 1− 3γ
2
5)− a1(63γ5 − 16− 18γ
2
5)−
− 6a1s3x(13γ5− 2)− 6s
2
2γ5(5γ5− 2)− 12s
2
2x(5γ5− 1)− 3s
2
2s3(9γ5− 1)− 12s3x
2(3γ5− 1)−
− 3a1s3γ5(13γ5 − 4)− 24a1s2(2− γ5)− 8s2(6γ5 − 1− 3γ
2
5)− 9a1γ5x(13γ5 − 4)−
− 9a1x
2(13γ5 − 2)− 24s2x
2(3γ5 − 1)− 12s2s3x(5γ5 − 1)− 3s2s3γ5(10γ5 − 4)−
− 12(3γ35 − 3γ
2
5 + 6γ5 − 1)x− (54γ
2
5 − 36γ5 + 36)x
2 − 12(3γ5 − 1)x
3.
All coefficients of this polynomial are negative. This shows that f5 < 0 when a2−a1 > γ5.
In particular, if a2 − a1 > 0.6248, then f5 < 0.
Let f4 = f(a1, a2, a3, a4, a5, 1, 1, 1). Then
f̂4(0, x, 0, 0, 0) = −8(2x
4 − 4x3 + 9x2 − 4x− 1).
Denote the unique positive root of this polynomial by γ4. Then γ4 ≈ 0.7487226925 and
f̂4(a1, x+ γ4, s2, s3, s4) = −(68γ
3
4 − 72γ
2
4 + 132γ4 − 40)a1 − (39γ4 − 15)s
3
2−
− (64γ34 − 96γ
2
4 + 144γ4 − 32)x− (16γ
3
4 − 24γ
2
4 + 36γ4 − 8)s4 − (96γ
2
4 − 96γ4 + 72)x
2−
− (32γ34 − 48γ
2
4 + 72γ4 − 16)s3 − (7γ4 + 1)s
3
4 − (15γ
2
4 − 6γ4 + 9)s
2
4 − (84γ4 − 36)s2s4x−
− 5s3s
3
4 − (72γ4 − 24)s3s4x− (20γ4 − 4)s
3
3 − (108γ4 − 30)a
2
1s3 − (126γ4 − 54)s
2
2x−
− (102γ4 − 36)a1s4x− (66γ4 − 18)s2s3s4 − (168γ4 − 72)s2s3x− (90γ4 − 24)a1s2s4−
− (306γ4 − 108)a1s2x− (78γ4 − 12)a1s3s4 − (204γ4 − 72)a1s3x− (180γ4 − 48)a1s2s3−
− s44 − (63γ
2
4 − 54γ4 + 45)s
2
2 − (48γ
3
4 − 72γ
2
4 + 108γ4 − 24)s2 − (42γ
2
4 − 36γ4 + 30)s2s4−
− (36γ24 − 24γ4+24)s
2
3− (68γ4− 22)a
3
1− (108γ
2
4 − 60γ4+60)a
2
1− (96γ
2
4 − 96γ4+72)s3x−
− (144γ4−72)s2x
2− (144γ24−144γ4+108)s2x− (30γ4−6)s
2
3s4− (36γ
2
4−24γ4+24)s3s4−
− (216γ4 − 60)a
2
1x− (54γ4 − 15)a
2
1s4 − (135γ4 − 36)a1s
2
2 − (153γ
2
4 − 108γ4 + 99)a1s2−
− 78a1s
2
3x− (162γ4 − 45)a
2
1s2 − (78γ4 − 12)a1s
2
3 − 36s3s4x
2 − 42a21s
2
3 − 42a1s
3
2−
− 21s2s3s
2
4 − (102γ
2
4 − 72γ4 + 66)a1s3 − 27s2s
2
3s4 − 8s
3
3s4 − 9s
2
3s
2
4 − 68a
3
1x− 108a
2
1x
2−
− 30s22s3s4 − (51γ
2
4 − 36γ4 + 33)a1s4 − (204γ4 − 72)a1x
2 − (204γ24 − 144γ4 + 132)a1x−
−(78γ4−30)s
2
2s3−54a
2
1s4x−27s2s
2
4x−24s3s
2
4x−30s
2
3s4x−51a1s4x
2−39s22s4x−22a1s
3
3−
− (39γ4 − 15)s
2
2s4 − (66γ4 − 18)s2s
2
3 − (84γ
2
4 − 72γ4 + 60)s2s3 − (27γ4 − 3)s2s
2
4−
− 33a1s
2
4γ4 − 24s3s
2
4γ4 − 10a
4
1 − 16s4x
3 − 15s24x
2 − 7s34x− 12s
3
2s4 − 12s
2
2s
2
4 − 6s2s
3
4−
− 17a31s4− 18a
2
1s
2
4− 8a1s
3
4− 90a1s2s4x− 78a1s3s4x− 66s2s3s4x− 72a1s2s3s4− 42s2s4x
2−
− (64γ4 − 32)x
3 − 42a1s
2
2s4 − 135a1s
2
2x− (30γ4 − 6)s
2
4x− 68a1x
3 − 84a1s
2
2s3−
− 102a1s3x
2 − 108a21s3x− 162a
2
1s2x− 84s2s3x
2 − 16x4 − 9s42 − 4s
4
3 − 39s
3
2x− 20s
3
3x−
− (72γ4 − 24)s
2
3x− (96γ4 − 48)s3x
2 − (48γ24 − 48γ4 + 36)s4x− (48γ4 − 24)s4x
2−
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− 180a1s2s3x− 33a1s
2
4x− 42a
2
1s3s4 − 27a1s3s
2
4 − 30a1s2s
2
4 − 33a1s
2
3s4 − 48a
2
1s2s4−
− 48s2x
3 − 32s3x
3 − 63s22x
2 − 36s23x
2 − 24s32s3 − 30s
2
2s
2
3 − 18s2s
3
3 − 72a
2
1s
2
2−
− 96a21s2s3 − 72a1s2s
2
3 − 78s
2
2s3x− 153a1s2x
2 − 66s2s
2
3x− 34a
3
1s3 − 51a
3
1s2.
Observe that all coefficients of this polynomial are negative. This implies that f4 < 0
when a2 − a1 > γ4. In particular, we also have f4 < 0 when a2 − a1 > 0.7488.
Let f3 = f(a1, a2, a3, a4, a5, a6, 1, 1). Then
f̂3(0, x, 0, 0, 0, 0) = −25x
4 + 60x3 − 120x2 + 60x+ 9.
Let γ3 be the unique positive root of this polynomial. Then γ3 ≈ 0.8098960196 and
f̂3(a1, x+ γ3, s2, s3, s4, s5) = −(105γ
3
3 − 150γ
2
3 + 225γ3 − 72)a1−
− (105γ3 − 45)a
3
1 − (68γ3 − 36)s
3
2 − (60γ
3
3 − 108γ
2
3 + 144γ3 − 36)s3−
− 20s2s
3
4 − 78s2s
2
4x− 84s
2
2s3s4 − 24s2s4s
2
5 − 30a1s4s
2
5−
− (120γ3 − 72)s4x
2 − (36γ3 − 12)s
2
5x− (120γ
2
3 − 144γ3 + 96)s4x−
− (180γ23 − 216γ3 + 144)s3x− (33γ3 − 9)s
2
4s5 − (84γ3 − 36)s
2
4x−
− 81a21s
2
3 − 84s
2
3s4x− 108a1s
2
2s4 − 84a1s2s
2
4 − 90a1s
2
4x−
− (30γ3 − 6)s3s
2
5 − (96γ
2
3 − 96γ3 + 72)s3s4 − (48γ
2
3 − 48γ3 + 36)s3s5−
− 78a1s3s4s5 − 66s2s3s4s5 − 114a1s2s5x− 102a1s3s5x− 90a1s4s5x−
− (72γ23 − 72γ3 + 54)s
2
3 − (315γ
2
3 − 300γ3 + 225)a1x− (102γ3 − 54)s
2
2s4−
− 48s3s5x
2 − 78a1s3s
2
4 − 45a1s
2
3s5 − 36a1s2s
2
5 − 42s
2
2s3s5−
− (42γ3 − 18)s
3
3 − (42γ
2
3 − 36γ3 + 30)s4s5 − (72γ3 − 24)s3s4s5 − (27γ3 − 3)s4s
2
5−
− (84γ3 − 36)s4s5x− (96γ3 − 48)s3s5x− 90s2s3s5x− (153γ3 − 81)s
2
2s3−
− 153s22s3x− 105a1x
3 − 165a21x
2 − 198a21s3x− 189a1s3x
2 − (315γ3 − 150)a1x
2−
− (108γ3 − 60)s2s5x− (204γ3 − 72)a1s3s4 − 108a
2
1s3s4 − 30s
2
3s4s5−
− 264a21s2x− 42s4s5x
2 − (180γ3 − 108)s3x
2 − 18s25x
2 − 16s32s5 − 9a1s
3
5−
− (240γ23 − 288γ3 + 192)s2x− (180γ3 − 84)s2s3s4 − (108γ
2
3 − 120γ3 + 84)s2s4−
− 342a1s2s3x− (100γ
3
3 − 180γ
2
3 − 40s4x
3 − (264γ3 − 108)a
2
1s2−
− 8s34s5 − 21a
2
1s
2
5 − 27s4s
2
5x− 20s5x
3 − 8s35x− 9s
2
4s
2
5−
− (324γ3 − 180)s2s3x− 78s2s4s5x− (51γ3 − 27)s
2
2s5 − 30s2s
2
4s5−
− 5s4s
3
5 − 120a
2
1s
2
2 − (39γ3 − 6)a1s
2
5 − 39s2s
2
3s5 − (42γ
2
3 − 36γ3 + 30)s
2
4−
− 72s3s
2
4x− 24s
3
3s4 − 54a
2
1s3s5 − 33a1s3s
2
5 − 36s
2
2s
2
4 − 84a1s2s4s5−
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− (192γ3 − 96)s3s4x− (228γ3 − 96)a1s2s4 − 4s
4
4 − 132a
2
1s4x−
− 228a1s2s4x− 126a1s4x
2 − 102s22s4x− 108s2s4x
2 − 96s3s4x
2−
− 66s2s3s
2
4 − 90a1s
2
3s4 − (72γ3 − 24)s3s
2
4 − 120a
2
1s2s4 − 78s2s
2
3s4−
− s45 − (108γ
2
3 − 120γ3 + 84)s
2
2 − (80γ
3
3 − 144γ
2
3 + 192γ3 − 48)s2−
− (102γ3 − 36)a1s3s5 − (378γ3 − 180)a1s3x− (342γ3 − 144)a1s2s3−
− 39a1s
2
5x− 54s2s5x
2 − 63a1s5x
2 − 51s22s5x− 21a
3
1s5−
− (90γ3 − 24)a1s4s5 − (252γ3 − 120)a1s4x− (126γ3 − 60)a1s5x−
− (165γ23 − 135γ3 + 108)a
2
1 − (78γ3 − 30)s2s
2
4 − (33γ3 − 9)s2s
2
5−
− 60a21s2s5 − (54γ
2
3 − 60γ3 + 42)s2s5 − (240γ3 − 144)s2x
2−
− (42γ3 − 18)s
2
3s5 − (84γ3 − 36)s
2
3s4 − (144γ3 − 72)s
2
3x−
− (198γ3 − 81)a
2
1s3 − (132γ3 − 54)a
2
1s4 − (66γ3 − 27)a
2
1s5−
− (228γ3 − 96)a1s
2
2 − (90γ3 − 42)s2s3s5 − (150γ
2
3 − 180γ3 + 120)x
2−
− (40γ33 − 72γ
2
3 + 96γ3 − 24)s4 − (18γ
2
3 − 12γ3 + 12)s
2
5−
+ 240γ3 − 60)x− (330γ3 − 135)a
2
1x− 42s
2
4x
2 − 22s34x− 32s
3
2s4−
− 30s23s
2
4 − 18s3s
3
4 − 8s
3
5γ3 − 42a
3
1s4 − 48a
2
1s
2
4 − 24a1s
3
4−
− 204a1s3s4x− 180s2s3s4x− 192a1s2s3s4 − (60γ3 − 36)s5x
2−
− (60γ23 − 72γ3 + 48)s5x− (252γ
2
3 − 240γ3 + 180)a1s2 − 96a1s2s3s5−
− 66a21s5x− 33s2s
2
5x− 42s
2
3s5x− 30s3s
2
5x− 33s
2
4s5x−
− 72s3s4s5x− (22γ3 − 6)s
3
4 − (216γ3 − 120)s2s4x− (78γ3 − 30)s2s4s5−
− 135s2s
2
3x− (20γ
3
3 − 36γ
2
3 + 48γ3 − 12)s5 − (100γ3 − 60)x
3−
− (216γ3 − 120)s
2
2x− (90γ3 − 24)a1s
2
4 − (153γ3 − 54)a1s
2
3−
− 84a31s2 − 15s
2
2s
2
5 − 7s2s
3
5 − 12s
3
3s5 − 12s
2
3s
2
5 − 6s3s
3
5−
− (189γ23 − 180γ3 + 135)a1s3 − (126γ
2
3 − 120γ3 + 90)a1s4−
− 72a1s
3
2 − 45a1s
3
3 − 162a1s
2
2s3 − 180a
2
1s2s3 − 144a1s2s
2
3−
− (63γ23 − 60γ3 + 45)a1s5 − (114γ3 − 48)a1s2s5 − (504γ3 − 240)a1s2x−
− (135γ3 − 63)s2s
2
3 − (162γ
2
3 − 180γ3 + 126)s2s3 − 153a1s
2
3x− 228a1s
2
2x−
− 162s2s3x
2 − 25x4 − 16s42 − 9s
4
3 − 68s
3
2x− 42s
3
3x− 105a
3
1x−
− 80s2x
3 − 60s3x
3 − 108s22x
2 − 72s23x
2 − 48s32s3 − 63s
2
2s
2
3 − 39s2s
3
3−
− 18a41 − 21s3s4s
2
5 − 27s3s
2
4s5 − 27s2s3s
2
5 − 36a1s
2
4s5−
− 252a1s2x
2 − 48a21s4s5 − 54a1s
2
2s5 − 36s
2
2s4s5 − 63a
3
1s3.
Since all coefficients of this polynomial are negative, we have f3 < 0 when a2 − a1 > γ3.
Hence, if a2 − a1 > 0.8099, then f3 < 0 as well.
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Let f2 = f(a1, a2, a3, a4, a5, a6, a7, 1). Then
f̂2(0, x, 0, 0, 0, 0, 0) = −4(9x
4 − 24x3 + 45x2 − 24x− 2).
Let us denote by γ2 the unique positive root of this polynomial. Then γ2 ≈ 0.8468219906.
Then f̂2(a1, x + γ2, s2, s3, s4, s5, s6) is a polynomial in a1, x, s2, s3, s4, s5 and s6, which
can be expanded as
−120s3s5x
2−102a1s
2
5x−156a
2
1s5x−126s
2
2s5x−132s2s5x
2−150a1s5x
2−90s2s
2
5x−108s
2
3s5x−
−108s4s5x
2−84s3s
2
5x−90s
2
4s5x−78s4s
2
5x−4s
4
5−48s5x
3−48s25x
2−24s35x−16s
3
3s6−15s
2
3s
2
6−
− 7s3s
3
6 − 12s
3
4s6 − 12s
2
4s
2
6 − 6s4s
3
6 − 8s
3
5s6 − 9s
2
5s
2
6 − 5s5s
3
6 − 54a
2
1s
2
5 − 26a1s
3
5 − 40s
3
2s5−
−50a31s5−42s
2
2s
2
5−22s2s
3
5−32s
3
3s5−36s
2
3s
2
5−20s3s
3
5−24s
3
4s5−30s
2
4s
2
5−18s4s
3
5−24a
2
1s
2
6−
−10a1s
3
6−20s
3
2s6−18s
2
2s
2
6−8s2s
3
6−96s
2
2s4s5−72s2s4s
2
5−90a1s3s
2
5−132a1s
2
2s5−84s2s
2
4s5−
−78s3s
2
4s5−108s
2
2s3s5−102s2s
2
3s5−114a1s
2
3s5−84s
2
3s4s5−96a1s
2
4s5−120a
2
1s4s5−96a1s2s
2
5−
−144a21s2s5−66s3s4s
2
5−84a1s4s
2
5−132a
2
1s3s5−(42γ2−18)s
2
6x−276a1s2s5x−252a1s3s5x−
− 228s2s3s5x− 204s2s4s5x− 192s3s4s5x− 240a1s2s3s5 − 216a1s2s4s5 − 204a1s3s4s5−
− (126γ2 − 60)a1s3s6 − (252γ2 − 120)a1s3s5 − (171γ2 − 72)a1s
2
4 − (378γ2 − 180)a1s3s4−
− (120γ32−240γ
2
2+300γ2−80)s2− (72γ2−40)s
3
3− (330γ2−210)s
2
2x− (228γ2−132)s2s
2
3−
−(90γ2−42)s2s
2
5−(750γ2−420)a1s2x−(225γ
2
2−252γ2+171)a1s4−(120γ
2
2−144γ2+96)s3s5−
−(138γ2−72)a1s2s6−(276γ2−144)a1s2s5−(414γ2−216)a1s2s4−(375γ
2
2−420γ2+285)a1s2−
−(60γ22−72γ2+48)s3s6−(102γ2−36)a1s
2
5−(288γ2−192)s3x
2−(288γ22−384γ2+240)s3x−
− (252γ2 − 120)a1s
2
3 − (72γ2 − 48)s6x
2 − (600γ2 − 336)a1s3x− 78s2s3s
2
5 − 180s2s3s4s5−
−(252γ2−156)s
2
2s3−(144γ
3
2−288γ
2
2+360γ2−96)x−(114γ2−48)a1s4s6−(228γ2−96)a1s4s5−
− (36γ2 − 12)s3s
2
6 − (216γ2 − 120)s4s5x− (78γ2 − 30)s4s5s6 − (120γ2 − 72)s3s6x− s
4
6−
− (150γ22 − 168γ2 + 114)a1s5 − 39s2s
2
6x− 54s
2
3s6x− 36s3s
2
6x− 45s
2
4s6x− 33s4s
2
6x−
− 36s25s6x− 30s5s
2
6x− 75a1s6x
2− 45a1s
2
6x− 66s2s6x
2− 60s3s6x
2− 54s4s6x
2− 48s5s6x
2−
− 63s22s6x− 78a
2
1s6x− 42s2s
2
4s6− 21s4s5s
2
6− 42s
2
3s4s6− 39a1s
2
5s6− 33a1s5s
2
6− 42s
2
2s5s6−
−48s22s4s6−27s4s
2
5s6−66a1s
2
2s6−39a1s3s
2
6−42a1s2s
2
6−36a1s4s
2
6−66a
2
1s3s6−24s3s5s
2
6−
− 54s22s3s6 − 27s3s4s
2
6 − 30s2s4s
2
6 − 54a
2
1s5s6 − 48a1s
2
4s6 − 33s2s3s
2
6 − 39s3s
2
4s6−
−57a1s
2
3s6−30s
2
4s5s6−27s2s5s
2
6−36s
2
3s5s6−72a
2
1s2s6−33s2s
2
5s6−30s3s
2
5s6−51s2s
2
3s6−
− 72s2s4s5s6 − 60a
2
1s4s6 − (150γ2 − 76)a
3
1 − (45γ2 − 12)a1s
2
6 − (234γ
2
2 − 234γ2 + 168)a
2
1−
−(108γ22−120γ2+84)s4s5−(114γ2−66)s2s3s6−(228γ2−132)s2s3s5−(342γ2−198)s2s3s4−
−(450γ2−252)a1x
2−(153γ2−81)s2s
2
4−(360γ2−216)s3s4x−(150γ
3
2−252γ
2
2+342γ2−112)a1−
−(150γ2−84)a1s6x−(300γ2−168)a1s5x−(102γ2−36)a1s5s6−(216γ
2
2−288γ2+180)x
2−
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− (264γ22−336γ2+216)s2s3− (390γ2−195)a
2
1s2− (105γ2−65)s
3
2− (450γ2−252)a1s4x−
− (552γ2− 288)a1s2s3− (102γ2− 54)s2s4s6− (204γ2− 108)s2s4s5− (528γ2− 336)s2s3x−
− (90γ2 − 42)s
2
4s5 − (78γ2 − 30)s4s
2
5 − (45γ2 − 21)s
2
4s6 − (300γ
2
2 − 336γ2 + 228)a1s3−
− (162γ2 − 90)s
2
4x− (96γ2 − 48)s3s4s6 − (39γ2 − 15)s2s
2
6 − 120a1s2s3s6 − 108a1s2s4s6−
− 96a1s2s5s6 − 102a1s3s4s6 − 90a1s3s5s6 − 84a1s4s5s6 − 90s2s3s4s6 − 78s2s3s5s6−
− 66s3s4s5s6 − 552a1s2s3x− 138a1s2s6x− 126a1s3s6x− 114a1s4s6x− 102a1s5s6x−
− 300a1s3x
2− 114s2s3s6x− (120γ
2
2 − 144γ2+96)s
2
3− 153a1s3s
2
4− 198a
2
1s3s4− 135s2s3s
2
4−
− 312a21s3x− 198a1s
2
2s4− 216a
2
1s2s4− 171a1s
2
3s4− 162s
2
2s3s4− 75a
3
1s4− 90a
2
1s
2
4− 48a1s
3
4−
− 60s32s4 − 72s
2
2s
2
4 − 42s2s
3
4 − 48s
3
3s4 − 63s
2
3s
2
4 − 39s3s
3
4 − 162a1s2s
2
4 − 153s2s
2
3s4−
− (468γ2− 234)a
2
1x− (90γ2− 42)s2s5s6− (450γ
2
2 − 504γ2+342)a1x− (189γ2− 117)s
2
2s4−
− 228a1s4s5x− (234γ2 − 117)a
2
1s4 − (126γ2 − 78)s
2
2s5 − (144γ
2
2 − 192γ2 + 120)s5x−
− (96γ32 − 192γ
2
2 + 240γ2 − 64)s3 − 72s4x
3 − 81s24x
2 − 45s34x− 153s2s
2
4x− 189s
2
2s4x−
− 225a1s4x
2 − 198s2s4x
2 − 234a21s4x− 144s3s
2
4x− 162s
2
3s4x− 180s3s4x
2 − 171a1s
2
4x−
− (396γ2 − 252)s2s4x− 28a
4
1 − (156γ2 − 78)a
2
1s5 − (345γ2 − 180)a1s
2
2 − (63γ2 − 39)s
2
2s6−
− 342s2s3s4x− 414a1s2s4x− 378a1s3s4x− 360a1s2s3s4 − (198γ
2
2 − 252γ2 + 162)s2s4−
− (216γ22 − 288γ2 + 180)s4x− (132γ
2
2 − 168γ2 + 108)s2s5 − 24s6x
3 − 21s26x
2 − 9s36x−
− 264s2s3x
2− (144γ2− 96)x
3− (24γ32 − 48γ
2
2 +60γ2− 16)s6− (360γ
2
2 − 480γ2+300)s2x−
− (54γ22 − 60γ2 + 42)s4s6 − (21γ
2
2 − 18γ2 + 15)s
2
6 − (162γ2 − 90)s
2
3s4 − (36γ2 − 12)s
2
5s6−
− (144γ2 − 96)s5x
2 − (192γ2 − 96)s3s4s5 − (9γ2 − 1)s
3
6 − 25a
3
1s6 − (30γ2 − 6)s5s
2
6−
− (165γ22 − 210γ2 + 135)s
2
2 − (216γ2− 144)s4x
2 − (264γ2 − 168)s2s5x− (84γ2 − 36)s3s
2
5−
− (48γ22 − 48γ2 + 36)s5s6 − (312γ2 − 156)a
2
1s3 − (48γ
3
2 − 96γ
2
2 + 120γ2 − 32)s5−
−(240γ2−144)s3s5x−(84γ2−36)s3s5s6−(66γ
2
2−84γ2+54)s2s6−(75γ
2
2−84γ2+57)a1s6−
− (108γ2 − 60)s
2
3s5 − (78γ2 − 39)a
2
1s6 − 9s
4
4 − (144γ2 − 72)s3s
2
4 − (48γ
2
2 − 48γ2 + 36)s
2
5−
− 102s2s4s6x− 90s2s5s6x− 96s3s4s6x− 84s3s5s6x− 78s4s5s6x− (33γ2 − 9)s4s
2
6−
− 36x4 − 25s42 − 16s
4
3 − 345a1s
2
2x− 252a1s
2
3x− 390a
2
1s2x− 375a1s2x
2 − 252s22s3x−
− (108γ2− 60)s4s6x− (96γ2− 48)s5s6x− 228s2s
2
3x− 240a1s2s
2
3− 288a
2
1s2s3− 264a1s
2
2s3−
− (360γ2−240)s2x
2−150a1x
3−120s2x
3−96s3x
3−165s22x
2−120s23x
2−105s32x−72s
3
3x−
− 150a31x− 234a
2
1x
2 − 80s32s3 − 108s
2
2s
2
3 − 68s2s
3
3 − 180a
2
1s
2
2 − 132a
2
1s
2
3 − 110a1s
3
2−
− 76a1s
3
3 − (24γ2 − 8)s
3
5 − 100a
3
1s3 − 125a
3
1s2 − (72γ
3
2 − 144γ
2
2 + 180γ2 − 48)s4−
− (54γ2 − 30)s
2
3s6 − (81γ
2
2 − 90γ2 + 63)s
2
4 − (240γ2 − 144)s
2
3x− (132γ2 − 84)s2s6x−
− (45γ2− 21)s
3
4− (180γ
2
2 − 216γ2+ 144)s3s4− (96γ2− 48)s
2
5x− (72γ
2
2 − 96γ2+ 60)s6x.
Since all coefficients of this polynomial are negative, one has f2 < 0 when a2 − a1 > γ2.
In particular, if a2 − a1 > 0.8469, then f2 < 0, because γ2 < 0.8469.
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To complete the proof, we have to show that f < 0 in the case when a2 − a1 > 0.8717.
To do this, observe first that
f̂(0, x, 0, 0, 0, 0, 0, 0) = −49x4 + 140x3 − 252x2 + 140x+ 5.
This polynomial has unique positive root. Denote it by γ1. Then γ1 ≈ 0.871635634.
Moreover, the polynomial f̂1(a1, x+ γ1, s2, s3, s4, s5, s6, s7) can be expanded as
− 378s2s4s5x− 132a1s2s4s7 − 120a1s2s5s7 − 108a1s2s6s7 − 126a1s3s4s7−
− 75s22s7x− 45s2s
2
7x− 66s
2
3s7x− 42s3s
2
7x− 57s
2
4s7x− 39s4s
2
7x− 48s
2
5s7x−
− 39s26s7x− 33s6s
2
7x− (45γ1 − 21)s2s
2
7 − 216s3s5x
2 − 270a21s5x− 225s
2
2s5x−
− 234s2s5x
2 − 261a1s5x
2 − 171s2s
2
5x− 198s
2
3s5x− 198s4s5x
2 − 162s3s
2
5x− 171s
2
4s5x−
− 153s4s
2
5x− 9s
4
5 − 84s5x
3 − 90s25x
2 − 48s35x− 40s
3
3s6 − 42s
2
3s
2
6 − 22s3s
3
6 − 32s
3
4s6−
− (450γ1 − 255)a
2
1s3 − 24s
3
5s6 − 30s
2
5s
2
6 − 18s5s
3
6 − 99a
2
1s
2
5 − 51a1s
3
5 − 72s
3
2s5−
− 36s24s
2
6 − 81s
2
2s
2
5 − 45s2s
3
5 − 60s
3
3s5 − 72s
2
3s
2
5 − 42s3s
3
5 − 48s
3
4s5 − 63s
2
4s
2
5−
− 414s2s3s5x− 60a
2
1s
2
6 − 28a1s
3
6 − 48s
3
2s6 − 48s
2
2s
2
6 − 24s2s
3
6 − 180s
2
2s4s5 − 144s2s4s
2
5−
− 90a1s5s6s7 − 171a1s3s
2
5 − 234a1s
2
2s5 − 162s2s
2
4s5 − 153s3s
2
4s5 − 198s
2
2s3s5−
− 24s27x
2 − 10s37x− 207a1s
2
3s5 − 180a1s
2
4s5 − 216a
2
1s4s5 − 180a1s2s
2
5 − 153s2s3s
2
5−
− (264γ1 − 168)s4s6x− 252a
2
1s2s5 − 135s3s4s
2
5 − 162a1s4s
2
5 − (60γ
2
1 − 72γ1 + 48)s5s7−
− (42γ1 − 18)s3s
2
7 − (114γ1 − 66)s2s5s7 − 486a1s2s5x− 450a1s3s5x− 414a1s4s5x−
− 360s3s4s5x− 432a1s2s3s5 − 396a1s2s4s5 − 378a1s3s4s5 − 342s2s3s4s5−
− 84a21s2s7 − 78a
2
1s3s7 − 63s2s
2
3s7 − 30s2s6s
2
7 − 42s
2
3s6s7 − 51s3s
2
4s7 − 33s3s4s
2
7−
− 42s3s
2
5s7 − 30s3s5s
2
7 − 33s3s
2
6s7 − 27s3s6s
2
7 − 42s
2
4s5s7 − 36s
2
4s6s7 − 39s4s
2
5s7−
− 27s4s5s
2
7 − 30s4s
2
6s7 − 24s4s6s
2
7 − 30s
2
5s6s7 − 27s5s
2
6s7 − (252γ1 − 156)s2s4s6−
− 4s46 − (504γ1 − 360)s2x
2 − (171γ1 − 99)s2s
2
5 − (78γ
2
1 − 108γ1 + 66)s2s7−
− 144a1s2s3s7 − (396γ1 − 252)s4s5x− (120γ
2
1 − 144γ1 + 96)s5s6 − (114γ1 − 66)s
2
4s6−
− 96s2s4s5s7 − 84s2s4s6s7 − 78s2s5s6s7 − (234γ
2
1 − 324γ1 + 198)s2s5 − (76γ1 − 44)s
3
4−
− (168γ1 − 120)s6x
2 − (153γ1 − 81)s4s
2
5 − (72γ
2
1 − 96γ1 + 60)s3s7 − (870γ1 − 540)a1s3x−
− (66γ1 − 42)s
2
3s7 − (174γ1 − 108)a1s7x− (780γ1 − 540)s2s3x− (414γ1 − 270)s2s3s5−
− (156γ21 − 216γ1 + 132)s2s6 − 51a1s
2
7x− 78s2s7x
2 − 72s3s7x
2 − 66s4s7x
2 − 60s5s7x
2−
− 87a1s7x
2 − (180γ1 − 108)s
2
5x− (540γ1 − 306)a
2
1s2 − (87γ
2
1 − 108γ1 + 69)a1s7−
− (96γ1 − 48)s3s
2
6 − (26γ1 − 10)s
3
6 − (522γ
2
1 − 648γ1 + 414)a1s2 − (252γ1 − 156)s2s
2
4−
− 90a21s7x− 114a1s3s5s7 − 102a1s3s6s7 − 108a1s4s5s7 − 96a1s4s6s7 − 102s2s3s5s7−
− 20s4s
3
6 − 36s5s
2
7x− 87a
3
1s5 − 21s5s6s
2
7 − 234a
2
1s3s5 − 39s4s
3
5 − 189a1s
2
5x− 189s2s
2
3s5−
− (108γ1 − 60)s
2
6x− (300γ1 − 204)s
2
2s4 − (110γ1 − 70)s
3
3 − (414γ1 − 216)a1s4s5−
− (162γ1 − 90)s3s
2
5 − (276γ1 − 144)a1s
2
4 − (300γ1 − 168)a1s3s6 − 114s2s3s4s7−
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− 84s3s
2
5s6 − 126s2s
2
3s6 − 144a
2
1s4s6 − (312γ1 − 216)s2s6x− (57γ1 − 33)s
2
4s7−
− 102a1s
2
5s6 − 90a1s5s
2
6 − 108s
2
2s5s6 − 120s
2
2s4s6 − 78s4s
2
5s6 − 156a1s
2
2s6−
− 90s4s
2
6x− 96s
2
5s6x− 84s5s
2
6x− 174a1s6x
2 − 114a1s
2
6x− 156s2s6x
2 − 144s3s6x
2−
− 120s5s6x
2 − 150s22s6x− 180a
2
1s6x− 108s2s
2
4s6 − 66s4s5s
2
6 − 108s
2
3s4s6−
− 102a1s3s
2
6 − 108a1s2s
2
6 − 96a1s4s
2
6 − 156a
2
1s3s6 − 72s3s5s
2
6 − 132s
2
2s3s6−
− 336a21s2s4 − (102γ1 − 54)s4s5s7 − 78s2s5s
2
6 − 96s
2
3s5s6 − 168a
2
1s2s6−
− 138a1s
2
3s6 − 78s3s4s
2
6 − 84s2s4s
2
6 − 132a
2
1s5s6 − 120a1s
2
4s6 − 90s2s3s
2
6−
− 162s23s4s5 − (810γ1 − 480)a1s2s3 − (486γ1 − 288)a1s
2
2 − (252γ1 − 180)s5x
2−
− (336γ1− 240)s4x
2 − (522γ1− 324)a1s5x− 102s2s
2
6x− 132s
2
3s6x− 96s3s
2
6x− 114s
2
4s6x−
− (552γ1 − 360)s2s3s4 − (196γ
3
1 − 420γ
2
1 + 504γ1 − 140)x− (294γ
2
1 − 420γ1 + 252)x
2−
− (216γ21 − 288γ1 + 180)s3s5 − (270γ1 − 153)a
2
1s5 − (198γ
2
1 − 252γ1 + 162)s4s5−
− (348γ21 − 432γ1 + 276)a1s4 − (132γ
2
1 − 168γ1 + 108)s
2
4 − (90γ1 − 51)a
2
1s7 − s
4
7−
− (51γ1− 18)a1s
2
7− (420γ
2
1 − 600γ1+360)s3x− (90γ1− 42)s4s6s7− (600γ1− 336)a1s3s4−
− (252γ21 − 360γ1 + 216)s5x− (96γ1 − 48)s
2
5s6 − (150γ1 − 102)s
3
2 − (84γ1 − 60)s7x
2−
− (234γ21 − 324γ1 + 198)s
2
2 − (648γ1 − 384)a1s2s4 − (486γ1 − 288)a1s2s5−
− (1044γ1 − 648)a1s2x− (108γ1 − 60)s6s7x− (180γ
2
1 − 240γ1 + 150)s
2
3−
− (288γ1 − 192)s3s6x− (48γ1 − 24)s
2
7x− (54γ
2
1 − 60γ1 + 42)s6s7 − (33γ1 − 9)s6s
2
7−
− (168γ31 − 360γ
2
1 + 432γ1 − 120)s2 − (576γ1 − 384)s3s4x− 312a
2
1s3s4−
− (375γ1 − 210)a1s
2
3 − (144γ
2
1 − 192γ1 + 120)s3s6 − (609γ
2
1 − 756γ1 + 483)a1x−
− (114γ1 − 48)a1s
2
6 − (84γ1 − 36)s5s6s7 − (150γ1 − 102)s
2
2s6 − (264γ1 − 168)s
2
3s4−
− (120γ1 − 72)s5s7x− (240γ1 − 144)s5s6x− (120γ1 − 72)s3s4s7 − (84γ1 − 36)s5s
2
6−
− (174γ21 − 216γ1 + 138)a1s6 − (261γ
2
1 − 324γ1 + 207)a1s5 − (126γ1 − 60)a1s5s7−
− (375γ1 − 255)s
2
2s3 − 114s2s5s7x− 102s2s6s7x− 120s3s4s7x− 108s3s5s7x− 96s3s6s7x−
−102s4s5s7x−90s4s6s7x−84s5s6s7x−162a1s2s7x−150a1s3s7x−138a1s4s7x−126a1s5s7x−
− 116a31s4 − 138s2s3s7x− 126s2s4s7x− (435γ
2
1 − 540γ1 + 345)a1s3 − (102γ1 − 54)s2s
2
6−
− (225γ1 − 153)s
2
2s5 − (156γ1 − 108)s2s7x− (348γ1 − 216)a1s6x− (252γ1 − 120)a1s5s6−
− 240a1s2s5s6 − 252a1s3s4s6 − 228a1s3s5s6 − 216a1s4s5s6 − 228s2s3s4s6 − 204s2s3s5s6−
− 180s3s4s5s6 − 810a1s2s3x− 324a1s2s6x− 300a1s3s6x− 276a1s4s6x− 252a1s5s6x−
− 276s2s3s6x− (609γ1 − 378)a1x
2 − 252a1s3s
2
4 − 228s2s3s
2
4 − 312a1s
2
2s4 − 60s
2
2s4s7−
− 276a1s
2
3s4 − 264s
2
2s3s4 − (138γ1 − 90)s2s3s7 − (140γ
3
1 − 300γ
2
1 + 360γ1 − 100)s3−
− 84s24s5s6 − 54s6s7x
2 − 132s4s6x
2 − 29a31s7 − (162γ1 − 96)a1s2s7 − 102s3s
2
4s6−
− (36γ1 − 12)s5s
2
7 − 114a1s6s7x− (10γ1 − 2)s
3
7 − (468γ1 − 324)s
2
2x− 90s2s
2
5s6−
− 144a21s
2
4 − 80a1s
3
4 − 96s
3
2s4 − 120s
2
2s
2
4 − 72s2s
3
4 − 80s
3
3s4 − 108s
2
3s
2
4 − 68s3s
3
4−
− 24s32s7 − 21s
2
2s
2
7 − 9s2s
3
7 − 20s
3
3s7 − 18s
2
3s
2
7 − 8s3s
3
7 − 16s
3
4s7 − 15s
2
4s
2
7 − 7s4s
3
7−
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− 264a1s2s
2
4 − 252s2s
2
3s4 − (276γ1 − 180)s2s3s6 − (240γ1 − 144)s3s
2
4 − (48γ1 − 24)s
3
5−
− (114γ1 − 48)a1s6s7 − (54γ
2
1 − 60γ1 + 42)s
2
6 − (203γ
3
1 − 378γ
2
1 + 483γ1 − 160)a1−
− (345γ1 − 225)s2s
2
3 − (132γ
2
1 − 168γ1 + 108)s4s6 − (324γ1 − 192)a1s2s6 − 27a
2
1s
2
7−
−(196γ1−140)x
3−(216γ1−120)s3s5s6−(28γ
3
1−60γ
2
1+72γ1−20)s7−(108γ1−60)s3s5s7−
−(90γ21−108γ1+72)s
2
5−(468γ1−324)s2s5x−(240γ1−144)s3s4s6−(390γ
2
1−540γ1+330)s2s3−
− 12s35s7 − 12s
2
5s
2
7 − 6s5s
3
7 − 8s
3
6s7 − 9s
2
6s
2
7 − 5s6s
3
7 − 112s4x
3 − 132s24x
2 − 76s34x−
− 252s2s
2
4x− 300s
2
2s4x− 348a1s4x
2 − 312s2s4x
2 − 360a21s4x− 240s3s
2
4x− 264s
2
3s4x−
− 276a1s
2
4x− 40a
4
1 − (171γ1 − 99)s
2
4s5 − (132γ1 − 84)s4s7x− 552s2s3s4x− 648a1s2s4x−
− 600a1s3s4x− 576a1s2s3s4− (39γ1− 15)s4s
2
7− (360γ1− 216)s3s4s5− (132γ1− 84)s
2
3s6−
− (168γ21 − 240γ1 + 144)s6x− (75γ1 − 51)s
2
2s7 − 28s7x
3 − (150γ1 − 84)a1s3s7 − 56s6x
3−
− 54s26x
2 − 26s36x− (126γ1 − 78)s2s4s7 − (420γ1 − 300)s3x
2 − 72a21s4s7 − 48s
2
2s6s7−
− (432γ1 − 288)s3s5x− 45s2s
2
5s7 − 66s
2
2s3s7 − 60a1s
2
4s7 − 51a1s
2
5s7 − 39a1s5s
2
7−
− 60a21s6s7 − 54s
2
3s4s7 − 48a1s2s
2
7 − 39s2s3s
2
7 − 78a1s
2
2s7 − 36a1s6s
2
7 − 36s2s
2
6s7−
− 42a1s
2
6s7 − 54s
2
2s5s7 − 42a1s4s
2
7 − 33s2s5s
2
7 − 36s2s4s
2
7 − 66a
2
1s5s7 − 69a1s
2
3s7−
− (48γ1 − 24)s
2
5s7 − (180γ1 − 102)a
2
1s6 − (203γ1 − 115)a
3
1 − (288γ
2
1 − 384γ1 + 240)s3s4−
− 288a1s2s3s6 − 264a1s2s4s6 − (66γ
2
1 − 84γ1 + 54)s4s7 − (56γ
3
1 − 120γ
2
1 + 144γ1− 40)s6−
− (112γ31 − 240γ
2
1 + 288γ1 − 80)s4 − (312γ
2
1 − 432γ1 + 264)s2s4 − (96γ1 − 48)s3s6s7−
− (696γ1 − 432)a1s4x− (39γ1 − 15)s
2
6s7 − (198γ1 − 126)s
2
3s5 − (624γ1 − 432)s2s4x−
− (450γ1−252)a1s3s5− (630γ1−357)a
2
1x− (102γ1−54)s2s6s7− (315γ
2
1−357γ1+240)a
2
1−
− (228γ1 − 132)s2s5s6 − 16s
4
4 − 90s3s4s5s7 − 78s3s4s6s7 − 72s3s5s6s7 − 66s4s5s6s7−
− 228s2s5s6x− 240s3s4s6x− 216s3s5s6x− 204s4s5s6x− (504γ
2
1 − 720γ1 + 432)s2x−
−49x4−36s42−25s
4
3−486a1s
2
2x−375a1s
2
3x−540a
2
1s2x−522a1s2x
2−375s22s3x−435a1s3x
2−
− 192s2s4s5s6 − 450a
2
1s3x− 390s2s3x
2 − 345s2s
2
3x− 360a1s2s
2
3 − 420a
2
1s2s3 − 390a1s
2
2s3−
−(336γ21−480γ1+288)s4x−(138γ1−72)a1s4s7−203a1x
3−168s2x
3−140s3x
3−234s22x
2−
− 180s23x
2 − 150s32x− 110s
3
3x− 203a
3
1x− 315a
2
1x
2 − 120s32s3 − 165s
2
2s
2
3 − 105s2s
3
3−
− 252a21s
2
2 − 195a
2
1s
2
3 − 156a1s
3
2 − 115a1s
3
3 − (276γ1 − 144)a1s4s6 − (144γ1 − 96)s3s7x−
− 54s2s
2
4s7 − (84γ
3
1 − 180γ
2
1 + 216γ1 − 60)s5 − 145a
3
1s3 − 174a
3
1s2 − (378γ1− 234)s2s4s5−
− (264γ1 − 168)s
2
4x− (90γ1 − 42)s4s
2
6 − (24γ
2
1 − 24γ1 + 18)s
2
7 − (360γ1 − 240)s
2
3x−
− 48s23s5s7 − 11a1s
3
7 − 90s2s3s6s7 − 58a
3
1s6 − 45a1s3s
2
7 − 252s2s4s6x− 288s3s4x
2−
− (84γ21 − 120γ1+72)s7x− (189γ1− 90)a1s
2
5− (204γ1− 108)s4s5s6− (360γ1− 204)a
2
1s4.
Since coefficients of this polynomial are negative, one has f < 0 provided that a2−a1 > γ1.
Hence, if a2 − a1 > 0.8717, then we also have f < 0, since 0.8717 > γ1. 
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Lemma A.2. Let f be the polynomial (6.3). Then the following assertions hold:
• f(a1, a2, a3, a4, 1, 1, 1, 1) < 0 when a3 − a1 > 0.7698;
• f(a1, a2, a3, a4, a5, 1, 1, 1) < 0 when a3 − a1 > 0.8595;
• f(a1, a2, a3, a4, a5, a6, 1, 1) < 0 when a3 − a1 > 0.8985;
• f(a1, a2, a3, a4, a5, a6, a7, 1) < 0 when a3 − a1 > 0.9206;
• f(a1, a2, a3, a4, a5, a6, a7, a8) < 0 when a3 − a1 > 0.9347.
Proof. Let g1(a1, s1, t, s3, s4, s5, s6, s7) = f̂(a1, s1, t − s1, s3, s4, s5, s6, s7) for t = a3 − a1.
Then g1(0, 0, x, 0, 0, 0, 0, 0) = −36x
4 + 102x3 − 198x2 + 120x + 5 has one positive root.
Denote it by γ1. Then γ1 ≈ 0.9346473877, and g1(a1, s1, x+ γ1, s3, s4, s5, s6, s7) equals
− 378a1s3s4s5 − (144γ1 + 9s1 − 81)s4s
2
5 − 78a
2
1s3s7 − 42s
2
3s6s7 − 51s3s
2
4s7−
− (132γ1 + 6s1 − 90)s3s7x− (192γ1 + 12s1 − 108)s4s5s6 − 63s
2
3s7x− 39s3s
2
7x−
− 144s4s
2
5x− 36s4s
2
7x− 45s
2
5s7x− 33s5s
2
7x− 36s
2
6s7x− 30s6s
2
7x− 198s3s5x
2−
− 180a1s
2
5x− 252a
2
1s5x− 234a1s5x
2 − 189s23s5x− 180s4s5x
2 − 153s3s
2
5x− 162s
2
4s5x−
− 9s45 − 72s5x
3 − 81s25x
2 − 45s35x− 40s
3
3s6 − 42s
2
3s
2
6 − 22s3s
3
6 − 32s
3
4s6 − 36s
2
4s
2
6−
− 342s3s4s5x− 20s4s
3
6 − 24s
3
5s6 − 30s
2
5s
2
6 − 18s5s
3
6 − 99a
2
1s
2
5 − 51a1s
3
5 − 60s
3
3s5 − 72s
2
3s
2
5−
− 42s3s
3
5 − 48s
3
4s5 − 63s
2
4s
2
5 − 39s4s
3
5 − 60a
2
1s
2
6 − 28a1s
3
6 − 171a1s3s
2
5 − 153s3s
2
4s5−
− 207a1s
2
3s5 − 162s
2
3s4s5 − 180a1s
2
4s5 − 216a
2
1s4s5 − 135s3s4s
2
5 − 162a1s4s
2
5 − 234a
2
1s3s5−
− (45γ1 + 3s1 − 24)s
3
5 − (30γ1 + 3s1 − 9)s6s
2
7 − (108γ1 + 6s1 − 48)a1s6s7 − 396a1s4s5x−
− 432a1s3s5x− 42s3s
2
5s7 − 30s3s5s
2
7 − 33s3s
2
6s7 − 27s3s6s
2
7 − 42s
2
4s5s7 − 36s
2
4s6s7−
− 33s3s4s
2
7− 39s4s
2
5s7− 27s4s5s
2
7− 30s4s
2
6s7− 24s4s6s
2
7− 30s
2
5s6s7− 27s5s
2
6s7− 21s5s6s
2
7−
−(33γ1+3s1−12)s5s
2
7−(9γ1+s1−2)s
3
7−(36γ1+3s1−15)s
2
6s7−(102γ1+6s1−60)s3s5s7−
−(96γ1+6s1−54)s6s7x−87a
3
1s5−(360γ1+15s1−255)s3x
2−126a1s3s4s7−114a1s3s5s7−
− 102a1s3s6s7 − 108a1s4s5s7 − 96a1s4s6s7 − 90a1s5s6s7 − (528γ1 + 24s1 − 360)s3s4x−
− 132a21s5s6 − (18s
2
1 + 36s1γ1 + 468γ
2
1 − 72s1 − 576γ1 + 414)a1x− (105γ1 + 5s1 − 70)s
3
3−
−(108γ1+6s1−66)s
2
4s6−48a1s
2
7x−66s3s7x
2−60s4s7x
2−54s5s7x
2−48s6s7x
2−84a21s7x−
−78a1s7x
2−(96γ1+6s1−54)s4s5s7−(216γ1+12s1−132)s5s6x−(114γ1+6s1−72)s3s4s7−
− 84s24s5s6− 4s
4
6− (4s
3
1+12s1γ
2
1 +96γ
3
1 − 12s
2
1− 24s1γ1− 204γ
2
1 +24s1+264γ1− 80)s4−
−(144γ1+6s1−102)x
3−(36γ1+3s1−15)s4s
2
7−(45γ1+3s1−24)s
2
5s7−(48γ1+3s1−18)a1s
2
7−
− (11s31 + 18s
2
1γ1 + 18s1γ
2
1 + 156γ
3
1 − 18s
2
1 − 72s1γ1 − 288γ
2
1 + 69s1 + 414γ1 − 160)a1−
− (153γ1 + 9s1 − 90)s3s
2
5 − 126s
2
3s6x− 90s3s
2
6x− 108s
2
4s6x− 84s4s
2
6x− 90s
2
5s6x−
− (468γ1+18s1− 288)a1s5x− 72s3s5s
2
6− 78s3s4s
2
6− 120a1s
2
4s6− 102s3s
2
4s6− 138a1s
2
3s6−
− 78s5s
2
6x− 156a1s6x
2 − 108a1s
2
6x− 132s3s6x
2 − 120s4s6x
2 − 108s5s6x
2 − 168a21s6x−
− 84s3s
2
5s6 − 144a
2
1s4s6 − (204γ1 + 12s1 − 120)s3s5s6 − (144γ1 + 6s1 − 84)a1s3s7−
− 66s4s5s
2
6 − 108s
2
3s4s6 − 102a1s
2
5s6 − 90a1s5s
2
6 − 78s4s
2
5s6 − 102a1s3s
2
6 − 96a1s4s
2
6−
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− 29a31s7 − (6s
3
1 + 18s1γ
2
1 + 144γ
3
1 − 18s
2
1 − 36s1γ1 − 306γ
2
1 + 36s1 + 396γ1 − 120)x−
−54s24s7x−156a
2
1s3s6−(396γ1+18s1−216)a1s4s5−(6s1γ1+60γ
2
1−6s1−78γ1+54)s4s7−
−(90γ1+6s1−48)s3s6s7−(12s1γ1+108γ
2
1−12s1−132γ1+96)s5s6−(468γ1+18s1−288)a1x
2−
− (6s1γ1+54γ
2
1 − 6s1− 66γ1+48)s5s7− s
4
7− (12s1γ1+120γ
2
1 − 12s1− 156γ1+108)s4s6−
− 69a1s
2
3s7 − (342γ1 + 18s1 − 216)s3s4s5 − (18s1γ1 + 198γ
2
1 − 18s1 − 270γ1 + 180)s3s5−
−(264γ1+12s1−144)a1s4s6−(24s1γ1+264γ
2
1−24s1−360γ1+240)s3s4−(54γ1+3s1−33)s
2
4s7−
−(90γ1+6s1−48)s
2
5s6−(18s1γ1+216γ
2
1−18s1−306γ1+198)s5x−(240γ1+12s1−120)a1s5s6−
− (108γ1 + 6s1 − 48)a1s
2
6 − (132γ1 + 6s1 − 72)a1s4s7 − (216γ1 + 9s1 − 153)s5x
2−
− (2s31 + 6s1γ
2
1 + 48γ
3
1 − 6s
2
1 − 12s1γ1 − 102γ
2
1 + 12s1 + 132γ1 − 40)s6 − 102s3s5s7x−
− (24s1γ1+288γ
2
1 − 24s1− 408γ1+264)s4x− (12s1γ1+144γ
2
1 − 12s1− 204γ1+132)s6x−
− (84γ1 + 6s1 − 42)s4s6s7 − (264γ1 + 12s1 − 180)s3s6x− (162γ1 + 9s1 − 99)s
2
5x−
− (6s1γ1+48γ
2
1−6s1−54γ1+42)s6s7− (228γ1+12s1−144)s3s
2
4− (39γ1+3s1−18)s3s
2
7−
−(18s1γ1+180γ
2
1−18s1−234γ1+162)s4s5−(72γ1+4s1−44)s
3
4−(576γ1+24s1−336)a1s3s4−
−7s4s
3
7−12s
3
5s7−(84γ1+6s1−42)s4s
2
6−(240γ1+12s1−156)s
2
4x−(288γ1+12s1−204)s4x
2−
−(78γ1+6s1−36)s5s6s7−(432γ1+18s1−252)a1s3s5−114s3s4s7x−90s3s6s7x−96s4s5s7x−
− 144a1s3s7x− 132a1s4s7x− 120a1s5s7x− 108a1s6s7x− (396γ1 + 18s1 − 270)s3s5x−
− 252a1s3s4s6 − 228a1s3s5s6 − 216a1s4s5s6 − 180s3s4s5s6 − 288a1s3s6x− 264a1s4s6x−
− 252a1s3s
2
4 − 312a
2
1s3s4 − 276a1s
2
3s4 − 116a
3
1s4 − 144a
2
1s
2
4 − 80a1s
3
4 − 80s
3
3s4−
− 68s3s
3
4 − (780γ1 + 30s1 − 480)a1s3x− (6s1γ1 + 66γ
2
1 − 6s1 − 90γ1 + 60)s3s7−
− 115a1s
3
3 − 84s4s6s7x− (12s1γ1 + 132γ
2
1 − 12s1 − 180γ1 + 120)s3s6 − 27a
2
1s
2
7−
− 78s5s6s7x− (3s1γ1 + 21γ
2
1 − 3s1 − 21γ1 + 18)s
2
7 − (9s1γ1 + 81γ
2
1 − 9s1 − 99γ1 + 72)s
2
5−
− (240γ1 + 12s1 − 156)s4s6x− 11a1s
3
7 − 20s
3
3s7 − 18s
2
3s
2
7 − 8s3s
3
7 − 16s
3
4s7 − 15s
2
4s
2
7−
− (96γ1 + 6s1 − 54)s
2
6x− 12s
2
5s
2
7 − 6s5s
3
7 − 8s
3
6s7 − 9s
2
6s
2
7 − 5s6s
3
7 − 96s4x
3 − 120s24x
2−
− 72s34x− 312a1s4x
2 − 336a21s4x− 228s3s
2
4x− 252s
2
3s4x− 264s3s4x
2 − 264a1s
2
4x− 40a
4
1−
− (162γ1 + 9s1 − 99)s
2
4s5 − 576a1s3s4x− (30s1γ1 + 360γ
2
1 − 30s1 − 510γ1 + 330)s3x−
− (120γ1+6s1−78)s4s7x− (624γ1+24s1−384)a1s4x−24s7x
3− (126γ1+6s1−84)s
2
3s6−
− (5s31 + 15s1γ
2
1 + 120γ
3
1 − 15s
2
1 − 30s1γ1 − 255γ
2
1 + 30s1 + 330γ1 − 100)s3−
− 48s6x
3 − 48s26x
2 − 24s36x− 72a
2
1s4s7 − 60a
2
1s6s7 − 60a1s
2
4s7 − 51a1s
2
5s7 − 39a1s5s
2
7−
− 240a1s5s6x− 108s
2
3s
2
4− (90γ1+6s1− 48)s3s
2
6− 96s
2
3s5s6− (312γ1+ 12s1− 192)a1s6x−
− 145a31s3 − (288γ1 + 12s1 − 168)a1s3s6 − (18s1γ1 + 216γ
2
1 − 18s1 − 306γ1 + 198)x
2−
− (42γ1 + 3s1 − 21)s
2
7x− (63γ1 + 3s1 − 42)s
2
3s7 − (252γ1 + 12s1 − 168)s
2
3s4 − 58a
3
1s6−
−(72γ1+3s1−51)s7x
2−(330γ1+15s1−225)s
2
3x−(3s
2
1+6s1γ1+78γ
2
1−12s1−96γ1+69)a1s7−
− 72s3s5s6s7 − (3s
3
1 + 9s1γ
2
1 + 72γ
3
1 − 9s
2
1 − 18s1γ1 − 153γ
2
1 + 18s1 + 198γ1 − 60)s5−
− 48s23s5s7 − 54s
2
3s4s7 − 36a1s6s
2
7 − 45a1s3s
2
7 − 42a1s
2
6s7 − 42a1s4s
2
7 − 66a
2
1s5s7−
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− (108γ1 + 6s1 − 66)s5s7x− (78γ1 + 6s1 − 36)s5s
2
6 − 16s
4
4 − 90s3s4s5s7 − 78s3s4s6s7−
− 66s4s5s6s7 − 228s3s4s6x− 204s3s5s6x− 192s4s5s6x− 36x
4 − 25s43 − 360a1s
2
3x−
− (24γ1 + 2s1 − 10)s
3
6 − (189γ1 + 9s1 − 126)s
2
3s5 − 390a1s3x
2 − 420a21s3x− 105s
3
3x−
− (9s21+18s1γ1+234γ
2
1−36s1−288γ1+207)a1s5− (360γ1+18s1−234)s4s5x−156a1x
3−
− (27s21 + 36s1γ1 + 252γ
2
1 − 51s1 − 306γ1 + 240)a
2
1 − 174a
3
1x− 252a
2
1x
2 − 195a21s
2
3−
− (360γ1+15s1−210)a1s
2
3− (s
3
1+3s1γ
2
1+24γ
3
1−3s
2
1−6s1γ1−51γ
2
1+6s1+66γ1−20)s7−
− (264γ1 + 12s1 − 144)a1s
2
4 − (15s
2
1 + 30s1γ1 + 390γ
2
1 − 60s1 − 480γ1 + 345)a1s3−
− (504γ1+36s1− 306)a
2
1x− (84γ1+6s1− 51)a
2
1s7− (168γ1+ 12s1− 102)a
2
1s6− 21s
2
7x
2−
− (252γ1 + 18s1 − 153)a
2
1s5 − (120γ1 + 6s1 − 60)a1s5s7 − (144γ1 + 6s1 − 102)s6x
2−
− (180γ1 + 9s1 − 90)a1s
2
5 − (228γ1 + 12s1 − 144)s3s4s6 − (336γ1 + 24s1 − 204)a
2
1s49s
3
7x−
−(6s21+12s1γ1+156γ
2
1−24s1−192γ1+138)a1s6−(15s1γ1+165γ
2
1−15s1−225γ1+150)s
2
3−
−(174γ1+29s1−115)a
3
1−(12s1γ1+120γ
2
1−12s1−156γ1+108)s
2
4−(420γ1+30s1−255)a
2
1s3−
− 120s3x
3 − (6s1γ1 + 48γ
2
1 − 6s1− 54γ1+ 42)s
2
6− (6s1γ1 + 72γ
2
1 − 6s1 − 102γ1+ 66)s7x−
− (12s21 + 24s1γ1 + 312γ
2
1 − 48s1 − 384γ1 + 276)a1s4 − (156γ1 + 6s1 − 96)a1s7x−
− 165s23x
2 − (36γ1 − 20− 18γ
2
1 − 2s
2
1 + 18s1 + s
3
1 − 18s1γ1 + 6s
2
1γ1 + 6γ
3
1)s1.
Since all summands here are non-positive, we see that f < 0 provided that a3 − a1 > γ1.
In particular, if a3 − a1 > 0.9347, then f < 0 as well.
Let us denote the polynomial f(a1, a2, a3, a4, a5, a6, a7, 1) by f2. As in the previous case,
we let g2(a1, s1, t, s3, s4, s5, s6) = f̂2(a1, s1, t− s1, s3, s4, s5, s6). Then
g2(0, 0, x, 0, 0, 0, 0) = −25x
4 + 65x3 − 135x2 + 80x+ 8.
This polynomial has exactly one positive root. Denote it by γ2. Then γ2 ≈ 0.9205032589.
Let us consider g2(a1, s1, x + γ2, s3, s4, s5, s6) as a polynomial in a1, x, s3, s4, s5 and s6.
Then all its coefficients are non-positive, since it can be expanded as
− 25x4 − (24s21 + 30s1γ2 + 180γ
2
2 − 39s1 − 195γ2 + 168)a
2
1 − 108s3s5x
2 − 96a1s
2
5x−
− 7s3s
3
6 − 144a
2
1s5x− 132a1s5x
2 − 102s23s5x− 96s4s5x
2 − 78s3s
2
5x− 84s
2
4s5x− 72s4s
2
5x−
− (528γ2 + 24s1 − 288)a1s3x− 4s
4
5 − 40s5x
3 − 42s25x
2 − 22s35x− 16s
3
3s6 − 15s
2
3s
2
6−
− 42s23s4s6 − 32s
3
3s5 − 36s
2
3s
2
5 − 20s3s
3
5 − 24s
3
4s5 − 30s
2
4s
2
5 − 18s4s
3
5 − 24a
2
1s
2
6 − 10a1s
3
6−
− 66s3s4s
2
5 − 84a1s4s
2
5 − 132a
2
1s3s5 − (120γ2 + 6s1 − 60)a1s3s6 − 240a1s3s5x−
− 39a1s3s
2
6− 50a
3
1s5− 216a1s4s5x− 180s3s4s5x− 204a1s3s4s5− (180γ2+9s1− 117)s4x
2−
− (12s1γ2 + 108γ
2
2 − 12s1 − 132γ2 + 96)s
2
3 − (18s1γ2 + 180γ
2
2 − 18s1 − 234γ2 + 162)s4x−
− (15s21+30s1γ2+330γ
2
2 − 60s1− 360γ2+285)a1x− (3s1γ2+18γ
2
2 − 3s1− 15γ2+15)s
2
6−
− 21s4s5s
2
6 − 12s
3
4s6 − 12s
2
4s
2
6 − 6s4s
3
6 − 8s
3
5s6 − 9s
2
5s
2
6 − 5s5s
3
6 − 54a
2
1s
2
5 − 26a1s
3
5−
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− 33a1s5s
2
6 − 90a1s3s
2
5 − 78s3s
2
4s5 − 114a1s
2
3s5 − 84s
2
3s4s5 − 96a1s
2
4s5 − 120a
2
1s4s5−
− (192γ2 + 12s1 − 108)s4s5x− (9s
2
1 + 18s1γ2 + 198γ
2
2 − 36s1 − 216γ2 + 171)a1s4 − s
4
6−
−(3s31+9s1γ
2
2+60γ
3
2−9s
2
1−18s1γ2−117γ
2
2+18s1+162γ2−48)s4−(180γ2+12s1−96)s3s4s5−
− 66a21s3s6− 27s5s
2
6x− 66a1s6x
2− 42a1s
2
6x− 54s3s6x
2− 48s4s6x
2− 42s5s6x
2− 72a21s6x−
− 16s43 − (125γ2 + 25s1 − 76)a
3
1 − 51s
2
3s6x− 33s3s
2
6x− 42s
2
4s6x− 30s4s
2
6x− 33s
2
5s6x−
− 24s3s5s
2
6 − 27s3s4s
2
6 − 54a
2
1s5s6 − 48a1s
2
4s6 − 39s3s
2
4s6 − 57a1s
2
3s6 − 30s
2
4s5s6−
− (6s1γ2 + 54γ
2
2 − 6s1 − 66γ2 + 48)s3s6 − (9s1γ2 + 72γ
2
2 − 9s1 − 81γ2 + 63)s
2
4−
− 27s4s
2
5s6 − 36a1s4s
2
6 − 36s
2
3s5s6 − 30s3s
2
5s6 − 60a
2
1s4s6 − (100γ2 + 5s1 − 65)x
3−
− (144γ2 + 9s1 − 81)s
2
4x− (240γ2 + 12s1 − 120)a1s
2
3 − (108γ2 + 6s1 − 66)s3s6x−
− (12s21 + 24s1γ2 + 264γ
2
2 − 48s1 − 288γ2 + 228)a1s3 − (153γ2 + 9s1 − 90)s
2
3s4−
− 25a31s6 − (84γ2 + 6s1 − 42)s
2
5x− (240γ2 + 12s1 − 156)s3x
2 − (120γ2 + 6s1 − 78)s5x
2−
− (6s21 + 12s1γ2 + 132γ
2
2 − 24s1 − 144γ2 + 114)a1s5 − (78γ2 + 6s1 − 36)s3s5s6−
−(240γ2+12s1−120)a1s3s5−(s
3
1+3s1γ
2
2+20γ
3
2−3s
2
1−6s1γ2−39γ
2
2+6s1+54γ2−16)s6−
− (42γ2+3s1−12)a1s
2
6− (27γ2+3s1−6)s5s
2
6− (96γ2+6s1−54)s4s6x− (8γ2+ s1−1)s
3
6−
− (360γ2 + 18s1 − 180)a1s3s4 − (24s1γ2 + 240γ
2
2 − 24s1 − 312γ2 + 216)s3x−
− (15s1γ2 + 150γ
2
2 − 15s1 − 195γ2 + 135)x
2 − (144γ2 + 12s1 − 78)a
2
1s5 − 153s
2
3s4x−
−(216γ2+18s1−117)a
2
1s4−(162γ2+9s1−72)a1s
2
4−(6s1γ2+42γ
2
2−6s1−42γ2+36)s5s6−
− 39a1s
2
5s6 − (135γ2 + 9s1 − 72)s3s
2
4 − (3s
2
1 + 6s1γ2 + 66γ
2
2 − 12s1 − 72γ2 + 57)a1s6−
−(96γ2+6s1−36)a1s5s6−(33γ2+3s1−12)s3s
2
6−(330γ2+15s1−180)a1x
2−(68γ2+4s1−40)s
3
3−
−(264γ2+12s1−144)a1s5x−(22γ2+2s1−8)s
3
5−(12s1γ2+108γ
2
2−12s1−132γ2+96)s3s5−
− 8s36x− (5s
3
1 + 15s1γ
2
2 + 100γ
3
2 − 15s
2
1 − 30s1γ2 − 195γ
2
2 + 30s1 + 270γ2 − 80)x−
−(33γ2+3s1−12)s
2
5s6−102a1s3s4s6−90a1s3s5s6−84a1s4s5s6−66s3s4s5s6−120a1s3s6x−
− (6s1γ2+60γ
2
2−6s1−78γ2+54)s6x−108a1s4s6x−96a1s5s6x−153a1s3s
2
4−198a
2
1s3s4−
− (18s1γ2 + 162γ
2
2 − 18s1 − 198γ2 + 144)s3s4 − 171a1s
2
3s4 − 75a
3
1s4 − 90a
2
1s
2
4−
− 48a1s
3
4 − 48s
3
3s4 − 63s
2
3s
2
4 − 39s3s
3
4 − (60γ2 + 3s1 − 39)s6x
2 − 216a21s4x− 76a1s
3
3−
− (12s1γ2 + 120γ
2
2 − 12s1 − 156γ2 + 108)s5x− (102γ2 + 6s1 − 60)s
2
3s5 − 135s3s
2
4x−
− 240a1s
2
3x− (72γ2 + 6s1 − 30)s4s
2
5 − (360γ2 + 30s1 − 195)a
2
1x− (51γ2 + 3s1 − 30)s
2
3s6−
− (96γ2+6s1− 36)a1s
2
5− (72γ2+6s1− 39)a
2
1s6− 60s4x
3 − 72s24x
2 − 42s34x− 198a1s4x
2−
−162s3s4x
2−162a1s
2
4x−(84γ2+6s1−42)s5s6x−28a
4
1−(42γ2+3s1−21)s
3
4−360a1s3s4x−
− (4s31 + 12s1γ
2
2 + 80γ
3
2 − 12s
2
1 − 24s1γ2 − 156γ
2
2 + 24s1 + 216γ2 − 64)s3 − 20s6x
3−
− (10s31 + 15s
2
1γ2 + 15s1γ
2
2 + 110γ
3
2 − 12s
2
1 − 60s1γ2 − 180γ
2
2 + 57s1 + 285γ2 − 112)a1−
−(216γ2+12s1−132)s
2
3x−(6s1γ2+48γ
2
2−6s1−54γ2+42)s4s6−(72γ2+6s1−30)s4s5s6−
− (396γ2 + 18s1 − 216)a1s4x− (324γ2 + 18s1 − 198)s3s4x− (288γ2 + 24s1 − 156)a
2
1s3−
− 18s26x
2 − (90γ2 + 6s1 − 48)s3s4s6 − (84γ2 + 6s1 − 42)s
2
4s5 − (30γ2 + 3s1 − 9)s4s
2
6−
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−(108γ2+6s1−48)a1s4s6−(2s
3
1+6s1γ
2
2+40γ
3
2−6s
2
1−12s1γ2−78γ
2
2+12s1+108γ2−32)s5−
−(132γ2+6s1−72)a1s6x−9s
4
4−(42γ2+3s1−21)s
2
4s6−90s3s4s6x−78s3s5s6x−72s4s5s6x−
− 264a1s3x
2 − 288a21s3x− 110a1x
3 − 80s3x
3 − 108s23x
2 − 68s33x− 125a
3
1x− 180a
2
1x
2−
− 132a21s
2
3 − (78γ2 + 6s1 − 36)s3s
2
5 − 100a
3
1s3 − (6s1γ2 + 42γ
2
2 − 6s1 − 42γ2 + 36)s
2
5−
−(36γ2+3s1−15)s
2
6x−(12s1γ2+96γ
2
2−12s1−108γ2+84)s4s5−(216γ2+12s1−132)s3s5x−
−(216γ2+12s1−96)a1s4s5−(30γ2−16−15s1γ2−15γ
2
2−s
2
1+15s1+s
3
1+5γ
3
2+5s
2
1γ2)s1.
This shows that f2 < 0 provided that a3−a1 > γ2. Thus, if a3−a1 > 0.9206, then f2 < 0.
Let f3 = f(a1, a2, a3, a4, a5, a6, 1, 1). As above, let g3(a1, s1, t, s3, s4, s5) be the polyno-
mial f̂3(a1, s1, t− s1, s3, s4, s5). Then
g3(0, 0, x, 0, 0, 0) = −16x
4 + 36x3 − 84x2 + 48x+ 9.
This polynomial has one positive root. Denote this root by γ3. Then γ3 ≈ 0.8984970862.
Moreover, we can expand g3(a1, s1, x+ γ3, s3, s4, s5) as
− 16x4 − (18s1γ3+ 144γ
2
3 − 18s1− 162γ3+ 126)s3x− (30γ3+ 3s1− 9)s
2
4s5 − 90a1s
2
3s4−
−(108γ3+6s1−48)a1s5x−(216γ3+12s1−96)a1s4x−(6s1γ3+42γ
2
3−6s1−42γ3+36)s3s5−
−4s44−120a
2
1s4x−66s3s
2
4x−78s
2
3s4x−108a1s4x
2−84s3s4x
2−84a1s
2
4x−108a
2
1s3s4−78a1s3s
2
4−
−(144γ3+9s1−81)s3x
2−s45−(9s1γ3+63γ
2
3−9s1−63γ3+54)s
2
3−(84γ3+6s1−24)a1s4s5−
−(216γ3+12s1−96)a1x
2−(96γ3+6s1−36)a1s3s5−(30γ3+3s1−9)s
2
5x−(144γ3+9s1−54)a1s
2
3−
−(96γ3+6s1−54)s4x
2−(6s21+12s1γ3+108γ
2
3−24s1−96γ3+90)a1s4−(36γ3+3s1−6)a1s
2
5−
−(12s21+24s1γ3+216γ
2
3−48s1−192γ3+180)a1x−(78γ3+6s1−36)s
2
3s4−(39γ3+3s1−18)s
2
3s5−
− (126γ3+9s1−63)s
2
3x− (66γ3+6s1−24)s3s
2
4− (12s1γ3+84γ
2
3 −12s1−84γ3+72)s3s4−
− (27γ3 + 3s1 − 6)s3s
2
5 − (6s1γ3 + 48γ
2
3 − 6s1 − 54γ3 + 42)s5x− (48γ3 + 3s1 − 27)s5x
2−
−33a1s3s
2
5− (9s
3
1+12s
2
1γ3+12s1γ
2
3 +72γ
3
3 −6s
2
1−48s1γ3−96γ
2
3 +45s1+180γ3−72)a1−
− 27s3s
2
4s5− (7γ3+ s1)s
3
5− (s
3
1+3s1γ
2
3 +16γ
3
3 − 3s
2
1− 6s1γ3− 27γ
2
3 +6s1+42γ3− 12)s5−
− (12s1γ3 + 96γ
2
3 − 12s1 − 108γ3 + 84)s4x− (6s1γ3 + 36γ
2
3 − 6s1 − 30γ3 + 30)s
2
4−
− (2s31 + 6s1γ
2
3 + 32γ
3
3 − 6s
2
1 − 12s1γ3 − 54γ
2
3 + 12s1 + 84γ3 − 24)s4 − 96a1s3s5x−
−36a1s
2
4s5−(3s
3
1+9s1γ
2
3+48γ
3
3−9s
2
1−18s1γ3−81γ
2
3+18s1+126γ3−36)s3−20s
3
4x−24s
3
3s4−
−30s23s
2
4−18s3s
3
4−42a
3
1s4−48a
2
1s
2
4−24a1s
3
4−192a1s3s4x−(24γ3+3s1−3)s4s
2
5−78a1s3s4s5−
− (3s1γ3 + 15γ
2
3 − 3s1 − 9γ3 + 12)s
2
5 − (12s1γ3 + 96γ
2
3 − 12s1 − 108γ3 + 84)x
2−
−(66γ3+6s1−24)s3s4s5−(168γ3+12s1−84)s3s4x−(39γ3+3s1−18)s
3
3−(64γ3+4s1−36)x
3−
− 180a21s3x− (60γ3+ 6s1 − 27)a
2
1s5 − (120γ3+ 12s1− 54)a
2
1s4 − (84γ3+ 6s1− 42)s3s5x−
−6s3s
3
5−66s3s4s5x−(72γ3+6s1−30)s
2
4x−(192γ3+12s1−72)a1s3s4−(72γ3+6s1−30)s4s5x−
−21s3s4s
2
5− (21s
2
1+24s1γ3+120γ
2
3−27s1−108γ3+108)a
2
1−18a
4
1− (20γ3+2s1−6)s
3
4−
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− (180γ3+18s1− 81)a
2
1s3− (240γ3+24s1− 108)a
2
1x− 9s
4
3− 39s
3
3x− 84a
3
1x− 120a
2
1x
2−
−72a1x
3−48s3x
3−63s23x
2−81a21s
2
3−45a1s
3
3−7s
3
5x−16s5x
3−15s25x
2−60a21s5x−39s
2
3s5x−
− 9a1s
3
5 − 12s
3
3s5 − 12s
2
3s
2
5 − 8s
3
4s5 − 9s
2
4s
2
5 − 5s4s
3
5 − 30s
2
3s4s5 − 30a1s4s
2
5 − 36a1s
2
5x−
− 27s3s
2
5x− 30s
2
4s5x− 24s4s
2
5x− 42s3s5x
2 − 36s4s5x
2 − 54a1s5x
2 − 21a31s5 − 21a
2
1s
2
5−
− 84a1s4s5x− (4s
3
1 + 12s1γ
2
3 + 64γ
3
3 − 12s
2
1 − 24s1γ3 − 108γ
2
3 + 24s1 + 168γ3 − 48)x−
−144a1s
2
3x−(84γ3+21s1−45)a
3
1−(6s1γ3+36γ
2
3−6s1−30γ3+30)s4s5−32s4x
3−36s24x
2−
− 162a1s3x
2 − (84γ3+6s1− 24)a1s
2
4− (9s
2
1+ 18s1γ3+162γ
2
3 − 36s1− 144γ3+ 135)a1s3−
− 45a1s
2
3s5 − (3s
2
1 + 6s1γ3 + 54γ
2
3 − 12s1 − 48γ3 + 45)a1s5 − (324γ3 + 18s1 − 144)a1s3x−
−54a21s3s5−48a
2
1s4s5−(24s1γ3−4s
3
1γ3−12s1+63a
3
1s3+12s
2
1+4s1γ
3
3+s
4
1−12s1γ
2
3+12s
2
1γ3).
All summands in this sum are non-negative. This shows that f3 < 0 if a3 − a1 > γ3.
Therefore, if a3 − a1 > 0.8985, then f3 < 0 as well, since γ3 < 0.8985.
Let f4 = f(a1, a2, a3, a4, a5, 1, 1, 1) and g4(a1, s1, t, s3, s4) = f̂4(a1, s1, t−s1, s3, s4). Then
the polynomial g4(0, 0, x, 0, 0) = −9x
4+15x3−45x2+24x+8 has one positive root. Denote
it by γ4. Then γ4 ≈ 0.8594363 and g4(a1, s1, x+ γ4, s3, s4) can be expanded as
− 9x4 − (84γ4 + 6s1 − 24)a1s4x− (60γ4 + 6s1 − 18)s3s4x− (72γ4 + 6s1 − 12)a1s3s4−
−(168γ4+12s1−48)a1s3x−(60γ4+6s1−18)s
2
3x−(12s1γ4+72γ
2
4−12s1−60γ4+60)s3x−
− (6s1γ4 + 30γ
2
4 − 6s1 − 18γ4 + 24)s3s4 − (72γ4 + 6s1 − 30)s3x
2 − (24γ4 + 3s1 − 3)s
2
4x−
−(6s1γ4+36γ
2
4−6s1−30γ4+30)s4x−(36γ4+3s1−15)s4x
2−(27γ4+3s1−6)s
2
3s4−17a
3
1s4−
−(21γ4+3s1)s3s
2
4−(9s
2
1+18s1γ4+126γ
2
4−36s1−72γ4+99)a1x−(126γ4+9s1−36)a1x
2−
− (3s21+6s1γ4+42γ
2
4 − 12s1− 24γ4+33)a1s4− (30γ4+3s1)a1s
2
4− (72γ4+6s1− 12)a1s
2
3−
−(144γ4+18s1−45)a
2
1x−(48γ4+6s1−15)a
2
1s4−(96γ4+12s1−30)a
2
1s3−72a1s
2
3x−72a1s3s4x−
− (6s21+12s1γ4+84γ
2
4 −24s1−48γ4+66)a1s3−96a
2
1s3x−4s
4
3−30s
2
3x
2−18s33x−51a
3
1x−
−72a21x
2−42a1x
3−42a21s
2
3−22a1s
3
3−34a
3
1s3−(18s
2
1+18s1γ4+72γ
2
4−15s1−45γ4+60)a
2
1−
− (51γ4+17s1− 22)a
3
1− (3s
3
1+9s1γ
2
4 +36γ
3
4 − 9s
2
1− 18s1γ4− 45γ
2
4 +18s1+90γ4− 24)x−
−(9s1γ4+54γ
2
4−9s1−45γ4+45)x
2−(36γ4+3s1−15)x
3−(3s1γ4+12γ
2
4−3s1−3γ4+9)s
2
4−
− (s31 + 3s1γ
2
4 + 12γ
3
4 − 3s
2
1 − 6s1γ4 − 15γ
2
4 + 6s1 + 30γ4 − 8)s4 − (6γ4 + s1 + 1)s
3
4 − s
4
4−
− 27s23s4x− 30s3s4x
2− 30a1s
2
4x− 48a
2
1s4x− 42a1s4x
2− 27a1s3s
2
4− 33a1s
2
3s4− 42a
2
1s3s4−
−12s4x
3−12s24x
2−6s34x−(2s
3
1+6s1γ
2
4+24γ
3
4−6s
2
1−12s1γ4−30γ
2
4+12s1+60γ4−16)s3−
− 21s3s
2
4x− (6s1γ4+30γ
2
4 − 6s1− 18γ4+24)s
2
3− 18a
2
1s
2
4− 8a1s
3
4− 8s
3
3s4− 9s
2
3s
2
4− 5s3s
3
4−
− (8s31+9s
2
1γ4+9s1γ
2
4 +42γ
3
4 −36s1γ4−36γ
2
4 +33s1+99γ4−40)a1− (18γ4+2s1−4)s
3
3−
− 24s3x
3 − 84a1s3x
2 − 10a41 − (3s
2
1γ4+ 3γ
3
4 − 9γ
2
4 − 9s1γ4+ 18γ4+ s
2
1 + s
3
1 − 8 + 9s1)s1.
As above, we see that f4 < 0 when a3 − a1 > γ4. So, if a3 − a1 > 0.8595, then f4 < 0.
50 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA
Finally, let f5 = f(a1, a2, a3, a4, 1, 1, 1, 1) and g5(a1, s1, t, s3) = f̂5(a1, s1, t−s1, s3). Then
the polynomial g5(0, 0, x, 0) = −4x
4+2x3−18x2+8x+5 has unique positive root. Denote
it by γ5. Then g5(a1, s1, x+ γ5, s3) can be expanded as
− 4x4 − (60γ5 + 6s1)a1s3x− (18γ5 + 3s1 + 3)s
2
3x− (24γ5 + 3s1 − 3)s3x
2 − 13a31s3−
− (36γ5 + 6s1 − 3)a
2
1s3 − (3s
2
1 + 6s1γ5 + 30γ
2
5 − 12s1 + 21)a1s3 − (72γ5 + 12s1 − 6)a
2
1x−
−(6s1γ5+24γ
2
5−6s1−6γ5+18)s3x−(24γ5+3s1+6)a1s
2
3−(6s
2
1+12s1γ5+60γ
2
5−24s1+42)a1x−
−5s33x−(60γ5+6s1)a1x
2−(7s31+6s
2
1γ5+6s1γ
2
5+20γ
3
5+6s
2
1−24s1γ5+21s1+42γ5−16)a1−
−(15s21+12s1γ5+36γ
2
5−3s1−6γ5+24)a
2
1−(26γ5+13s1−7)a
3
1−26a
3
1x−15a
2
1s
2
3−7a1s
3
3−2s
3
1−
− (2s31 + 6s1γ
2
5 + 16γ
3
5 − 6γ
2
5 + 12s1 + 36γ5 − 8)x− (6s1γ5 + 24γ
2
5 − 6s1 − 6γ5 + 18)x
2−
−(16γ5+2s1−2)x
3−24a1s
2
3x−30a1s3x
2−36a21s3x−4a
4
1−s
4
3−36a
2
1x
2−20a1x
3−8s3x
3−9s23x
2−
−(s31+3s1γ
2
5+8γ
3
5−3s
2
1−6s1γ5−3γ
2
5+6s1+18γ5−4)s3−(3s1γ5+9γ
2
5−3s1+3γ5+6)s
2
3−
− (5γ5 + s1 + 2)s
3
3 − (12γ5 + 2γ
3
5 + 2s
2
1γ5 − 6γ
2
5 − 6s1γ5 + s
3
1 + 6s1 + 12γ5 + 6s1 − 4)s1.
Observe that every summand in this sum is non-positive, because γ5 ≈ 0.7697759834.
This shows that f5 < 0 when a3 − a1 > γ5. Thus, if a3 − a1 > 0.7698, then f5 < 0. 
Lemma A.3. Let f be the polynomial (6.4). Then the following assertions hold:
• f(a1, a2, a3, 1, 1, 1, 1, b) < 0 when a2 − a1 > 0.7701;
• f(a1, a2, a3, a4, 1, 1, 1, b) < 0 when a2 − a1 > 0.8595;
• f(a1, a2, a3, a4, a5, 1, 1, b) < 0 when a2 − a1 > 0.8985;
• f(a1, a2, a3, a4, a5, a6, 1, b) < 0 when a2 − a1 > 0.9206;
• f(a1, a2, a3, a4, a5, a6, a7, b) < 0 when a2 − a1 > 0.9347.
Proof. Denote by f5 the polynomial f(a1, a2, a3, 1, 1, 1, 1, b), and let g5(a1, s1, s2, b) = f̂5.
Then g5(0, x, 0, b) = (3 − 6x
2)b2 + (8 − 4x3 − 18x2 + 6x)b − 4x4 + 2x3 − 18x2 + 8x + 5.
The discriminant of this polynomial is equal to −80x6+192x5−108x4−112x3+84x2+4.
Denote by δ5 its unique positive root. Then g5(a1, x+ δ5, s2, b) is a sum of
− (12δ5+18)bs2x− (36+36δ5)a1bx− (6+30δ5)a
2
1s2− (18δ5+12)a
2
1b− (9+21δ5)a1s
2
2−
− 12δ5b
2x− 12a1b
2δ5 − 27a1s2x
2 − 6bs2x
2 − 18a1bx
2 − 4x4 − 4bx3 − (12δ5 + 18)bx
2−
− 18a1x
3− (8δ35 − 3δ
2
5 + 18δ5− 4)s2− (16δ5− 2)x
3− (18 + 18δ5)a1bs2− (6 + 54δ5)a1s2x−
− 9s22x
2− 8s2x
3− (54δ25 +12δ5+30)a1x− (6 + 54δ5)a1x
2− 18a21bx− 12a1b
2x− 30a21s2x−
− 21a1s
2
2x− 6bs
2
2x− 6b
2s2x− (5δ5 + 2)s
3
2 − 18a
3
1x− 5s
3
2x− (27δ
2
5 + 6δ5 + 15)a1s2−
− 6b2x2 −−(24δ25 − 6δ5+ 18)s2x− (24δ5− 3)s2x
2− (18δ5+3)s
2
2x− (12δ
2
5 +36δ5− 6)bx−
− (6δ25 + 18δ5 − 3)bs2 − 9a1s
2
2b− 9a
2
1s2b− 6a1s2b
2 − 12a21s
2
2 − 6a1s
3
2 − (6δ5 + 9)bs
2
2−
− 2s32b− (30δ
2
5 + 12δ5 + 9)a
2
1 − 9a
3
1s2 − s
4
2 − (60δ5 + 12)a
2
1x− (18δ
2
5 + 36δ5 − 12)a1b−
− 30a21x
2 − 3a21b
2 − 3s22b
2 − (24δ25 − 6δ5 + 18)x
2 − (18δ35 + 6δ
2
5 + 30δ5 − 12)a1−
− 18a31δ5 − (16δ
3
5 − 6δ
2
5 + 36δ5 − 8)x− (9δ
2
5 + 3δ5 + 6)s
2
2 − 18a1bs2x− 6b
2s2δ5
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and the polynomial
(3− 6δ25)b
2 − (4δ35 + 18δ
2
5 − 6δ5 − 8)b− 4δ
4
5 + 2δ
3
5 − 18δ
2
5 + 8δ5 + 5.
Observe that all coefficients of the former polynomial are negative, since δ5 ≈ 0.7700518.
On the other hand, the latter polynomial is not positive for all b > 0 by the choice of δ5.
This shows that g5(a1, s1, s2, b) < 0 if s1 > δ5, so that f5 < 0 when a2 − a1 > 0.7701.
One can use the same arguments to prove that f5 < 0 if a2−a1 > 0.7698 and b > 0.2308.
Indeed, let α5 be the unique positive root of the polynomial −4x
4 + 2x3 − 18x2 + 8x+ 5,
let β5 be the unique positive root of of the polynomial 8− 4x
3 − 18x2 + 6x, and let
γ5 = −
8− 4α35 − 18α
2
5 + 6α5
3− 6α25
.
Then α5 ≈ 0.7697759834, β5 ≈ 0.774202788, and γ5 ≈ 0.230720502. Moreover, one has
g5(0, x, 0, b) < 0
provided that x > α5 and b > γ5. Then g5(a1, x+ α5, s2, y + γ5) can be expanded as
− (18α5 + 6γ5 + 12)a
2
1y − (54α5 + 18γ5 + 6)a1x
2 − 9a21s2y−
− 3s22y
2 − 12α5a1y
2 −
(
54α25 + (36γ5 + 12)α5 + 12γ
2
5 + 36γ5 + 30
)
a1x− 5s
3
2x−
− 6a1s2y
2 −
(
27α25 + (18γ5 + 6)α5 + 6γ
2
5 + 18γ5 + 15
)
a1s2−
− 2s32y −
(
24α25 + (12γ5 − 6)α5 + 6γ
2
5 + 18γ5 + 18
)
s2x− 6s
2
2yx−
−
(
18α25 + (24γ5 + 36)α5 − 12
)
a1y − (24α5 + 6γ5 − 3)s2x
2 − 9a1s
2
2y−
−
(
8α35 + (6γ5 − 3)α
2
5 + (6γ
2
5 + 18γ5 + 18)α5 − 3γ5 − 4
)
s2−
− s42 −
(
9α25 + (6γ5 + 3)α5 + 3(γ5 + 2)(γ5 + 1)
)
s22 − 18a1s2yx−
−
(
6α25 + (12γ5 + 18)α5 − 3
)
ys2 − (6α5 + 6γ5 + 9)ys
2
2 − 6α5s2y
2−
−
(
16α35 + (12γ5 − 6)α
2
5 + (12γ
2
5 + 36γ5 + 36)α5 − 6γ5 − 8
)
x− 6a1s
3
2−
− 4x4 −
(
12α25 + (24γ5 + 36)α5 − 6
)
yx− (21α5 + 9γ5 + 9)a1s
2
2−
− 9a31s2 − (60α5 + 18γ5 + 12)a
2
1x− (12α5 + 12γ5 + 18)yx
2 − 6s2yx
2−
− 3a21y
2 −
(
24α25 + (12γ5 − 6)α5 + 6γ
2
5 + 18γ5 + 18
)
x2 − 30a21x
2−
− 12y2α5x− (30α5 + 9γ5 + 6)a
2
1s2 − (5α5 + 2γ5 + 2)s
3
2 − 8s2x
3 − 12a1y
2x−
− 27a1s2x
2 − 21a1s
2
2x− (16α5 + 4γ5 − 2)x
3 − 18a1yx
2 − 30a21s2x− 6s2y
2x− 18a21yx−
− 6y2x2 − 4yx3 − 18a31x− 18a
3
1α5 − (36α5 + 24γ5 + 36)a1yx− (6α
2
5 − 3)y
2−
−
(
18α35 + (18γ5 + 6)α
2
5 + (12γ
2
5 + 36γ5 + 30)α5 − 12γ5 − 12
)
a1 − 9s
2
2x
2−
− (54α5 + 18γ5 + 6)a1s2x− (12α5 + 12γ5 + 18)s2yx− (18α5 + 12γ5 + 18)a1ys2−
− 12a21s
2
2 −
(
30α25 + (18γ5 + 12)α5 + 3(γ5 + 3)(γ5 + 1)
)
a21 − 18a1x
3−
− (18α5 + 6γ5 + 3)s
2
2x−
(
4α35 + (12γ5 + 18)α
2
5 − 6α5 − 6γ5 − 8
)
y.
All coefficients of this polynomial are negative, so that f5 < 0 if a2 − a1 > α5 and b > γ5.
Therefore, if a2 − a1 > 0.7698 and b > 0.2308, then f5 < 0.
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Now we let f4 = f(a1, a2, a3, a4, 1, 1, 1, b) and g4(a1, s1, s2, s3, b) = f̂4. Then
g4(0, x, 0, 0, b) = (−9x
2 + 6)b2 + (−6x3 − 27x2 + 9x+ 16)b− 9x4 + 15x3 − 45x2 + 24x+ 8.
Denote by α4 the unique positive root of the polynomial −9x
4 + 15x3 − 45x2 + 24x+ 8.
Then α4 ≈ 0.8594363, and the polynomial g4(a1, x+ α4, s2, s3, b) can be expanded as
− 4a41 − 4s
4
2 − s
4
3 − (36α
2
4 − 30α4 + 30)s3x− 12b
2s2x− 12bs
2
2x−
− (36α4 − 15)s3x
2 − 36a21s2s3 − 30a1s
2
2s3 − 24a1s2s
2
3 − 8s
3
2s3 − 9s
2
2s
2
3−
− 27a1s
2
3x− 5s2s
3
3 − 26a
3
1s2 − 13a
3
1s3 − 36a
2
1s
2
2 − 15a
2
1s
2
3 − 20a1s
3
2 − 7a1s
3
3−
− 6b2s3x− (24α4 − 3)s
2
3x− (72α4 − 30)s2x
2 − (72α24 − 60α4 + 60)s2x−
− 21s2s
2
3x− (30α
2
4 − 18α4 + 24)s2s3 − (126α4 − 18)a
2
1x− (66α4 − 6)a1s
2
2−
− (42α4 − 6)a
2
1s3 − (84α4 − 12)a
2
1s2 − (27α4 + 24)a
2
1b− 12b
2s2α4−
− (27α4 − 6)s
2
2s3 − (60α4 − 18)s
2
2x− (18α
2
4 + 54α4 − 9)bx− (18α4 + 27)bx
2−
− (12α24 + 36α4 − 6)bs2 − (6α4 + 9)bs
2
3 − (6α
2
4 + 18α4 − 3)bs3−
− (12α4 + 18)bs
2
2 − (63α
2
4 − 18α4 + 36)a
2
1 − (39α4 − 8)a
3
1 − (9α
2
4 − 6)b
2−
− (39α34 − 27α
2
4 + 81α4 − 32)a1 − (36α
3
4 − 45α
2
4 + 90α4 − 24)x−
− (54α24 − 45α4 + 45)x
2 − (36α4 − 15)x
3 − (12α34 − 15α
2
4 + 30α4 − 8)s3−
− (6α4 + 1)s
3
3 − (12α
2
4 − 3α4 + 9)s
2
3 − (24α
3
4 − 30α
2
4 + 60α4 − 16)s2−
− (30α24 − 18α4 + 24)s
2
2 − (18α4 − 4)s
3
2 − (6α
3
4 + 27α
2
4 − 9α4 − 16)b−
− (117α4 − 27)a1x
2 − (12α4 + 18)bs2s3 − (24α4 + 36)bs2x− (12α4 + 18)bs3x−
− (60α4 − 18)s2s3x− (78α4 − 18)a1s3x− (156α4 − 36)a1s2x− (66α4 − 6)a1s2s3−
− 63a21x
2 − 39a1x
3 − 9b2x2 − 6bx3 − 24s2x
3 − 12s3x
3 − 30s22x
2 − 12s23x
2 − 9x4−
− 30s2s3x
2 − 78a1s2x
2 − 27a1bx
2 − 6bs3x
2 − 39a1s3x
2 − 12bs2x
2 − 42a21s3x−
− 18a1b
2x− 27s22s3x− 27a
2
1bx− 39a
3
1x− 18s
3
2x− 6s
3
3x− (54α4 + 54)a1bx−
− (18α4 + 18)a1bs3 − (36α4 + 36)a1bs2 − 6bs
2
2s3 − 18a
2
1bs2 − 6a1b
2s3 − 12a1b
2s2−
− 6b2s2s3 − 6bs2s
2
3 − 9a1bs
2
3 − 18a1bs
2
2 − 9a
2
1bs3 − 2a
3
1b− 6a
2
1b
2 − 6b2s22−
− 66a1s
2
2x− 3b
2s23 − 4bs
3
2 − 2bs
3
3 − 18a1b
2α4 − 21s2s
2
3α4 − 18b
2xα4−
− 84a21s2x− 6b
2s3α4 − 36a1bs2x− 18a1bs3x− 66a1s2s3x− 12bs2s3x− 18a1bs2s3−
− (27α24 + 54α4 − 18)a1b− (27α4 + 3)a1s
2
3 − (78α
2
4 − 36α4 + 54)a1s2−
− 6bs23x− (117α
2
4 − 54α4 + 81)a1x− (39α
2
4 − 18α4 + 27)a1s3.
Since all coefficients of this polynomial are negative, we see that f4 < 0 when a2−a1 > α4.
Since α4 < 0.8595, we also have f4 < 0 in the case when a2 − a1 > 0.8595.
Now we let f3 = f(a1, a2, a3, a4, a5, 1, 1, b) and g3(a1, s1, s2, s3, s4, b) = f̂3. Then
g3(0, x, 0, 0, 0, b) = −(12x
2−9)b2−(8x3+36x2−12x−24)b−16x4+36x3−84x2+48x+9.
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Let α3 be the unique positive root of g3(0, x, 0, 0, 0, 0). Then α3 ≈ 0.8984970862 and
g3(a1, x+ α3, s2, s3, s4, b) = −(24α3 + 36)bs2s3 − (12α3 + 18)bs2s4 − 10a
4
1−
− 9s42 − 4s
4
3 − s
4
4 − 96a
2
1s2s3 − 84a1s
2
2s3 − 72a1s2s
2
3 − 24s
3
2s3 − 30s
2
2s
2
3 − 18s2s
3
3−
− 51a31s2 − 34a
3
1s3 − 72a
2
1s
2
2 − 42a
2
1s
2
3 − 42a1s
3
2 − 22a1s
3
3 − (90α3 − 30)a1s2s4−
− (144α23 − 162α3 + 126)s2x− (48α3 − 27)s4x
2 − (108α23 − 72α3 + 75)a
2
1−
− (33α3 − 3)a1s
2
4 − (16α
3
3 − 27α
2
3 + 42α3 − 12)s4 − (15α
2
3 − 9α3 + 12)s
2
4−
− (72α3 − 30)s3s4x− (84α3 − 42)s2s4x− (168α3 − 84)s2s3x− (64α3 − 36)x
3−
− (63α23 − 63α3 + 54)s
2
2 − (48α
3
3 − 81α
2
3 + 126α3 − 36)s2 − (20α3 − 6)s
3
3−
− (36α23 − 30α3 + 30)s
2
3 − (32α
3
3 − 54α
2
3 + 84α3 − 24)s3 − 6bs
2
3s4 − 9a
2
1bs4−
− 9a1bs
2
4 − 30a1s2s
2
4 − 30s
2
2s3s4 − 21s2s3s
2
4 − 33a1s
2
3s4 − 6b
2s2s4 − 17a
3
1s4 − 18a
2
1s
2
4−
− 8a1s
3
4 − 3b
2s24 − 2bs
3
4 − 12s
3
2s4 − 12s
2
2s
2
4 − 6s2s
3
4 − 8s
3
3s4 − 9s
2
3s
2
4 − 5s3s
3
4−
− (108α3 − 36)a
2
1s3 − 7s
3
4α3 − (68α3 − 24)a
3
1 − (54α3 + 54)a1bs2 − (36α3 + 36)a1bs3−
− (36α23 + 72α3 − 24)a1b− (18α3 + 18)a1bs4 − (72α3 + 72)a1bx− (180α3 − 60)a1s2s3−
− (36α23 − 30α3 + 30)s3s4 − 18a1bs2s4 − 18a1bs3s4 − 72a1s2s3s4 − 12bs2s3s4−
− (216α3 − 72)a
2
1x− (54α3 − 18)a
2
1s4 − 16s4x
3 − 15s24x
2 − 7s34x− 36s3s4x
2 − 42s2s4x
2−
−6bs4x
2−51a1s4x
2−6b2s4x−6bs
2
4x−30s
2
3s4x−54a
2
1s4x−24s3s
2
4x−39s
2
2s4x−27s2s
2
4x−
− 68a1x
3 − 18a1bs4x− 33a1s
2
4x− (144α3 − 81)s2x
2 − (36α3 + 36)a
2
1b− (78α3 − 18)a1s
2
3−
− (42α23 − 42α3 + 36)s2s4 − (68α
3
3 − 84α
2
3 + 156α3 − 60)a1 − (39α3 − 18)s
3
2−
− (8α33 + 36α
2
3 − 12α3 − 24)b− (12α
2
3 − 9)b
2 − (64α33 − 108α
2
3 + 168α3 − 48)x−
− (96α23 − 108α3 + 84)x
2 − (162α3 − 54)a
2
1s2 − (78α3 − 18)a1s3s4 − (24α3 − 3)s3s
2
4−
− (204α3 − 84)a1s3x− (102α3 − 42)a1s4x− (30α3 − 9)s
2
3s4 − (27α3 − 6)s2s
2
4 − 108a
2
1x
2−
−12b2x2−8bx3−48s2x
3−32s3x
3−63s22x
2−36s23x
2−16x4−84s2s3x
2−153a1s2x
2−36a1bx
2−
−12bs3x
2−102a1s3x
2−18bs2x
2−108a21s3x−18b
2s2x−18bs
2
2x−135a1s
2
2x−66s2s
2
3x−78a1s
2
3x−
− 12bs23x− 162a
2
1s2x− 24a1b
2x− 12b2s3x− 78s
2
2s3x− 36a
2
1bx− 68a
3
1x− 39s
3
2x− 20s
3
3x−
− 6a1b
2s4 − (12α3 + 18)bs4x− (66α3 − 24)s2s3s4 − (24α3 + 36)bs3x− (36α3 + 54)bs2x−
− 24bs2s3x− (12α3 + 18)bs3s4 − (72α3 − 30)s
2
3x− (84α
2
3 − 84α3 + 72)s2s3 − 12bs
2
2s3−
− 27a21bs2 − 12a1b
2s3 − 18a1b
2s2 − 12b
2s2s3 − 12bs2s
2
3 − 18a1bs
2
3 − 27a1bs
2
2 − 18a
2
1bs3−
− 6b2s3s4 − 6bs3s
2
4 − 27a1s3s
2
4 − 48a
2
1s2s4 − 6bs2s
2
4 − 42a
2
1s3s4 − 42a1s
2
2s4 − 27s2s
2
3s4−
− 6bs22s4 − 4a
3
1b− 9a
2
1b
2 − 9b2s22 − 6b
2s23 − 6bs
3
2 − 4bs
3
3 − (153α
2
3 − 126α3 + 117)a1s2−
− (135α3 − 45)a1s
2
2 − (51α
2
3 − 42α3 + 39)a1s4 − (102α
2
3 − 84α3 + 78)a1s3−
− (66α3 − 24)s2s
2
3 − (126α3 − 63)s
2
2x− (39α3 − 18)s
2
2s4 − (78α3 − 36)s
2
2s3−
− (24α23 + 72α3 − 12)bx− (24α3 + 36)bx
2 − (6α23 + 18α3 − 3)bs4 − (6α3 + 9)bs
2
4−
− (12α23 + 36α3 − 6)bs3 − (12α3 + 18)bs
2
3 − (18α
2
3 + 54α3 − 9)bs2 − (18α3 + 27)bs
2
2−
− (204α23 − 168α3 + 156)a1x− (204α3 − 84)a1x
2 − (96α23 − 108α3 + 84)s3x−
− 90a1s2s4x− (96α3 − 54)s3x
2 − (30α3 − 9)s
2
4x− 12b
2s3α3 − 18b
2s2α3 − 24a1b
2α3−
− 24b2xα3 − 6b
2s4α3 − (48α
2
3 − 54α3 + 42)s4x− 54a1bs2x− 36a1bs3x− 180a1s2s3x−
− 36a1bs2s3 − 78a1s3s4x− 12bs2s4x− 12bs3s4x− 66s2s3s4x− (306α3 − 126)a1s2x.
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Since all coefficients of this polynomial are negative, one has f3 < 0 when a2 − a1 > α3.
The same holds for a2 − a1 > 0.8985, because 0.8985 > α3.
Now let us show that f(a1, a2, a3, a4, a5, a6, 1, b) < 0 in the case when a2− a1 > 0.9206.
To to this, let f2 = f(a1, a2, a3, a4, a5, a6, 1, b) and let g2(a1, s1, s2, s3, s4, s5, b) = f̂2. Then
g2(0, x, 0, 0, 0, 0, b) = −(15x
2−12)b2−(10x3+45x2−15x−32)b−25x4+65x3−135x2+80x+8.
Let α2 be the unique positive root of g2(0, x, 0, 0, 0, 0, 0) = −25x
4+65x3−135x2+80x+8.
Then α2 ≈ 0.9205032589 and all coefficients of g3(a1, x+ α2, s2, s3, s4, s5, b) are negative.
Indeed, the polynomial g2(a1, x+ α2, s2, s3, s4, s5, b) can be expanded as
− (30α2 + 45)bx
2 − (18α22 + 54α2 − 9)bs3 − (18α2 + 27)bs
2
3 − 84s
2
2s3s4−
− (252α22 − 264α2 + 204)a1s2 − (228α2 − 108)a1s
2
2 − (12α
2
2 + 36α2 − 6)bs4 − 27s2s3s
2
5−
− (18α2 + 18)a1bs5 − (30α
2
2 + 90α2 − 15)bx− (36α2 + 36)a1bs4 − (12α2 + 18)bs
2
4−
− (192α2 − 108)s3s4x− (72α2 − 30)s3s4s5 − (108α2 − 66)s2s5x− (216α2 − 132)s2s4x−
− (48α22 − 54α2 + 42)s3s5 − (45α
2
2 + 90α2 − 30)ba1 − (126α
2
2 − 132α2 + 102)a1s4−
− (72α2 + 72)a1bs2 − (24α
2
2 + 72α2 − 12)bs2 − (24α2 + 36)bs
2
2 − (6α
2
2 + 18α2 − 3)bs5−
− (105α2 − 48)a
3
1 − (165α
2
2 − 150α2 + 126)a
2
1 − (105α
3
2 − 165α
2
2 + 255α2 − 96)a1−
− (15α22− 12)b
2− (108α22− 132α2+96)s
2
2− (68α2− 40)s
3
2− (66α2− 30)a
2
1s5− 78s2s
2
3s4−
−(198α2−90)a
2
1s3−(315α
2
2−330α2+255)a1x−(60α
2
2−78α2+54)s5x−42s
2
2s3s5−36s
2
2s4s5−
−(60α2−39)s5x
2−(36α2−15)s
2
5x−(264α2−120)a
2
1s2−(45α2+48)a
2
1b−(78α2−36)s2s
2
4−
−(96α2−54)s3s5x−(120α
2
2−156α2+108)s4x−(120α2−78)s4x
2−(96α22−108α2+84)s3s4−
−(72α2−30)s3s
2
4−(144α2−81)s
2
3x−(189α
2
2−198α2+153)a1s3−(42α
2
2−42α2+36)s4s5−
− (42α2 − 21)s
2
3s5 − (84α2 − 42)s
2
3s4 − (240α
2
2 − 312α2 + 216)s2x− (153α2 − 63)a1s
2
3−
− 6b2s5α2 − 12b
2s4α2 − 18b
2s3α2 − 24b
2s2α2 − 30a1b
2α2 − (240α2 − 156)s2x
2−
− (54α22 − 66α2 + 48)s2s5 − (33α2 − 12)s2s
2
5 − (108α
2
2 − 132α2 + 96)s2s4 − 66s2s3s
2
4−
− (90α2 − 30)a1s4s5 − (378α2 − 198)a1s3x− (135α2 − 72)s2s
2
3 − (216α2 − 132)s
2
2x−
− (204α2− 84)a1s3s4− (504α2− 264)a1s2x− (114α2− 54)a1s2s5− (228α2− 108)a1s2s4−
− (324α2 − 198)s2s3x− (90α2 − 48)s2s3s5 − (180α2 − 96)s2s3s4 − (12α2 + 18)bs5x−
− (12α2 + 18)bs4s5 − (51α2 − 30)s
2
2s5 − (102α2 − 60)s
2
2s4 − (153α2 − 90)s
2
2s3−
− 24s2s4s
2
5 − 30s
2
3s4s5 − 27s3s
2
4s5 − 21s3s4s
2
5 − 42a
3
1s4 − 16s
4
2 − 9s
4
3 − 4s
4
4 − s
4
5−
− 7s2s
3
5 − 84a1s2s4s5 − 78a1s3s4s5 − 66s2s3s4s5 − 54a1bs2s3 − 36a1bs2s4 − 18a1bs2s5−
− 18a1bs4s5 − 24bs2s3s4 − 12bs2s3s5 − 12bs2s4s5 − 12bs3s4s5 − 21a
3
1s5 − 120a
2
1s
2
2−
− 36a1bs3s4 − 81a
2
1s
2
3 − (180α2 − 117)s3x
2 − 30s2s
2
4s5 − (6α2 + 9)bs
2
5 − 192a1s2s3s4−
− (30α2 − 9)s3s
2
5 − 30b
2xα2 − (126α2 − 66)a1s5x− (24α2 + 36)bs4x− (132α2 − 60)a
2
1s4−
− (90α2−30)a1s
2
4− (78α2−36)s2s4s5− (330α2−150)a
2
1x− (90α2+90)ba1x−39s2s
2
3s5−
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− 48a21s
2
4 − 21a
2
1s
2
5 − 72a1s
3
2 − 45a1s
3
3 − 24a1s
3
4 − 9a1s
3
5 − 48s
3
2s3 − 32s
3
2s4 − 16s
3
2s5−
− (54α2+54)a1bs3− 96a1s2s3s5− 18a1bs3s5− (252α2− 132)a1s4x− (102α2− 42)a1s3s5−
− 15s22s
2
5 − 6s3s
3
5 − 8s
3
4s5 − 9s
2
4s
2
5 − 5s4s
3
5 − (84α2 − 42)s4s5x− 180a
2
1s2s3 − 120a
2
1s2s4−
− 108a21s3s4 − 54a
2
1s3s5 − 48a
2
1s4s5 − 162a1s
2
2s3 − 108a1s
2
2s4 − 54a1s
2
2s5 − 144a1s2s
2
3−
− 36a1s2s
2
5 − 90a1s
2
3s4 − 45a1s
2
3s5 − 78a1s3s
2
4 − 33a1s3s
2
5 − 36a1s
2
4s5 − 9a
2
1bs5−
− 30s23s
2
4 − 18a
2
1bs4 − 27a
2
1bs3 − 36a
2
1bs2 − (33α2 − 12)s
2
4s5 − 84a
3
1s2 − (36α2 + 54)bs2s3−
− (180α22 − 234α2 + 162)s3x− 18a
4
1 − 6a
3
1b− 12a
2
1b
2 − (63α22 − 66α2 + 51)a1s5−
− (39α2 − 9)a1s
2
5 − (72α
2
2 − 81α2 + 63)s
2
3 − (42α2 − 21)s
3
3 − (84α2 − 42)s
2
4x−
− 39s2s
3
3 − (315α2 − 165)a1x
2 − (48α2 + 72)bs2x− (24α2 + 36)bs3s4 − (12α2 + 18)bs3s5−
− 12s33s5 − (80α
3
2 − 156α
2
2 + 216α2 − 64)s2 − (100α
3
2 − 195α
2
2 + 270α2 − 80)x−
− (100α2 − 65)x
3 − (20α32 − 39α
2
2 + 54α2 − 16)s5 − (18α
2
2 − 15α2 + 15)s
2
5−
− (40α32 − 78α
2
2 + 108α2 − 32)s4 − (42α
2
2 − 42α2 + 36)s
2
4 − (22α2 − 8)s
3
4 − 18bs3x
2−
−20s2s
3
4−162s2s3x
2−108s2s4x
2−54s2s5x
2−96s3s4x
2−48s3s5x
2−42s4s5x
2−252a1s2x
2−
− 126a1s4x
2 − 63a1s5x
2 − 24bs2x
2 − 45a1bx
2 − 84s23s4x− 42s
2
3s5x− 72s3s
2
4x− 30s3s
2
5x−
− 27s4s
2
5x− 153a1s
2
3x− 90a1s
2
4x− 39a1s
2
5x− 24b
2s2x− 18b
2s3x− 12b
2s4x− 6b
2s5x−
− 132a21s4x− 24bs
2
2x− 18bs
2
3x− 12bs
2
4x− 6bs
2
5x− 153s
2
2s3x− 102s
2
2s4x− 51s
2
2s5x−
− 78s2s
2
4x− 33s2s
2
5x− (60α
3
2 − 117α
2
2 + 162α2 − 48)s3 − 165a
2
1x
2 − 105a1x
3−
−10bx3−80s2x
3−60s3x
3−40s4x
3−20s5x
3−108s22x
2−72s23x
2−42s24x
2−18s25x
2−68s32x−
−22s34x−8s
3
5x−105a
3
1x−228a1s2s4x−114a1s2s5x−204a1s3s4x−102a1s3s5x−90a1s4s5x−
−24bs2s4x−12bs2s5x−24bs3s4x−12bs3s5x−12bs4s5x−180s2s3s4x−90s2s3s5x−78s2s4s5x−
−72a1bs2x−54a1bs3x−36a1bs4x−18a1bs5x−342a1s2s3x−66a
2
1s5x−30a1b
2x−264a21s2x−
− 228a1s
2
2x− 6bs
2
4s5 − 6bs4s
2
5 − 12bs2s
2
4 − 24a1b
2s2 − 18bs
2
2s3 − 18a1b
2s3 − 6a1b
2s5−
− 18bs2s
2
3 − 12bs
2
2s4 − 36a1bs
2
2 − 6bs
2
2s5 − 18a1bs
2
4 − 12a1b
2s4 − 6b
2s2s5 − 6b
2s4s5−
− 18b2s2s3 − 6bs3s
2
5 − 6bs
2
3s5 − 12b
2s2s4 − 6bs2s
2
5 − 9a1bs
2
5 − 12bs3s
2
4 − 12b
2s3s4−
− 36s22s
2
4 − (10α
3
2 + 45α
2
2 − 15α2 − 32)b− 12b
2s22 − 9b
2s23 − 6b
2s24 − 3b
2s25 − 8bs
3
2−
− 24s33s4− 189a1s3x
2 − 12bs23s4 − 45a
2
1bx− 42s
3
3x− 33s
2
4s5x− (150α
2
2 − 195α2 + 135)x
2−
− 27a1bs
2
3 − (8α2 − 1)s
3
5 − 36bs2s3x− 198a
2
1s3x− 25x
4 − 63a31s3 − 30a1s4s
2
5 − 63s
2
2s
2
3−
− 6b2s3s5 − (24α2 + 36)bs2s4 − 72s3s4s5x− 12bs4x
2 − (36α2 + 54)bs3x− 60a
2
1s2s5−
− 6bs33 − 15b
2x2 − 135s2s
2
3x− (12α2 + 18)bs2s5 − 6bs5x
2 − 84a1s2s
2
4 − 18s3s
3
4 − 12s
2
3s
2
5−
− 4bs34 − 2bs
3
5 − (342α2 − 162)a1s2s3 − (27α2 − 6)s4s
2
5 − (162α
2
2 − 198α2 + 144)s2s3.
This implies that f2 < 0 if a2 − a1 > α2. In particular, if a2 − a1 > 0.9206, then f2 < 0.
56 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA
Finally, let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then
g1(0, x, 0, 0, 0, 0, 0, 0) = −36x
4 + 102x3 − 198x2 + 120x+ 5.
This polynomial has unique positive root. Let us denote it by α1. Then α1 ≈ 0.934647387.
Moreover, the polynomial g3(a1, x+ α1, s2, s3, s4, s5, s6, b) can be expanded as
− (48α31 − 102α
2
1 + 132α1 − 40)s5 − (18α1 + 18)a1bs6 − (126α1 − 66)a1s3s6−
− (414α1− 234)a1s2s4− (600α1− 360)a1s3x− (552α1− 312)a1s2s3− (108α1+108)ba1x−
−(48α1+72)bs3x−(12α1+18)bs3s6−(54α1+54)a1bs4−(72α1+72)a1bs3−(24α1+36)bs4s5−
− (252α1−132)a1s3s5− (378α1−198)a1s3s4− (12α1+18)bs6x− (72α
2
1−102α1+66)s6x−
− (48α21 − 54α1 + 42)s
2
5 − (750α1 − 450)a1s2x− (138α1 − 78)a1s2s6 − (24α1 + 36)bs5x−
−552a1s2s3x− (12α1+18)bs5s6− (36α1+54)bs4x− (12α1+18)bs4s6− (36α1+36)a1bs5−
− 125a31s2 − 100a
3
1s3 − 75a
3
1s4 − 50a
3
1s5 − 360a1s2s3s4 − 240a1s2s3s5 − 120a1s2s3s6−
− 216a1s2s4s5 − 108a1s2s4s6 − 96a1s2s5s6 − 204a1s3s4s5 − 102a1s3s4s6 − 90a1s3s5s6−
−54a1bs2s4−84a1s4s5s6−180s2s3s4s5−90s2s3s4s6−78s2s3s5s6−72s2s4s5s6−66s3s4s5s6−
− (450α1 − 270)a1s4x− (240α1 − 156)s3s5x− (90α1 + 90)a1bs2 − 25s
4
2 − 16s
4
3 − 9s
4
4−
− 216a21s2s4 − 4s
4
5 − s
4
6 − 39a1s
2
5s6 − 33a1s5s
2
6 − 162s
2
2s3s4 − 108s
2
2s3s5 − 54s
2
2s3s6−
− 288a21s2s3 − 96s
2
2s4s5 − 48s
2
2s4s6 − 42s
2
2s5s6 − 153s2s
2
3s4 − 102s2s
2
3s5 − 51s2s
2
3s6−
−72a1bs2s3−21s4s5s
2
6−135s2s3s
2
4−78s2s3s
2
5−33s2s3s
2
6−84s2s
2
4s5−42s2s
2
4s6−72s2s4s
2
5−
−12bs4s5s6−27s4s
2
5s6−30s2s4s
2
6−33s2s
2
5s6−27s2s5s
2
6−84s
2
3s4s5−42s
2
3s4s6−36s
2
3s5s6−
− 30s24s5s6 − 78s3s
2
4s5 − 39s3s
2
4s6 − 66s3s4s
2
5 − 27s3s4s
2
6 − 30s3s
2
5s6 − 24s3s5s
2
6−
− 144a21s2s5 − 72a
2
1s2s6 − 198a
2
1s3s4 − 132a
2
1s3s5 − 66a
2
1s3s6 − 120a
2
1s4s5 − 60a
2
1s4s6−
− 54a21s5s6 − 264a1s
2
2s3 − 198a1s
2
2s4 − 132a1s
2
2s5 − 66a1s
2
2s6 − 240a1s2s
2
3 − 162a1s2s
2
4−
− 96a1s2s
2
5 − 42a1s2s
2
6 − 171a1s
2
3s4 − 114a1s
2
3s5 − 57a1s
2
3s6 − 153a1s3s
2
4 − 90a1s3s
2
5−
− 39a1s3s
2
6 − 96a1s
2
4s5 − 48a1s
2
4s6 − 84a1s4s
2
5 − 36a1s4s
2
6 − 18a
2
1bs5 − 9a
2
1bs6 − 36a
2
1bs3−
− 45a21bs2 − 27a
2
1bs4 − (24α
3
1 − 51α
2
1 + 66α1 − 20)s6 − (21α
2
1 − 21α1 + 18)s
2
6−
− (216α21 − 306α1 + 198)x
2 − (216α1 − 132)s4s5x− (9α1 − 2)s
3
6 − (300α1 − 180)a1s5x−
−342s2s3s4x−(78α1−36)s4s5s6−(120α1−78)s3s6x−63s
2
3s
2
4−36s
2
3s
2
5−15s
2
3s
2
6−39s3s
3
4−
− 20s3s
3
5 − 7s3s
3
6 − 24s
3
4s5 − 12s
3
4s6 − 30s
2
4s
2
5 − 12s
2
4s
2
6 − 18s4s
3
5 − 6s4s
3
6 − 8s
3
5s6 − 9s
2
5s
2
6−
− 12bs3s5s6− 5s5s
3
6− 180a
2
1s
2
2− 132a
2
1s
2
3− 90a
2
1s
2
4− 54a
2
1s
2
5− 24a
2
1s
2
6− 110a1s
3
2− 76a1s
3
3−
−12bs3s4s6−48a1s
3
4−26a1s
3
5−10a1s
3
6−80s
3
2s3−60s
3
2s4−40s
3
2s5−20s
3
2s6−108s
2
2s
2
3−72s
2
2s
2
4−
−24bs3s4s5−42s
2
2s
2
5−18s
2
2s
2
6−68s2s
3
3−42s2s
3
4−22s2s
3
5−8s2s
3
6−48s
3
3s4−32s
3
3s5−16s
3
3s6−
−(96α1−54)s5s6x−25a
3
1s6−(150α1−90)a1s6x−(204α1−120)s2s4s5−(102α1−60)s2s4s6−
− (396α1 − 270)s2s4x− (90α1 − 48)s2s5s6 − (102α1 − 42)a1s5s6 − (264α1 − 180)s2s5x−
−12bs2s5s6−(114α1−54)a1s4s6−(144α1−102)x
3−(108α1−66)s4s6x−28a
4
1−8a
3
1b−15a
2
1b
2−
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− 6b2s4s6− (48α1+72)bs2s3− (36α1+54)bs2s4− (24α1+36)bs2s5− (12α1+18)bs2s6−
− (276α1 − 156)a1s2s5 − (60α1 + 90)bs2x− (36α1 + 54)bs3s4 − (24α1 + 36)bs3s5−
−(84α1−42)s3s5s6−(360α1−234)s3s4x−(96α1−54)s3s4s6−24bs3x
2−18bs4x
2−12bs5x
2−
−6bs6x
2−264s2s3x
2−198s2s4x
2−132s2s5x
2−66s2s6x
2−180s3s4x
2−120s3s5x
2−60s3s6x
2−
− 108s4s5x
2 − 54s4s6x
2 − 48s5s6x
2 − 54a1bx
2 − 375a1s2x
2 − 300a1s3x
2 − 225a1s4x
2−
−75a1s6x
2−30bs2x
2−36x4−234a21x
2−150a1x
3−18b2x2−12bx3−120s2x
3−96s3x
3−72s4x
3−
−48s5x
3−24s6x
3−165s22x
2−120s23x
2−81s24x
2−48s25x
2−21s26x
2−12bs4s6x−12bs5s6x−
−252a1s3s5x−228a1s4s5x−114a1s4s6x−102a1s5s6x−48bs2s3x−36bs2s4x−24bs2s5x−12bs2s6x−
−138a1s2s6x−36bs3s4x−24bs3s5x−12bs3s6x−24bs4s5x−228s2s3s5x−114s2s3s6x−204s2s4s5x−
−90s2s5s6x−192s3s4s5x−96s3s4s6x−84s3s5s6x−78s4s5s6x−90a1bs2x−72a1bs3x−54a1bs4x−
− 36a1bs5x− 18a1bs6x− 105s
3
2x− 72s
3
3x− 45s
3
4x− 24s
3
5x− 9s
3
6x− 150a
3
1x− 54s
2
3s6x−
−84s3s
2
5x−36s3s
2
6x−90s
2
4s5x−45s
2
4s6x−24b
2s3x−18b
2s4x−12b
2s5x−6b
2s6x−30bs
2
2x−
−378a1s3s4x−24bs
2
3x−18bs
2
4x−12bs
2
5x−6bs
2
6x−252s
2
2s3x−189s
2
2s4x−126s
2
2s5x−63s
2
2s6x−
− 153s2s
2
4x− 90s2s
2
5x− 39s2s
2
6x− 162s
2
3s4x− 108s
2
3s5x− 54a
2
1bx− 390a
2
1s2x− 312a
2
1s3x−
−234a21s4x−156a
2
1s5x−78a
2
1s6x−36a1b
2x−345a1s
2
2x−252a1s
2
3x−171a1s
2
4x−102a1s
2
5x−
− 45a1s
2
6x− 30b
2s2x− 78s4s
2
5x− 33s4s
2
6x− 36s
2
5s6x− 30s5s
2
6x− (192α1 − 108)s3s4s5−
− (528α1 − 360)s2s3x− 12b
2s4s5 − 6b
2s5s6 − 30a1b
2s2 − 12b
2s3s5 − 12bs2s
2
5 − 18a1b
2s4−
− 24a1b
2s3 − 9a1bs
2
6 − 6a1b
2s6 − 18b
2s3s4 − 36a1bs
2
3 − 6bs3s
2
6 − 12bs
2
3s5 − 18bs3s
2
4−
− 12a1b
2s5 − 24b
2s2s3 − 24bs2s
2
3 − 6bs2s
2
6 − 12bs
2
2s5 − 6bs4s
2
6 − 27a1bs
2
4 − 24bs
2
2s3−
− 378a1s3s4x− 18a1bs
2
5− 6bs5s
2
6− (72α
3
1− 153α
2
1+198α1− 60)s4− (228α1− 108)a1s4s5−
−414a1s2s4x−15b
2s22−12b
2s23−9b
2s24−6b
2s25−3b
2s26−10bs
3
2−8bs
3
3−6bs
3
4−4bs
3
5−2bs
3
6−
−12b2s2s5− (114α1−72)s2s3s6− (228α1−144)s2s3s5− (342α1−216)s2s3s4−18a1bs3s6−
−18a1bs4s6−18a1bs5s6−36bs2s3s4−24bs2s3s5−12bs2s3s6−24bs2s4s5− (150α1−80)a
3
1−
−36a1bs2s5−18a1bs2s6−54a1bs3s4−36a1bs3s5− (180α
2
1−234α1+162)s3s4−12bs2s4s6−
− 36a1bs4s5 − 144s3s
2
4x− (24α1 − 10)s
3
5 − (132α1 − 90)s2s6x− 102s2s4s6x− 150a1s5x
2−
− 45a1bs
2
2 − (84α1− 42)s3s
2
5− (120α
2
1− 156α1+ 108)s3s5 − (36α1− 15)s3s
2
6− 228s2s
2
3x−
− 276a1s2s5x− (60α
2
1− 78α1+54)s3s6− (288α1− 204)s3x
2− (288α21− 408α1+264)s3x−
− (345α1 − 195)a1s
2
2 − (375α
2
1 − 450α1 + 315)a1s2 − (252α1 − 132)a1s
2
3 − 24b
2s3α1−
− 18bs2s
2
4− (300α
2
1− 360α1+252)a1s3− (171α1− 81)a1s
2
4− (225α
2
1− 270α1+189)a1s4−
−126a1s3s6x−(102α1−42)a1s
2
5−(54α1+60)a
2
1b−(390α1−210)a
2
1s2−(312α1−168)a
2
1s3−
− 12b2s5α1 − 6b
2s6α1 − 36b
2xα1 − 36a1b
2α1 − (144α
3
1 − 306α
2
1 + 396α1 − 120)x−
− 6b2s2s6 − (120α
2
1 − 156α1 + 108)s
2
3 − (96α
3
1 − 204α
2
1 + 264α1 − 80)s3 − (45α1 − 24)s
3
4−
− 6bs24s6 − (81α
2
1 − 99α1 + 72)s
2
4 − (120α
3
1 − 255α
2
1 + 330α1 − 100)s2 − (72α1 − 44)s
3
3−
− 12bs3s
2
5 − (12α
3
1 + 54α
2
1 − 18α1 − 40)b− (105α1 − 70)s
3
2 − (165α
2
1 − 225α1 + 150)s
2
2−
− 18bs22s4 − (108α
2
1 − 132α1 + 96)s4s5 − (33α1 − 12)s4s
2
6 − (54α
2
1 − 66α1 + 48)s4s6−
− 18b2s2s4 − (90α1 − 48)s
2
4s5 − (45α1 − 24)s
2
4s6 − (162α1 − 99)s
2
4x− (78α1 − 36)s4s
2
5−
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− (216α1 − 153)s4x
2 − (216α21 − 306α1+ 198)s4x− (36α1 − 15)s
2
5s6 − (96α1 − 54)s
2
5x−
− (30α1 − 9)s5s
2
6 − (48α
2
1 − 54α1 + 42)s5s6 − (144α1 − 102)s5x
2 − (72α1 − 51)s6x
2−
− 6bs22s6 − (144α
2
1 − 204α1 + 132)s5x− (42α1 − 21)s
2
6x− (36α
2
1 + 108α1 − 18)bx−
− 6bs23s6− (252α1− 168)s
2
2s3− (189α1− 126)s
2
2s4− (126α1− 84)s
2
2s5− (63α1− 42)s
2
2s6−
− (330α1 − 225)s
2
2x− (228α1 − 144)s2s
2
3 − (264α
2
1 − 360α1 + 240)s2s3 − 30b
2s2α1−
− (153α1 − 90)s2s
2
4 − (198α
2
1 − 270α1 + 180)s2s4 − (90α1 − 48)s2s
2
5 − 18b
2s4α1−
− 18bs23s4 − (132α
2
1 − 180α1 + 120)s2s5 − (39α1 − 18)s2s
2
6 − (66α
2
1 − 90α1 + 60)s2s6−
−12bs4s
2
5−(360α1−255)s2x
2−(360α21−510α1+330)s2x−(162α1−99)s
2
3s4−(108α1−66)s
2
3s5−
− (54α1 − 33)s
2
3s6 − (240α1 − 156)s
2
3x− (144α1 − 81)s3s
2
4 − (150α
2
1 − 180α1 + 126)a1s5−
−(45α1−15)a1s
2
6−(75α
2
1−90α1+63)a1s6−(450α1−270)a1x
2−(450α21−540α1+378)a1x−
− (30α1 + 45)bs
2
2 − (30α
2
1 + 90α1 − 15)bs2 − (24α1 + 36)bs
2
3 − (24α
2
1 + 72α1 − 12)bs3−
− 6bs25s6 − (6α1 + 9)bs
2
6 − (6α
2
1 + 18α1 − 3)bs6 − (36α1 + 54)bx
2 − (234α1 − 126)a
2
1s4−
−12bs24s5−(156α1−84)a
2
1s5−(78α1−42)a
2
1s6−(468α1−252)a
2
1x−(54α
2
1+108α1−36)ba1−
−6b2s3s6− (18α
2
1−15)b
2− (150α31−270α
2
1+378α1−140)a1− (234α
2
1−252α1+189)a
2
1−
− (18α1 + 27)bs
2
4 − (18α
2
1 + 54α1 − 9)bs4 − (12α1 + 18)bs
2
5 − (12α
2
1 + 36α1 − 6)bs5.
All coefficients of this polynomial are negative, so that f < 0 in the case when a2−a1 > α1.
In particular, one has f < 0 in the case when a2 − a1 > 0.9347. 
Lemma A.4. Suppose that f is (6.2). If a2 − a1 > 0.7452, then f < 0.
Proof. To show that f(a1, a2, a3, b) < 0 for a2 − a1 > 0.7452, let g(a1, s1, s2, b) = f̂ .
Let δ the only positive root of the polynomial g(0, x, 0, 0) = −6x4 − 18x3 − 3x2 + 8x+ 5.
Then δ ≈ 0.7451024 and g(a1, x+ δ, s2, b) can be expanded as
− 18a21s
2
2 − 6a1s
3
2 − 16a
3
1s2 − s
4
2 − (18δ
2 + 18δ − 3)bs2 − 30a1s
2
2x− 12a1b
2x− 51a21s2x−
− (90δ2 + 132δ)a1x− (51δ
2 + 72δ − 6)a21 − (90δ + 66)a1x
2 − (45δ2 + 66δ)a1s2−
− (42δ2+36δ−12)a1b− (102δ+72)a
2
1x− (30δ+24)a1s
2
2− (42δ+12)a
2
1b− (51δ+36)a
2
1s2−
− (36δ2 + 54δ + 3)s2x− (36δ + 27)s2x
2 − (36δ2 + 36δ − 6)bx− (24δ + 18)s22x− 3a
4
1−
−(36δ+18)bx2−45a1s2x
2−42a1bx
2−18bs2x
2−6x4−12s2x
3−12s22x
2−51a21x
2−21a21bs2−
−30a1x
3−6b2x2−12bx3−5s32x−32a
3
1x−8a
3
1b−3a
2
1b
2−3b2s22−2bs
3
2−42a
2
1bx−12bs
2
2x−6b
2s2x−
−(42δ+18)a1bs2−(84δ+36)a1bx−(90δ+66)a1s2x−(36δ+18)bs2x−42a1bs2x−15a1bs
2
2−
− (12δ + 9)bs22 − 6b
2s2δ − (24δ
3 + 54δ2 + 6δ − 8)x− (36δ2 + 54δ + 3)x2 − (24δ + 18)x3−
− 12b2xδ − 12a1b
2δ − (12δ3 + 27δ2 + 3δ − 4)s2 − (12δ
2 + 18δ + 6)s22 − (5δ + 2)s
3
2−
− (32δ+20)a31− (12δ
3+18δ2− 6δ− 8)b− (6δ2− 3)b2− (30δ3+66δ2− 12)a1− 6a1b
2s2.
All coefficients of here are negative, so that g(a1, s1, s2, b) < 0 whenever s1 > δ. 
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Lemma A.5. Suppose that f is (6.6). If a2 − a1 > 0.848 , then f < 0.
Proof. Let g(a1, s1, s2, s3, b) = f̂ . Then
g(0, x, 0, 0, 0) = 7 + 21x−
57
2
x3 −
9
4
x2 −
45
4
x4.
Denote by δ the unique positive root of this polynomial. Then δ ≈ 0.84790543 and
4g(a1, x+ δ, s2, s3, b) = −168a1bs2s3 − 24s
4
2 − 3s
4
3 − 72bs
2
2s3−
− 48a1b
2s2 − 24a1b
2s3 − 24b
2s2s3 − 96a
2
1bs3 − 192a
2
1bs2 − 210a
2
1s2s3−
− 120a1s2s
2
3 − 18s2s
3
3 − 48bs
3
2 − 24b
2s22 − 12bs
3
3 − 12b
2s23 − 210a
2
1s
2
2−
− 30a1s
3
3 − 48s
3
2s3 − 42s
2
2s
2
3 − 76a
3
1s3 − 152a
3
1s2 − (84δ
3 + 108δ2 − 72δ − 56)b−
− (222δ3 + 414δ2 − 36δ − 112)a1 − (180δ
3 + 342δ2 + 18δ − 84)x−
− (246δ + 156)a21s3 − (24δ + 18)s
3
3 − (120δ
3 + 228δ2 + 12δ − 56)s2−
− (270δ2 + 342δ + 9)x2 − (180δ + 114)x3 − (60δ3 + 114δ2 + 6δ − 28)s3−
− 28a41 − 68a
3
1b− 24a
2
1b
2 − (492δ + 312)a21s2 − (288δ + 96)a
2
1b−
− (180δ + 114)s3x
2 − (96δ + 72)s32 − (150δ
2 + 204δ + 18)s22 − (228δ + 160)a
3
1−
− (369δ2 + 468δ − 48)a21 − (360δ
2 + 456δ + 12)s2x− (150δ
2 + 204δ + 18)s3s2−
− (96δ + 72)s2s
2
3 − (300δ + 204)s
2
2x− (144δ + 108)s
2
2s3 − (252δ
2 + 216δ − 72)bx−
− (84δ2 + 72δ − 24)bs3 − (60δ + 36)bs
2
3 − (144δ + 72)bs
2
2 − 120a1s
3
2−
− 72a1bs
2
3 − 48bs2s
2
3 − (36δ
2 − 24)b2 − (360δ + 228)s2x
2 − 87a21s
2
3−
− 168a1bs
2
2 − 180a1s
2
2s3 − (288δ
2 + 216δ − 108)a1b− 144bs2s3x−
− 288a1bx
2 − (60δ2 + 90δ + 15)s23 − (120δ + 90)s
2
3x− (738δ + 468)a
2
1x−
− (168δ2 + 144δ − 48)bs2 − 144bs
2
2x− (192δ + 72)a1bs3 − 369a
2
1x
2−
− (180δ2 + 228δ + 6)s3x− 222a1s3x
2 − 48b2s2x− (150δ + 114)a1s
2
3−
− (252δ + 108)bx2 − 444a1s2x
2 − 228a31x− 84bx
3 − 222a1x
3 − (336δ + 144)bs2x−
− (666δ2 + 828δ − 36)a1x− (666δ + 414)a1x
2 − (222δ2 + 276δ − 12)s3a1−
− (444δ2 + 552δ − 24)a1s2 − (372δ + 252)a1s
2
2 − (168δ + 72)bs3x−
− 120s2x
3 − (444δ + 276)s3a1x− 72a1b
2δ − 48b2s2δ − 24b
2s3δ − 72b
2xδ−
− 150s22x
2 − 60s3x
3 − 60s23x
2 − 36b2x2 − 168bs2x
2 − 84bs3x
2 − 150s2s3x
2−
− 45x4 − (888δ + 552)a1s2x− (576δ + 216)a1bx− (372δ + 252)a1s2s3−
− (300δ + 204)s3s2x− 372a1s2s3x− 384a1bs2x− 192a1bs3x− (384δ + 144)a1bs2−
− 288a21bx− 492a
2
1s2x− 246a
2
1s3x− 144s
2
2s3x− 60bs
2
3x− 72a1b
2x− 24b2s3x−
− 150a1s
2
3x− 372a1s
2
2x− 96s
3
2x− 96s2s
2
3x− 24s
3
3x− (144δ + 72)bs2s3.
All coefficients of this polynomial are negative. Then g(a1, s1, s2, s3, b) < 0 for s1 > δ.
In particular, one has f(a1, a2, a3, a4, b) < 0 for a2 − a1 > 0.848, since 0.848 > δ. 
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Lemma A.6. Suppose that f is (6.5), a3 + a4 > 1 + a2, a2 − a1 > 0.848. Then f < 0.
Proof. Let g(a1, s1, s2, s3, b) = f̂ . Then g(a1, x+
21
25
, s2, s3, b) is a sum of the polynomial
− 12x4 −
1558
25
x3 − 3b2s23 − 4bs
3
2 − 2bs
3
3 − 15s
2
3x
2 −
186
5
s23x− 18s
3
2x− 6s
3
3x−
−
1112178
15625
x−
1812
25
s22x−
387
5
bx2 −
9087
125
bx−
2766
25
s2x
2 −
92586
625
s2x−
−
477
25
bs23 − 60a
3
1x− 96a
2
1x
2 − 58a1x
3 − 9b2x2 −
378
25
b2x− 20bx3 − 32s2x
3−
− 84a1bs2x− 42a1bs3x− 84a1s2s3x− 24bs2s3x− 6b
2s2s3 − 15a1bs
2
3 − 6bs2s
2
3−
−
172434
625
a1x− 30a1bs2s3 −
5754
25
a1x
2 −
1383
25
s3x
2 −
46293
625
s3x− 21a
2
1s
2
3−
− 36s22x
2 − 16s3x
3 − 6bs22s3 −
441
25
s2s
2
3 − 21s2s
2
3x−
6432
25
a21x− 6a
2
1b
2−
−
7204
3125
b−
954
25
bs2s3 − 114a1s2x
2 −
1923
25
a21s3 −
2364
25
a1s
2
2 −
2364
25
a1s2s3−
−
15513
625
bs3 − 6a1b
2s3 − 12a1b
2s2 −
1332
25
a1bs3 − 42a
2
1bs2 − 21a
2
1bs3 −
2664
25
a1bs2−
− 30a1bs
2
2 − 69ba1x
2 −
4248
25
ba1x− 27s
2
2s3x−
2412
25
bs2x− 18bs3x
2 −
1206
25
bs3x−
−
954
25
bs22 −
6888
25
a1s2x− 36bs2x
2 −
252
25
b2s2 − 12b
2s2x−
3444
25
a1s3x−
−36a1s
2
3x−24bs
2
2x−
378
25
a1b
2−18a1b
2x−
92736
625
a21−12bs
2
3x−
1812
25
s2s3x−36s2s3x
2−84a1s
2
2x−
−57a1s3x
2−63a21s3x−69a
2
1bx−
3708
125
s23−126a
2
1s2x−
126
25
b2s3−6b
2s3x−
73902
625
x2−6b2s22−
− 4s42 − s
4
3 −
278
25
s32 −
54687
625
a1s3 −
37176
625
s2s3 − 40a
3
1s2 − 20a
3
1s3 − 48a
2
1s
2
2 − 20a1s
3
2−
−
151
25
s33 −
37176
625
s22 − 7a1s
3
3 − 8s
3
2s3 − 9s
2
2s
2
3 − 5s2s
3
3 −
3846
25
a21s2−
− 48a21s2s3 − 24a1s2s
2
3 −
1206
25
a1s
2
3 −
417
25
s22s3 −
109374
625
a1s2 − 30a1s
2
2s3−
−
31026
625
bs2 − 8a
4
1 −
412
5
a31 − 16a
3
1b−
2049
25
a21b−
219
625
b2 −
43779
625
ba1.
and the polynomial
265178
390625
−
1120738
15625
a1 −
385426
15625
s3 −
770852
15625
s2.
All coefficients of the former polynomial are negative. But we have a1+ s1+2s2+ s3 > 1.
This follows from a3 + a4 > 1 + a2. Thus, if s1 >
21
25
, then a1 + 2s2 + s3 >
4
25
, so that
265178
390625
−
1120738
15625
a1 −
385426
15625
s3 −
770852
15625
s2 < 0.
Hence, if a2 − a1 >
21
25
= 0.84, then f(a1, a2, a3, a4, b) < 0. 
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Lemma A.7. Suppose that f is (6.8), a3+a4+a5 6 2+a2, a2−a1 > 0.8911. Then f < 0.
Proof. Let δ be the unique positive root of the polynomial −16x4−48x3+12x2+32x+6.
Then 0.8911 > δ ≈ 0.8910180467. If a3 + a4 > a2 + a5, then
4g(a1, x+ δ, s2, s3, s4, b) = −(192δ + 144)s4x
2 − (192δ2 + 288δ − 24)s4x−
− 60s24x
2 − (630δ + 450)a1s
2
2 − 351a
2
1s
2
2 − 204a
2
1s
2
3 − 195a1s
3
2 − 78bs
3
2 − 96s
3
2s3−
− 48s2s
3
3 − 36b
2s22 − 32bs
3
3 − 24b
2s23 − (320δ + 288)a
3
1 − 320a
3
1x− 156s
3
2x− 64s
3
3x−
− 528a21x
2 − 320a1x
3 − 128bx3 − 192s2x
3 − 128s3x
3 − 252s22x
2 − 144s23x
2 − 48b2x2−
− 648a1bs2x− 432a1bs3x− 192a1bs2s4 − 168a1bs3s4 − 300a1s2s3s4 − 120bs2s3s4−
− 384a1bs2s3 − (320δ
3 + 672δ2 − 192δ − 160)a1 − 36s
4
2 − 8s
4
3 − 390a1s
2
2s3−
− 156bs22s3 − 120bs2s
2
3 − 72a1b
2s2 − 48a1b
2s3 − 48b
2s2s3 − 468a
2
1s2s3 − 324a
2
1bs2−
− 168a1bs
2
3 − (256δ + 192)x
3 − 72b2s2δ − (64δ
3 + 144δ2 − 24δ − 32)s4−
− 216a1bs4x− (60δ
2 + 90δ + 15)s24 − 87a
2
1s
2
4 − 25a1s
3
4 − 48s
3
2s4 − 30s
2
2s
2
4−
− 10s3s
3
4 − 10bs
3
4 − 12b
2s24 − (528δ
2 + 768δ − 144)a21 − (192 + 264δ)a
2
1s4−
− (1056δ + 768)a21x− (480δ + 336)s4a1x− (360δ + 264)a1s
2
3 − (960δ + 672)s3a1x−
− 80a1s
3
3 − (128δ
3 + 288δ2 − 48δ − 64)s3 − 2s
4
4 − 48b
2s3δ − (432δ
2 + 288δ − 192)a1b−
− 72a1bs
2
4 − (48δ
2 − 36)b2 − (384δ2 + 576δ − 48)x2 − (256δ3 + 576δ2 − 96δ − 128)x−
− 80a31s4 − (128δ
3 + 144δ2 − 144δ − 64)b− (156δ + 117)s32 − 108a
2
1bs4 − 234a
2
1s2s4−
− 195a1s
2
2s4 − 78bs
2
2s4 − 105a1s2s
2
4 − 120a1s
2
3s4 − 90a1s3s
2
4 − 102s
2
2s3s4−
− 48s2s3s
2
4 − (480δ
2 + 672δ − 96)s3a1 − (432δ + 144)a
2
1b− (792δ + 576)a
2
1s2−
− 24b2s4δ − 64x
4 − (150δ + 114)a1s
2
4 − 40a
4
1 − (528δ + 384)a
2
1s3 − 112a
3
1b− 36a
2
1b
2−
− (360δ + 264)a1s3s4 − (720δ
2 + 1008δ − 144)a1s2 − 168s2s4x
2 − 336s2s3x
2 − 192bs3x
2−
− 288bs2x
2 − 480a1s3x
2 − 72s3s
2
4x− 432a
2
1bx− 360a1s
2
3x− 96a1b
2x− 72b2s2x−
− 432a1bx
2 − 144s3s4x
2 − 240a1s4x
2 − 720a1s2x
2 − 792a21s2x− 84s2s
2
4x− 252bs
2
2x−
− 144bs23x− 150a1s
2
4x− 528a
2
1s3x− 60bs
2
4x− 48b
2s3x− 312s
2
2s3x− 24b
2s4x− 264a
2
1s4x−
− 144bs3s4x− 42bs2s
2
4 − 96s
2
3s4x− 156s
2
2s4x− 240s2s
2
3x− (144δ
2 + 216δ + 12)s23−
− (192δ3 + 432δ2 − 72δ − 96)s2 − (252δ
2 + 378δ − 9)s22 − (648δ + 216)a1bs2−
− (1440δ + 1008)a1s2x− (420δ + 300)a1s2s4 − (840δ + 600)a1s2s3 − (864δ + 288)a1bx−
− (168δ + 72)bs2s4 − (336δ + 144)bs2s3 − (216δ + 72)a1bs4 − (432δ + 144)a1bs3−
− (252δ + 108)bs22 − (144δ + 72)bs
2
3 − (288δ
2 + 216δ − 108)bs2 − (288δ + 216)s4s3x−
− (192δ2 + 144δ − 72)bs3 − (60δ + 36)bs
2
4 − (96δ
2 + 72δ − 36)bs4−
− (384δ + 144)bx2 − (240δ + 180)s2s3s4 − (192δ + 72)bs4x− (144δ + 72)bs3s4−
− 96δb2x− 96a1b
2δ − (672δ + 504)s3s2x− (384δ
2 + 288δ − 144)bx−
− (240δ2 + 336δ − 48)s4a1 − (960δ + 672)a1x
2 − (960δ2 + 1344δ − 192)a1x−
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− 48bs23s4 − (384δ + 144)bs3x− 336bs2s3x− 420a1s2s4x− 12s2s
3
4 − 16s
3
3s4−
− (336δ + 252)s4s2x− (576δ + 216)bs2x− 204a
2
1s3s4 − 160a
3
1s3 − 18s
2
3s
2
4−
− (312δ+ 234)s22s3 − (156δ+ 117)s
2
2s4− (504δ+ 378)s
2
2x− (240δ+ 180)s2s
2
3− 24a1b
2s4−
− (384δ + 288)s3x
2 − (20δ + 15)s34 − (64δ + 48)s
3
3 − 630a1s
2
2x− 102s
2
2s
2
3−
− 64s4x
3 − 240s2s3s4x− 240a
3
1s2 − 24b
2s2s4 − 840a1s2s3x− 300a1s2s
2
3−
− 20s34x− 216a
2
1bs3 − 288a1bs
2
2 − 360a1s3s4x− 24b
2s3s4 − 168bs2s4x− 96bs4x
2−
− (336δ2+504δ− 12)s3s2− (84δ+63)s2s
2
4− (168δ
2+252δ− 6)s4s2− (576δ+432)s2x
2−
− 36bs3s
2
4− (576δ
2+864δ− 72)s2x− (72+ 96δ)s
2
3s4− (288δ+216)s
2
3x− (54+ 72δ)s3s
2
4−
− 72s2s
2
3s4 − (144δ
2 + 216δ + 12)s4s3 − (120δ + 90)s
2
4x− (384δ
2 + 576δ − 48)s3x.
If a3 + a4 6 a2 + a5, then 4g(a1, x+ δ, s2, s3, b) is a sum of the latter polynomial and
− 5a1s
3
2 − 2bs
3
2 + (9 + 12δ)s
2
2s4 − 2s
3
2s3 + 8s
3
2s4 − 6s
2
2s
2
4 + 5a1s
3
4 + 2s3s
3
4+
+ 6bs22s4 − (9 + 12δ)s2s
2
4 + 2bs
3
4 − (3 + 4δ)s
3
2 − 3s
4
2 + s
4
4 + (3 + 4δ)s
3
4 + 15a1s
2
2s4+
− 15a1s2s
2
4 − 6bs2s
2
4 + 6s
2
2s3s4 − 6s2s3s
2
4 + 12s
2
2s4x− 12s2s
2
4x+ 4s
3
4x− 4s
3
2x.
Therefore, in both cases g(a1, x + δ, s2, s3, b) is a polynomial with negative coefficients.
This implies that f(a1, a2, a3, a4, a5, b) < 0 provided that a2 − a1 > δ. 
Lemma A.8. Suppose that f is (6.7), a3+a4+a5 > 2+a2, a2−a1 > 0.8911. Then f < 0.
Proof. Let g(a1, s1, s2, s3, s4, b) = f̂ . Then g(a1, x+
22
25
, s2, s3, b) is a a sum of
−
21681
125
x2 − 24a31b− 9a
2
1b
2 −
63564
625
a1b− 72a
3
1s2 −
58698
625
s22 −
174888
625
s2a1 − 234a
2
1s2−
− 54a21s
2
3− 24a
2
1s
2
4−
50211
625
bs2− 48a
3
1s3−
39078
625
s23−
78264
625
s3s2−
116592
625
s3a1− 156a
2
1s3−
−
453
25
s3s
2
4−6bs
3
2−
33474
625
bs3−24a
3
1s4−
19512
625
s24−
39078
625
s4s3−
39132
625
s4s2−
58296
625
s4a1−
− 78a21s4 − 15a
4
1 −
138102
625
a21 −
183
625
b2 −
16737
625
bs4 − 12bs2s3s4 − 126a1bs2x− 84a1bs3x−
−42a1bs4x−
4752
25
a1s2s3−216a1s2s3x−
2376
25
a1s2s4−108a1s2s4x−96a1s3s4x−48bs2s3x−
−24bs2s4x−24bs3s4x−66s2s3s4x−60a1bs2s3−30a1bs2s4−30a1bs3s4−72a1s2s3s4−
3012
25
a21b−
− 90a21s
2
2 − 63a
2
1bs2 − 21a
2
1bs4 − 42a
2
1bs3 −
3012
25
a31 −
154
25
s34 −
442
5
x3 − 20x4 − 9s42−
−42a1s
3
2−22a1s
3
3−4s
4
3−s
4
4−
408
25
s32−
58
5
s33−
3564
25
a1s
2
2−162a1s
2
2x−96a1s
2
3x−42a1s
2
4x−
−
444
25
s2s
2
4−15a1bs
2
4−
978
25
bs2s4−12a1b
2s3−
2748
25
a1bs3−120a
2
1s2s3−60a
2
1s2s4−20s4x
3−
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−
396
25
b2s2 − 18b
2s2x−
264
25
b2s3 − 12b
2s3x−
132
25
b2s4 − 6b
2s4x− 54bs2x
2 −
3726
25
bs2x−
−36bs3x
2−
2484
25
bs3x−18bs4x
2−
1242
25
bs4x−36bs
2
2x−24bs
2
3x−12bs
2
4x−96s3s2x
2−
3624
25
s3s2x−
−
6972
25
s3a1x− 69s4a1x
2 −
3486
25
s4a1x− 27s2s
2
3s4 − 21s2s3s
2
4 − 45a1bs
2
2 − 42a1s
2
2s4−
−48s4s2x
2−
1812
25
s4s2x−42s4s3x
2−
1848
25
s4s3x−78s
2
2s3x−39s
2
2s4x−66s2s
2
3x−27s2s
2
4x−
−30s23s4x−24s3s
2
4x−
1374
25
a1bs4−
852
25
s2s3s4−96a
2
1bx−225a
2
1s2x−150a
2
1s3x−75a
2
1s4x−
−
528
25
a1b
2 − 24a1b
2x− 96a1bx
2 −
6024
25
a1bx− 207s2a1x
2 −
10458
25
s2a1x− 138s3a1x
2−
− 3b2s24 −
1956
25
bs2s3 − 12bs
2
2s3 − 6bs2s
2
4 −
978
25
bs3s4 − 18a1b
2s2 − 84a1s
2
2s3 − 27a1s3s
2
4−
− 12bs2s
2
3 − 12b
2s2s3 − 30s
2
2s3s4 − 6bs
2
2s4 −
2412
25
a1s3s4 − 6b
2s3s4 − 30a1s2s
2
4 − 6a1b
2s4−
− 6b2s2s4 − 6bs
2
3s4 − 30a1bs
2
3 − 6bs3s
2
4 − 54a
2
1s3s4 −
4122
25
a1bs2 − 33a1s
2
3s4 − 72a1s2s
2
3−
− 18s24x
2 −
942
25
s24x− 39s
3
2x− 20s
3
3x− 7s
3
4x− 96a
3
1x− 153a
2
1x
2 −
9132
25
a21x− 94a1x
3−
−
408
25
s22s4−
852
25
s2s
2
3−6b
2s23−
279
5
s4x
2−
9843
125
s4x−72s
2
2x
2−
2718
25
s22x−42s
2
3x
2−
1848
25
s23x−
−
87
5
s23s4 −
8154
25
a1x
2 −
252288
625
a1x− 12b
2x2 −
528
25
b2x− 28bx3 −
2748
25
bx2 −
65256
625
bx−
− 60s2x
3 −
837
5
s2x
2 −
29529
125
s2x− 40s3x
3 −
558
5
s3x
2 −
19686
125
s3x− 24s
3
2s3 − 2bs
3
4−
−
28744
15625
b−
332548
3125
x−8a1s
3
4−9b
2s22−
1224
25
a1s
2
4−
1467
25
bs22−
978
25
bs23−
489
25
bs24−
816
25
s22s3−4bs
3
3−
− 12s32s4 − 30s
2
2s
2
3 − 12s
2
2s
2
4 − 18s2s
3
3 − 6s2s
3
4 − 8s
3
3s4 − 9s
2
3s
2
4 − 5s3s
3
4 −
2412
25
a1s
2
3.
and the polynomial of degree one
111281
78125
−
1667212
15625
a1 −
86602
3125
s4 −
173204
3125
s3 −
259806
3125
s2.
The coefficients of the former polynomial are negative. But 2a1+2s1+3s2+2s3+s4 > 2.
This follows from a3 + a4 + a5 > 2 + a2. Since s1 >
22
25
, we have
2a1 + 3s2 + 2s3 + s4 >
6
25
.
This inequality implies that
111281
78125
−
1667212
15625
a1 −
86602
3125
s4 −
173204
3125
s3 −
259806
3125
s2 < 0.
Thus, we see that f(a1, a2, a3, a4, a5, b) < 0 provided that a2 − a1 >
22
25
= 0.88. 
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Lemma A.9. Suppose that f is the polynomial (6.9). If a2 − a1 > 0.9305, then f < 0.
Similarly, if a2 − a1 > 0.915, then f(a1, a2, a3, a4, a5, a6, 1, b) < 0.
Proof. Let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then
g1(0, x, 0, 0, 0, 0, 0, 0) = −
75
4
x4 −
1045
8
x3 +
837
8
x2 +
237
8
x+
9
8
.
Let us denote by δ1 the unique positive root of this polynomial. Then δ1 ≈ 0.93040704.
Moreover, the polynomial 8g1(a1, x+ δ1, s2, s3, s4, s5, s6, b) can be expanded as
− (411δ1 + 219)s4s
2
5 − (708δ
2
1 + 408δ1 − 324)bs4 − (1008δ1 + 840)s
2
4x− 288a1b
2δ1−
−(1506δ1+1518)s5s2x−(1560δ1+408)a1bs4−(474δ
2
1+252δ1−198)bs5−(180δ1+72)s3s
2
6−
− (504δ21 + 840δ1 − 144)s
2
4 − (1554δ1 + 486)ba
2
1 − (780δ1 + 879)s5x
2 − 192b2s3δ1−
−(144δ21−120)b
2−(1884δ1+564)bs3x−(384δ1+96)bs3s6−96b
2s5δ1−(1080δ1+336)bs
2
2−
− (432δ1 + 96)bs2s6 − (345δ
3
1 + 1443δ
2
1 − 765δ1 − 111)s4 − (108δ1 + 53)s
3
5−
− (336δ21 + 399δ1 − 33)s
2
5 − (260δ
3
1 + 879δ
2
1 − 462δ1 − 69)s5 − (150δ
2
1 + 120δ1 + 18)s
2
6−
− (175δ31 + 315δ
2
1 − 159δ1 − 27)s6 − (600δ1 + 1045)x
3 − (900δ21 + 3135δ1 − 837)x
2−
−(2505δ21+6852δ1−2097)a1x−(2076δ1+564)a1bs3−(1044δ1+252)a1bs5−(528δ1+96)a1bs6−
−(2700δ1+2748)a1s2s4−(1176δ1+624)a1s2s6−(4266δ1+5622)a1s2x−(2622δ1+2334)a1s3s4−
−(1842δ1+1440)a1s3s5−(1062δ1+546)a1s3s6−(3522δ1+4392)a1s3x−(2778δ1+3162)s4a1x−
−(834δ1+390)a1s5s6−(2034δ1+1932)s5a1x−(1290δ1+702)s6a1x−(768δ1+408)s2s3s6−
−(2598δ1+3450)s2s3x−(2052δ1+2484)s4s2x−(960δ1+552)s6s2x−(2592δ1+720)a1bs2−
− (1329δ1+ 1275)s2s
2
3− (756δ1+ 672)s
2
2s5 − (1080δ1+ 1104)s
2
2s4 − (1404δ1+ 1536)s
2
2s3−
− (120δ1+48)s4s
2
6− (432δ1+240)s
2
2s6− (753δ
2
1+1518δ1−363)s5s2− (1572δ1+2208)s
2
2x−
− (1026δ21 + 2484δ1 − 606)s4s2 − (948δ1 + 732)s2s
2
4 − (1938δ1 + 1686)a1s2s5−
−(1299δ21+3450δ1−849)s2s3−(585δ1+339)s2s
2
5−(1545δ1+2571)s2x
2−(240δ1+96)s2s
2
6−
− (480δ21 + 552δ1 − 120)s6s2 − (1545δ
2
1 + 5142δ1 − 1371)s2x− (525δ1 + 315)s6x
2−
− (789δ1 + 1500)a
3
1 − (1395δ
2
1 + 3849δ1 − 1278)a
2
1 − (1284δ1 + 900)s2s4s5−
− (672δ1+336)s2s4s6− (60δ1+24)s5s
2
6− (780δ
2
1+1758δ1−462)s5x− (780δ1+228)bs3s5−
− (576δ1 + 264)s2s5s6 − (3108δ1 + 876)ba1x− (498δ1 + 279)s3s
2
5 − (1290δ1 + 2007)s3x
2−
−(696δ1+216)bs4s5−(228δ1+108)s
2
4s6−(1746δ1+1194)a1s4s5−(1035δ
2
1+2886δ1−765)s4x−
−(1035δ1+1443)s4x
2−(786δ21+2208δ1−546)s
2
2−(576δ1+656)s
3
2−(1398δ1+1122)s2s3s5−
− (600δ31 + 3135δ
2
1 − 1674δ1 − 237)x− (430δ
3
1 + 2007δ
2
1 − 1068δ1 − 153)s3−
−672s2s4s6x−2700a1s2s4x−(276δ1+172)s
3
4−(515δ
3
1+2571δ
2
1−1371δ1−195)s2−(450δ1+369)s
3
3−
− 48b2s6x− (654δ
2
1 + 1443δ1 − 315)s
2
3 − (528δ1 + 312)s
2
4s5 − (948δ1 + 252)bs5x−
− 1044a1bs5x− 117s
2
5s6x− 585s2s
2
5x− 528bs
2
4x− 240s2s
2
6x− 672s
2
3s5x− 825a1s
2
5x−
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− (2028δ1+1836)s2s3s4− (288δ1+96)bs5s6− (1296δ1+384)bs2s4− (1416δ1+408)bs4x−
− (864δ1 + 240)bs2s5 − 240b
2s2δ1 − (1176δ
2
1 + 720δ1 − 576)bs2 − (786δ1 + 246)bs
2
3−
− (1017δ21 + 2082δ1 − 447)s4s3 − (3462δ1 + 3810)a1s2s3 − 48b
2s6δ1 − 288δ1b
2x−
− 1956a21s3x− 1080s
2
2s4x− 1011s
2
3s4x− 2373a
2
1s2x− 948s2s
2
4x− 1080bs
2
2x−
− 120s4s
2
6x− 1329s2s
2
3x− 228s
2
4s6x− 306bs
2
5x− 192b
2s3x− 756s
2
2s5x− 1122a
2
1s5x−
− 333s23s6x− 432s
2
2s6x− 1404s
2
2s3x− 1272a1s
2
4x− 240b
2s2x− 360a1s
2
6x−
− (390δ21 + 396δ1 − 42)s6s4 − (300δ1 + 120)s
2
6x− 708bs4x
2 − 726s3s5x
2 − 390s4s6x
2−
−1176bs2x
2−435s3s6x
2−1299s2s3x
2−1017s3s4x
2−753s2s5x
2−1761a1s3x
2−1017a1s5x
2−
−1026s2s4x
2−1389a1s4x
2−345s5s6x
2−480s2s6x
2−474bs5x
2−645a1s6x
2−1539a21s4x−
−786bs23x−942bs3x
2−240bs6x
2−1554a1bx
2−2133a1s2x
2−699s4s5x
2−(888δ1+624)s3s
2
4−
− (1308δ1 + 1443)s
2
3x− (1017δ
2
1 + 1932δ1 − 585)s5a1 − (336δ1 + 96)bs4s6−
− (2133δ21+5622δ1− 1719)a1s2− 834a1s5s6x− 1398s2s3s5x− 768s2s3s6x− 1284s2s4s5x−
− 576s2s5s6x− 1170s3s4s5x− 3462a1s2s3x− 2592a1bs2x− 2076a1bs3x− 1728bs2s3x−
− 1560a1bs4x− 1296bs2s4x− 2622a1s3s4x− 1176bs3s4x− 2028s2s3s4x− 1938a1s2s5x−
− 864bs2s5x− 1842a1s3s5x− 780bs3s5x− 1176a1s2s6x− 1062a1s3s6x− 1746a1s4s5x−
−948a1s4s6x−564s3s4s6x−462s3s5s6x−348s4s5s6x−696bs4s5x−528a1bs6x−432bs2s6x−
− 384bs3s6x− 336bs4s6x− 288bs5s6x− 705a
2
1s6x− 60s5s
2
6x− 1701a1s
2
3x− 96b
2s5x−
− 1554ba21x− 2112a1s
2
2x− 888s3s
2
4x− 498s3s
2
5x− 288a1b
2x− 120bs26x− 144b
2s4x−
− 528s24s5x− 411s4s
2
5x− 180s3s
2
6x− (120δ1 + 48)bs
2
6 − 150x
4 − (360δ1 + 156)a1s
2
6−
− 260s5x
3 − 175s6x
3 − 504s24x
2 − 336s25x
2 − 150s26x
2 − 144b2x2 − 1395a21x
2 − 835a1x
3−
−470bx3−515s2x
3−430s3x
3−345s4x
3−786s22x
2−654s23x
2−789a31x−576s
3
2x−450s
3
3x−
− 276s34x− 108s
3
5x− (942δ
2
1 + 564δ1 − 450)bs3 − 63a
4
1 − 438a
3
1b− 120a
2
1b
2−
− (333δ1 + 171)s
2
3s6 − (825δ1 + 474)a1s
2
5 − 219a
3
1s6 − 333a
3
1s5 − 447a
3
1s4−
−561a31s3−675a
3
1s2− (1170δ1+762)s3s4s5− (564δ1+276)s3s4s6− (2034δ1+2082)s4s3x−
− (462δ1+210)s3s5s6− (1452δ1+1278)s5s3x− (870δ1+474)s6s3x− (348δ1+156)s4s5s6−
− (1398δ1+1038)s5s4x− (780δ1+396)s6s4x− (690δ1+318)s6s5x− (1701δ1+1614)a1s
2
3−
− (1410δ21 + 876δ1 − 702)bx− (1761δ
2
1 + 4392δ1 − 1341)a1s3 − (1272δ1 + 960)a1s
2
4−
−(117δ1+51)s
2
5s6−(528δ1+168)bs
2
4−(2352δ1+720)bs2x−(470δ
3
1+438δ
2
1−702δ1−78)b−
− (306δ1+102)bs
2
5 − (1728δ1+ 528)bs2s3− (672δ1+ 483)s
2
3s5− (345δ
2
1 + 318δ1− 3)s6s5−
− (1011δ1 + 795)s
2
3s4 − (1410δ1 + 438)bx
2 − (2790δ1 + 3849)a
2
1x− (1122δ1 + 1089)a
2
1s5−
− (1956δ1 + 2469)a
2
1s3 − (1554δ
2
1 + 876δ1 − 846)ba1 − (2373δ1 + 3159)a
2
1s2−
− (835δ31 + 3426δ
2
1 − 2097δ1 − 276)a1 − (705δ1 + 399)a
2
1s6 − (2112δ1 + 2436)a1s
2
2−
− (1539δ1+1779)a
2
1s4− (1389δ
2
1 +3162δ1− 963)s4a1− 144b
2s4δ1− (2505δ1+3426)a1x
2−
− (240δ21 + 96δ1 − 72)bs6 − (948δ1 + 468)a1s4s6 − (435δ
2
1 + 474δ1 − 81)s6s3−
− (525δ21 + 630δ1 − 159)s6x− (645δ
2
1 + 702δ1 − 207)s6a1 − (480δ1 + 96)bs6x−
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− 957a21s
2
3 − 752a1s
3
2 − 352bs
3
2 − 720a
2
1s
2
4 − 471a
2
1s
2
5 − 210a
2
1s
2
6 − 567a1s
3
3−
− 340a1s
3
4 − 512s
3
2s3 − 384s
3
2s4 − 256s
3
2s5 − 128s
3
2s6 − 690s
2
2s
2
3 − 456s
2
2s
2
4−
− 258s22s
2
5 − 96s
2
2s
2
6 − 441s2s
3
3 − 248s2s
3
4 − 315s
3
3s4 − 198s
3
3s5 − 81s
3
3s6−
− 384s23s
2
4 − 186s
2
3s
2
5 − 54s
2
3s
2
6 − 220s3s
3
4 − 116s
3
4s5 − 40s
3
4s6 − 120s
2
4s
2
5−
− 24s24s
2
6 − 131a1s
3
5 − 91s2s
3
5 − 74s3s
3
5 − 57s4s
3
5 − 11s
3
5s6 − 6s
2
5s
2
6 − 120b
2s22−
− 96b2s23 − 72b
2s24 − 48b
2s25 − 24b
2s26 − 234bs
3
3 − 128bs
3
4 − 46bs
3
5 − 1182a
2
1s
2
2−
− (1290δ21 + 4014δ1 − 1068)s3x− (699δ
2
1 + 1038δ1 − 165)s5s4 − 160s
4
2−
− 108s43 − 48s
4
4 − 10s
4
5 − 1758a1s2s3s5 − 936a1s2s3s6 − 1596a1s2s4s5 − 816a1s2s4s6−
− 696a1s2s5s6 − 1446a1s3s4s5 − 684a1s3s4s6 − 558a1s3s5s6 − 420a1s4s5s6−
− 1068s2s3s4s5 − 480s2s3s4s6 − 384s2s3s5s6 − 288s2s4s5s6 − 228s3s4s5s6−
− 792a1bs4s5 − 720bs2s3s5 − 624bs2s4s5 − 552bs3s4s5 − 480a1bs2s6 − 432a1bs3s6−
− 384a1bs4s6 − 336a1bs5s6 − 336bs2s3s6 − 288bs2s4s6 − 240bs2s5s6 − 240bs3s4s6−
− 192bs3s5s6 − 144bs4s5s6 − 1920a1bs2s3 − 1440a1bs2s4 − 1320a1bs3s4 − 2580a1s2s3s4−
− 1104bs2s3s4 − 960a1bs2s5 − 876a1bs3s5 − 144a1bs
2
6 − 192bs
2
2s6 − 96bs2s
2
6−
− 144bs23s6 − 72bs3s
2
6 − 96bs
2
4s6 − 48bs4s
2
6 − 48bs
2
5s6 − 24bs5s
2
6 − 1032s
2
2s3s4−
− 684s22s3s5 − 336s
2
2s3s6 − 600s
2
2s4s5 − 288s
2
2s4s6 − 240s
2
2s5s6 − 978s2s
2
3s4−
− 633s2s
2
3s5 − 288s2s
2
3s6 − 828s2s3s
2
4 − 435s2s3s
2
5 − 144s2s3s
2
6 − 468s2s
2
4s5−
− 192s2s
2
4s6 − 354s2s4s
2
5 − 96s2s4s
2
6 − 483s
2
3s4s5 − 198s
2
3s4s6 − 153s
2
3s5s6−
− 408s3s
2
4s5 − 156s3s
2
4s6 − 297s3s4s
2
5 − 72s3s4s
2
6 − 84s
2
4s5s6 − 141a1s
2
5s6−
− 96s2s
2
5s6 − 75s3s
2
5s6 − 54s4s
2
5s6 − 72a1s5s
2
6 − 48s2s5s
2
6 − 36s3s5s
2
6−
− 24s4s5s
2
6 − 240a1b
2s2 − 192a1b
2s3 − 144a1b
2s4 − 96a1b
2s5 − 192b
2s2s3 − 144b
2s2s4−
− 96b2s2s5 − 144b
2s3s4 − 96b
2s3s5 − 96b
2s4s5 − 48a1b
2s6 − 48b
2s2s6 − 48b
2s3s6−
− 48b2s4s6 − 48b
2s5s6 − 600a1bs
2
4 − 480bs2s
2
4 − 516bs
2
3s4 − 432bs3s
2
4 − 354a1bs
2
5−
− 408bs22s5 − 264bs2s
2
5 − 330bs
2
3s5 − 222bs3s
2
5 − 240bs
2
4s5 − 180bs4s
2
5 − 648a
2
1s2s6−
− 591a21s3s6 − 987a
2
1s4s5 − 534a
2
1s4s6 − 477a
2
1s5s6 − 960a1s
2
2s5 − 528a1s
2
2s6−
− 1188a1s2s
2
4 − 717a1s2s
2
5 − 288a1s2s
2
6 − 1269a1s
2
3s4 − 837a1s
2
3s5 − 405a1s
2
3s6−
− 1104a1s3s
2
4 − 609a1s3s
2
5 − 216a1s3s
2
6 − 648a1s
2
4s5 − 276a1s
2
4s6 − 501a1s4s
2
5−
− 144a1s4s
2
6 − 1935a
2
1s2s3 − 1200a1bs
2
2 − 1506a
2
1s2s4 − 1473a
2
1s3s4 − 882a1bs
2
3−
− 1824a1s
2
2s3 − 1392a1s
2
2s4 − 1701a1s2s
2
3 − 840bs
2
2s3 − 624bs
2
2s4 − 744bs2s
2
3−
− 1077a21s2s5 − 1032a
2
1s3s5 − 264ba
2
1s6 − 522ba
2
1s5 − 780ba
2
1s4 − 1038ba
2
1s3−
− 1296ba21s2 − (1176δ1 + 360)bs3s4 − (672δ1 + 399)s
2
5x− (726δ
2
1 + 1278δ1 − 264)s5s3.
All coefficients of this polynomial are negative, so that f < 0 for a2 − a1 > δ1.
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Now we let f2 = f(a1, a2, a3, a4, a5, a6, 1, b), and we let g2(a1, s1, s2, s3, s4, s5, b) = f̂2.
Then the polynomial g2(0, x, 0, 0, 0, 0, 0, 0, 0) expands as −
125
8
x4− 725
8
x3+ 435
8
x2+ 285
8
x+ 9
4
.
Let us denote by δ2 the unique positive root of this polynomial. Then δ2 ≈ 0.9149603.
Moreover, the polynomial 8g2(a1, x+ δ2, s2, s3, s4, s5, s6, b) can be expanded as
− (900δ2 + 927)s
2
3x− (448δ2 + 448)s
3
2 − (1248δ2 + 1104)s2s3s4 − (645δ2 + 1056)a
3
1−
−192s4s
2
5x−(420δ2+156)bs5x−(840δ2+312)bs4x−(312δ2+120)bs4s5−(1260δ2+468)bs3x−
− (350δ32 + 390δ
2
2 − 510δ2 − 102)b− (1872δ2 + 624)a1bs2 − (324δ2 + 243)s
2
3s5−
−(2340δ2+780)ba1x−(1800δ2+2232)s2s3x−(756δ2+576)a1s4s5−(1548δ2+1416)a1s3s4−
− 240a1b
2δ2 − (576δ2 + 432)s2s4s5 − (1200δ2 + 1488)s4s2x− (600δ2 + 744)s5s2x−
−264s24s5x−(552δ2+372)s3s4s5−(1200δ2+1236)s4s3x−(3240δ2+3888)a1s2x−240δ2b
2x−
− 1872a1bs2x− (624δ2 + 552)s2s3s5 − (600δ
2
2 + 1488δ2 − 264)s
2
2 − (1680δ2 + 624)bs2x−
− (1620δ2 + 1944)s4a1x− (450δ2 + 549)a
2
1s5 − (1350δ2+ 1647)a
2
1s3 − (1170δ2 + 414)ba
2
1−
−(1800δ2+2196)a
2
1s2−(900δ2+1098)a
2
1s4−(2250δ2+2745)a
2
1x−(2376δ2+2520)a1s2s3−
− (324δ2 + 243)s
3
3 − (450δ
2
2 + 927δ2 − 135)s
2
3 − (468δ2 + 156)a1bs5 − (120δ
2
2 − 96)b
2−
− (300δ22 + 492δ2 − 48)s
2
4 − (2430δ2 + 2916)a1s3x− (900δ2 + 1305)s3x
2 − 96b2s4δ2−
− 96b2s4x− (1584δ2 + 1680)a1s2s4 − 144b
2s3δ2 − (400δ
3
2 + 1740δ
2
2 − 696δ2 − 228)s2−
− 240a1b
2x− (500δ32 + 2175δ
2
2 − 870δ2 − 285)x− (810δ2 + 972)s5a1x− (52δ2 + 25)s
3
5−
− 1404a1bs3x− (900δ
2
2 + 2610δ2 − 522)s3x− (600δ2 + 492)s
2
4x− (264δ2 + 156)s
2
4s5−
− 216a1s
3
4 − (300δ
2
2 + 870δ2 − 174)s5x− (192δ2 + 102)s4s
2
5 − (300δ
2
2 + 492δ2 − 48)s5s4−
− (600δ2+870)s4x
2− (600δ22+1740δ2− 348)s4x− (300δ2+183)s
2
5x− (300δ2+435)s5x
2−
− (1584δ2 + 1680)a1s
2
2 − (1170δ
2
2 + 780δ2 − 630)ba1 − (1620δ
2
2 + 3888δ2 − 948)a1s2−
−228s3s
2
5x−(1161δ2+1062)a1s
2
3−(1215δ
2
2+2916δ2−711)a1s3−(810δ
2
2+1944δ2−474)s4a1−
−(756δ2+576)a1s
2
4−(1200δ2+1740)s2x
2−(369δ2+222)a1s
2
5−(405δ
2
2+972δ2−237)s5a1−
−2376a1s2s3x− (2025δ2+2430)a1x
2− (522δ2+198)bs
2
3−264s2s
2
5x−312bs
2
4x−324s
2
3s5x−
− 552s3s4s5x− 369a1s
2
5x− 1350a
2
1s3x− 672s
2
2s4x− 648s
2
3s4x− 1800a
2
1s2x− 576s2s
2
4x−
−768bs22x−936s2s
2
3x−138bs
2
5x−144b
2s3x−(264δ2+156)s2s
2
5−(300δ
2
2+744δ2−132)s5s2−
− 336s22s5x− 450a
2
1s5x− 1008s
2
2s3x− 756a1s
2
4x− 192b
2s2x− 420bs4x
2 − 300s3s5x
2−
− 840bs2x
2 − 900s2s3x
2− 600s3s4x
2 − 300s2s5x
2 − 1215a1s3x
2− 405a1s5x
2− 600s2s4x
2−
−576s2s4s5x−810a1s4x
2−210bs5x
2−900a21s4x−522bs
2
3x−630bs3x
2−1170a1bx
2−1620a1s2x
2−
− 552s3s
2
4x− 300s4s5x
2 − (774δ2 + 708)a1s3s5 − (176δ2 + 104)s
3
4 − (576δ2 + 432)s2s
2
4−
− 348bs3s5x− (200δ
3
2 + 870δ
2
2 − 348δ2 − 114)s4 − 125x
4 − (1200δ22 + 3480δ2 − 696)s2x−
− 100s5x
3 − 300s24x
2 − 150s25x
2 − 120b2x2 − 1125a21x
2 − 675a1x
3 − 350bx3 − 400s2x
3−
−1248s2s3s4x−(150δ
2
2+183δ2−3)s
2
5−(300δ
3
2+1305δ
2
2−522δ2−171)s3−(500δ2+725)x
3−
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−624s2s3s5x−1152bs2s3x−1584a1s2s4x−936a1bs4x−768bs2s4x−1548a1s3s4x−696bs3s4x−
−108s33s5−300s3x
3−200s4x
3−600s22x
2−450s23x
2−645a31x−448s
3
2x−324s
3
3x−213a
2
1s
2
5−
− 792a1s2s5x− 176s
3
4x− 52s
3
5x− (768δ2 + 288)bs2s4 − (1152δ2 + 432)bs2s3 − 54a
4
1−
− 318a31b− 96a
2
1b
2 − (840δ22 + 624δ2 − 408)bs2 − (2025δ
2
2 + 4860δ2 − 1185)a1x−
− 504bs2s
2
3 − (768δ2 + 288)bs
2
2 − (384δ2 + 144)bs2s5 − 129a
3
1s5 − 258a
3
1s4 − 387a
3
1s3−
− 516a31s2 − (696δ2 + 264)bs3s4 − (648δ2 + 486)s
2
3s4 − (600δ
2
2 + 1488δ2 − 264)s4s2−
− 128s32s5 − 756a1s4s5x− (552δ2 + 372)s3s
2
4 − (900δ
2
2 + 2232δ2 − 396)s2s3 − 48b
2s5δ2−
− 312bs4s5x− (600δ
2
2 + 1236δ2 − 180)s4s3 − (936δ2 + 312)a1bs4 − (936δ2 + 828)s2s
2
3−
− 160s2s
3
4 − 468a1bs5x− (675δ
3
2 + 2430δ
2
2 − 1185δ2 − 336)a1 − (1200δ2 + 1488)s
2
2x−
− 216s33s4− 384bs2s5x− (792δ2+840)a1s2s5− (600δ2+618)s5s3x− (600δ2+492)s5s4x−
− 384bs22s4 − (672δ2 + 672)s
2
2s4 − (336δ2 + 336)s
2
2s5 − (1050δ
2
2 + 780δ2 − 510)bx−
−(1050δ2+390)bx
2−(1008δ2+1008)s
2
2s3−(1404δ2+468)a1bs3−(210δ
2
2+156δ2−102)bs5−
− 504s22s
2
3 − (138δ2 + 54)bs
2
5 − (420δ
2
2 + 312δ2 − 204)bs4 − (312δ2 + 120)bs
2
4−
− 324s2s
3
3 − 288s
2
2s
2
4 − (630δ
2
2 + 468δ2 − 306)bs3 − (300δ
2
2 + 618δ2 − 90)s5s3 − 432a
2
1s
2
4−
− 384s32s3 − (750δ
2
2 + 2175δ2 − 435)x
2 − 657a21s
2
3 − 576a1s
3
2 − 256bs
3
2 − 405a1s
3
3−
− 444a21s2s5 − 90s
2
3s
2
5 − 64s
3
4s5 − 60s
2
4s
2
5 − 63a1s
3
5 − 44s2s
3
5 − 36s3s
3
5 − 28s4s
3
5 − 96b
2s22−
− 234ba21s5 − 256s
3
2s4 − 72b
2s23 − 48b
2s24 − 24b
2s25 − 162bs
3
3 − 80bs
3
4 − 22bs
3
5 − 888a
2
1s
2
2−
− 774a1s3s5x− (100δ
3
2 + 435δ
2
2 − 174δ2 − 57)s5 − 128s
4
2 − 81s
4
3 − 32s
4
4 − 936ba
2
1s2−
−1584a1s
2
2x−5s
4
5−792a1s2s3s5−720a1s2s4s5−684a1s3s4s5−528s2s3s4s5−360a1bs4s5−
−252s23s
2
4−336bs2s3s5−288bs2s4s5−264bs3s4s5−1296a1bs2s3−864a1bs2s4−792a1bs3s4−
− 1584a1s2s3s4 − 672bs2s3s4 − 432a1bs2s5 − 396a1bs3s5 − 672s
2
2s3s4 − 336s
2
2s3s5−
− 288s22s4s5 − 648s2s
2
3s4 − 324s2s
2
3s5 − 528s2s3s
2
4 − 204s2s3s
2
5 − 702ba
2
1s3−
− 438a21s3s5 − 240s2s
2
4s5 − 168s2s4s
2
5 − 252s
2
3s4s5 − 216s3s
2
4s5 − 144s3s4s
2
5 − 192a1b
2s2−
−1170ba21x−144a1b
2s3−96a1b
2s4−48a1b
2s5−144b
2s2s3−96b
2s2s4−48b
2s2s5−96b
2s3s4−
− 144s3s
3
4− 48b
2s3s5− 48b
2s4s5− 360a1bs
2
4− 288bs2s
2
4− 324bs
2
3s4− 264bs3s
2
4− 162a1bs
2
5−
− 192bs22s5 − 120bs2s
2
5 − 162bs
2
3s5 − 102bs3s
2
5 − 120bs
2
4s5 − 84bs4s
2
5 − 432a
2
1s4s5−
− 48b2s5x− 432a1s
2
2s5 − 720a1s2s
2
4 − 324a1s2s
2
5 − 810a1s
2
3s4 − 405a1s
2
3s5 − 684a1s3s
2
4−
− 1161a1s
2
3x− 279a1s3s
2
5 − 324a1s
2
4s5 − 234a1s4s
2
5 − 1332a
2
1s2s3 − 864a1bs
2
2 − 888a
2
1s2s4−
− 468ba21s4 − 876a
2
1s3s4 − 594a1bs
2
3 − 1296a1s
2
2s3 − 864a1s
2
2s4 − 1188a1s2s
2
3 − 576bs
2
2s3−
−120s22s
2
5−(1125δ
2
2+2745δ2−756)a
2
1−(348δ2+132)bs3s5−(228δ2+129)s3s
2
5−192b
2s2δ2
All coefficients of this polynomial are negative, so that f2 < 0 for a2 − a1 > δ2. 
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Lemma A.10. Suppose that f is the polynomial (6.10) and 1 + a2 + a3 6 a4 + a5 + a6.
If a2−a1 >
23
25
, then f < 0. Similarly, if a2−a1 >
9
10
, then f(a1, a2, a3, a4, a5, a6, 1, b) < 0.
Proof. Let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then g1(a1, x+
23
25
, s2, s3, s4, s5, s6, b) equals
697537
390625
−
525238
3125
a1 −
2188576
15625
s2 −
1753178
15625
s3 −
1318269
15625
s4 −
176672
3125
s5 +⋆,
where ⋆ is the polynomial
−
25132
15625
b−
2623974
15625
x− 231a1bs2s3 −
423
2
a1s2s3s4 − 174a1bs2s4−
−
109
2
a31b− 15a
2
1b
2 −
27763
100
a31 −
1076637
2500
a21 −
5988
25
ba21 −
147
625
b2 −
99624
625
ba1−
−
225
2
a1s2s3s6 − 99a1s2s4s6 −
171
2
a1s2s5s6 − 81a1s3s4s6 −
135
2
a1s3s5s6−
−54a1bs3s6−48a1bs4s6−42a1bs5s6−42bs2s3s6−36bs2s4s6−30bs2s5s6−30bs3s4s6−24bs3s5s6−
−
247
4
a31s3 −
157
2
a31s2 − 7a
4
1 −
153867
1250
a1s6 −
3429
125
bs6 −
62037
625
s6s2 −
113001
1250
s6s3−
− 18bs4s5s6 −
828
25
a1b
2 −
109
4
a31s6 −
155
4
a31s5 −
201
4
a31s4 −
90867
1250
s6s5−
−
193749
2500
s25 −
216831
1250
s5s4 −
239913
1250
s5s3 −
262029
1250
s5s2 −
321279
1250
s5a1 −
50967
625
s6s4−
−
82932
625
s24 −
26319
100
a21s5 −
1977
5
a21s4 −
52761
100
a21s3 −
66387
100
a21s2 −
33984
625
bs5−
−105a1bs3s5−96a1bs4s5−120bs2s3s4−81bs2s3s5−72bs2s4s5−60bs3s4s5−
135
2
s2s3s4s5−
−
50823
625
bs4 −
67662
625
bs3 −
84507
625
bs2 −
6549
50
a21s6 −
488691
1250
a1s4 −
14673
50
s3s4−
− 51a1s4s5s6 − 51s2s3s4s6 −
87
2
s2s3s5s6 − 33s2s4s5s6 − 24s3s4s5s6 − 60a1bs2s6 −
798
25
s26−
−
493737
2500
s23 −
537939
1250
s3s2 −
656103
1250
s3a1 −
199992
625
s2s4 −
168492
625
s22 −
822579
1250
a1s2−
−
237
4
s2x
3 −
49503
100
s2x
2 −
93
2
s3x
3 −
39309
100
s3x
2 −
153
4
s4x
3 −
7383
25
s4x
2 −
171
2
s22x
2−
− 117a1bs2s5 − 162a1s2s3s5 −
321
2
a1s2s4s5 −
255
2
a1s3s4s5 − 156a1bs3s4−
−
11208
25
s22x− 57s
2
3x
2−
31113
100
s23x−
117
2
s32x− 30s5x
3−
3951
20
s5x
2−
207
4
s24x
2−
10611
50
s24x−
−
5424
25
bx2 −
4989
50
s6x
2 −
75
4
s26x
2 −
99
2
s26x− 12s
3
5x−
339
2
a21x
2 −
405
4
a1x
3 −
14289
20
a1x
2−
−
56829
250
s5x−
80013
100
a21x−
101352
625
bx−
433143
1250
s4x−
582141
1250
s3x−
197811
250
a1x−
730197
1250
s2x−
−
45
2
s33x−
87
4
s6x
3−39s25x
2−
12501
100
s25x−24s
3
4x−18b
2x2−
828
25
b2x−
381
4
a31x−
135147
1250
s6x−
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−
19899
100
x3−18x4−
291
2
a1s2s6x−
261
2
a1s3s6x−
183
2
s2s3s6x−117a1s4s6x−81s2s4s6x−
−
207
2
a1s5s6x−
141
2
s2s5s6x− 66s3s4s6x−
111
2
s3s5s6x− 42s4s5s6x− 66a1bs6x−
− 48bs3s6x− 42bs4s6x− 36bs5s6x− 357a1s2s3x− 321a1bs2x− 255a1bs3x− 207bs2s3x−
−
117
2
bx3 −
573
2
a1s2s4x−
513
2
a1s3s4x−
303
2
s2s3s4x− 192a1bs4x− 156bs2s4x−
− 129a1bs5x− 105bs2s5x− 216a1s2s5x−
387
2
a1s3s5x−
243
2
s2s3s5x−
387
2
a1s4s5x−
− 138bs3s4x− 93bs3s5x− 84bs4s5x−
249
2
s2s4s5x−
195
2
s3s4s5x−
237
4
s6s2x
2−
− 54bs2s6x− 15bs
2
6x− 15s4s
2
6x−
303
4
s5s4x
2 −
441
2
a21s3x−
231
4
s23s4x−
552
25
b2s3−
− 24b2s3x−
105
2
s22s6x−
153
4
s23s6x− 48s
2
3s5x−
387
4
a1s
2
5x−
17667
25
a1s4x−
15
2
s5s
2
6x−
−
633
4
a1s4x
2 − 45a1s
2
6x−
11676
25
ba1x−
414
25
b2s4 − 18b
2s4x−
99
2
s3s
2
5x−
321
4
a1s6x
2−
−
5904
25
a1s6x− 30s2s
2
6x− 237a1s
2
2x−
213
4
s6s3x
2 −
4488
25
s6s2x−
57
4
s25s6x−
− 99a1s
2
2s5 − 36a1b
2x−
336
5
bs6x−
1119
4
a21s2x−
255
4
s2s
2
5x−
99
2
s24s5x−
129
2
s3s
2
4x−
−
138
25
b2s6 − 6b
2s6x−
276
25
b2s5 − 12b
2s5x−
387
2
ba1x
2 −
351
4
a21s6x− 30bs6x
2−
−
705
4
a21s4x−
23571
50
s5a1x−
507
4
s3s2x
2 −
35211
50
s3s2x−
417
4
s2s4x
2 −
13233
25
s2s4x−
−
375
4
s3s4x
2−468s3s4x−120s
2
2s3x−
195
2
s22s4x−
363
4
s2s
2
3x−87bs4x
2−
5352
25
bs4x−
117
2
bs5x
2−
−
3516
25
bs5x−132a
2
1s5x−
477
4
s5a1x
2−
327
4
s5s2x
2−
17721
50
s5s2x−
147
2
s5s3x
2−
15687
50
s5s3x−
−75s22s5x−135a1s
2
4x−
183
2
bs23x−63bs
2
4x−
387
2
ba21x−
231
2
bs3x
2−
171
4
s6s5x
2−
2979
25
s6s5x−
−
7047
25
s5s4x−
171
4
s4s
2
5x−
138
5
b2s2 − 30b
2s2x−
75
2
bs25x−
639
4
a1s
2
3x−
47097
50
s3a1x−
− 132bs22x−
45
2
s3s
2
6x− 27s
2
4s6x−
291
2
bs2x
2 −
9018
25
bs2x−
789
4
s3a1x
2 − 84s2s
2
4x−
−
501
2
a1s2x
2−
59271
50
a1s2x−48s6s4x
2−
3483
25
s6s4x−
3987
25
s6s3x−
7188
25
bs3x−
878253
2500
x2−
− 6b2s25 − 3b
2s26 −
609
10
a1s
2
6 −
4161
25
bs22 −
3042
25
bs23 −
2049
25
bs24 − 48bs
2
5 −
99
5
bs26−
−
1632
5
s22s3 −
1221
5
s22s4 − 162s
2
2s5 −
399
5
s22s6 −
27099
100
s2s
2
3 −
4557
25
s2s
2
4−
− 21bs4s
2
5 − 18a1bs
2
6 − 24bs
2
2s6 − 12bs2s
2
6 − 18bs
2
3s6 − 9bs3s
2
6 − 12bs
2
4s6 − 6bs4s
2
6−
−
4347
25
s23s4 −
11691
100
s23s5 −
2997
50
s23s6 −
7617
50
s3s
2
4 −
4527
50
s24s5 −
996
25
s24s6−
−
5766
25
a1bs4 −
105
4
a21s
2
6 − 12s
2
2s
2
6 −
27
4
s23s
2
6 − 8s
3
4s5 − 4s
3
4s6 −
39
4
s24s
2
5−
−
14187
25
a1s3s4 −
18951
50
a1s3s5 −
8538
25
a1s4s5 −
807
4
a21s2s3 − 147a1bs
2
2 −
645
4
a21s2s4−
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− 168a1s
2
2s3 − 3s
2
4s
2
6 −
2103
20
s2s
2
5 −
198
5
s2s
2
6 −
8529
100
s3s
2
5 −
297
10
s3s
2
6 −
1752
25
s4s
2
5−
−
267
2
a1s
2
2s4 −
261
4
a1s
2
3s5 −
99
5
s4s
2
6 −
59
4
a1s
3
5 −
37
4
s2s
3
5 −
13
2
s3s
3
5 −
21
4
s4s
3
5 −
5
4
s35s6−
−18b2s2s4−12b
2s2s5−6b
2s2s6−18b
2s3s4−12b
2s3s5−6b
2s3s6−12b
2s4s5−6b
2s4s6−6b
2s5s6−
−
483
4
a21s2s5−111a1s2s
2
4−
159
2
a1s
3
2−
309
4
a21s
2
4−
135
4
a1s
3
3−42bs
3
2−
45
2
bs33−
75
2
s32s3−30s
3
2s4−
−
585
4
a21s3s4 − 12b
2s23 − 9b
2s24 − 15s
4
2 −
3558
25
s32 −
1539
20
s33 −
1177
25
s34 − 3s
4
4 − s
4
5 −
1829
100
s35−
−
219
2
a21s3s5 −
45
2
s32s5 −
69
2
s22s
2
3 − 33s
2
2s
2
4 −
45
4
s2s
3
3 −
111
2
a21s
2
5 − 31a1s
3
4 − 15s
3
2s6−
− 42s2s3s
2
4 −
51
2
s22s
2
5 − 17s2s
3
4 −
9
4
s33s4 −
9
2
s33s5 −
27
4
s33s6 −
39
4
s23s
2
4 − 12s
2
3s
2
5−
−
321
4
a21s2s6 − 10s3s
3
4 −
13476
25
a1s
2
2 −
37797
100
a1s
2
3 −
2577
10
a1s
2
4 −
15201
100
a1s
2
5 − 15b
2s22−
−
291
4
a21s3s6 −
45
4
s2s
2
5s6 −
33
4
s3s
2
5s6 − 6s4s
2
5s6 − 9a1s5s
2
6 − 6s2s5s
2
6 −
9
2
s3s5s
2
6−
−
129
2
a1s
2
2s6 −
2493
25
s3s4s6 − 3s4s5s
2
6 −
87
2
a1bs
2
5 −
63
2
bs2s
2
5 −
51
2
bs3s
2
5 − 27bs
2
4s5−
−
261
2
a1s2s
2
3 −
993
50
s25s6 −
3
4
s25s
2
6 −
99
10
s5s
2
6 − 14bs
3
4 −
11
2
bs35 −
267
2
a21s
2
2 −
183
2
a21s
2
3−
−66a21s4s6−6bs
2
5s6−3bs5s
2
6−30a1b
2s2−24a1b
2s3−18a1b
2s4−12a1b
2s5−6a1b
2s6−24b
2s2s3−
−
5334
25
a1s2s6 −
4764
25
a1s3s6 −
4191
25
a1s4s6 −
3618
25
a1s5s6 −
9708
25
a1bs2 −
1548
5
a1bs3−
−
237
4
a21s5s6−
3792
25
a1bs5−
1818
25
a1bs6−
6636
25
bs2s3−
4938
25
bs2s4−
648
5
bs2s5−
1542
25
bs2s6−
−
4524
25
bs3s4 −
2964
25
bs3s5 −
1404
25
bs3s6 −
2682
25
bs4s5 −
1266
25
bs4s6 −
1128
25
bs5s6−
−
333
4
a1s
2
3s4 − 36s2s
2
4s5 − 21s2s
2
4s6 −
129
4
s2s4s
2
5 −
75
4
s23s4s5 − 18s
2
3s4s6 −
63
4
s23s5s6−
−
10197
25
s2s3s4 −
13689
50
s2s3s5 −
3492
25
s2s3s6 −
6051
25
s2s4s5 −
2988
25
s2s4s6 −
1011
5
s3s4s5−
−36a1s2s
2
6−27a1s3s
2
6−18a1s4s
2
6−18s2s3s
2
6−12s2s4s
2
6−9s3s4s
2
6−9s
2
4s5s6−
2484
25
s2s5s6−
−
1989
25
s3s5s6−
1491
25
s4s5s6−
69
4
a1s
2
5s6−72bs
2
2s4−48bs
2
2s5−
159
2
bs2s
2
3−54bs2s
2
4−51bs
2
3s4−
−
441
4
a21s4s5−
69
2
bs23s5−45bs3s
2
4−
117
2
s22s3s4−48s
2
2s3s5−
99
2
s22s4s5−
129
4
s2s
2
3s4−
123
4
s2s
2
3s5−
−
159
2
a1s2s
2
5 −
189
4
a1s
2
3s6 −
249
4
a1s3s
2
5 − 63a1s
2
4s5 − 33a1s
2
4s6 −
213
4
a1s4s
2
5−
−87a1s3s
2
4−
207
2
a1bs
2
3−−72a1bs
2
4−
75
2
s22s3s6−33s
2
2s4s6−
57
2
s22s5s6−
117
4
s2s
2
3s6−
147
4
s2s3s
2
5−
−
45
2
s3s
2
4s5 − 15s3s
2
4s6 −
87
4
s3s4s
2
5 −
42447
50
a1s2s3 −
15927
25
a1s2s4 −
21261
50
a1s2s5−
− 96bs22s3 − 33ba
2
1s6 −
129
2
ba21s5 − 96ba
2
1s4 −
255
2
ba21s3 −
321
2
ba21s2 −
448451
15625
s6.
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All coefficients of the this polynomial are negative. But 2s4+3s3+2s2+ s5+ s1+a1 > 1.
This follows from 1+a2+a3 6 a4+a5+a6. So, if s1 >
23
25
, then 2s4+3s3+2s2+s5+a1 >
2
25
.
This inequality implies that 697537
390625
− 525238
3125
a1−
2188576
15625
s2−
1753178
15625
s3−
1318269
15625
s4−
176672
3125
s5 < 0.
Thus, we see that f(a1, a2, a3, a4, a5, a6, a7, b) < 0 provided that a2 − a1 >
23
25
= 0.92.
As above, we let f2 = f(a1, a2, a3, a4, a5, a6, 1, b) and we let g2(a1, s1, s2, s3, s4, s5, b) = f̂2.
Then g2(a1, x+
9
10
, s2, s3, s4, s5, b) =
8153
4000
− 528843
4000
a1−
423107
4000
s2−
9912
125
s3−
6608
125
s4−
3304
125
s5+ for
 = −108a1s2s3s4−102a1bs2s4−
2513
2000
b−
52903
400
x−153a1bs2s3−51a1bs2s5−54a1s2s3s5−
−
117
2
bs23x− 30bs2s4s5− 24bs3s4s5− 21s2s3s4s5− 27a1b
2 −
55
4
a31s5−
55
2
a31s4−
165
4
a31s3−
− 75a1s
2
4x−
119
2
a31s2 − 6a
4
1 −
891
25
s25 −
16137
200
s5s4 −
9009
100
s5s3 −
39411
400
s5s2 −
48477
400
s5a1−
−
165
4
a1s
2
5x−
16137
200
s24 −
1173
10
a21s5 −
1173
5
a21s4 −
3519
10
a21s3 −
18927
40
a21s2 −
5211
200
bs5−
−
135
2
a1s3s5x−
5211
100
bs4 −
15633
200
bs3 −
20847
200
bs2 −
48477
200
a1s4 −
9009
50
s3s4 −
27027
200
s23−
− 60a1s2s4s5 − 45a1s3s4s5 − 90a1bs3s4 − 45a1bs3s5 − 42a1bs4s5 − 66bs2s3s4 − 33bs2s3s5−
− 27s22s5x−
118233
400
s3s2 −
145431
400
s3a1 −
39411
200
s2s4 −
39219
200
s22 −
12096
25
a1s2 −
79
2
a31b−
− 171a1bs3x− 12a
2
1b
2 −
8159
40
a31 −
8211
25
a21 −
3669
20
ba21 −
3
20
b2 −
25491
200
ba1 −
183
4
s2x
3−
− 36bs24x−
13941
40
s2x
2 −
63
2
s3x
3 −
2583
10
s3x
2 − 21s4x
3 −
861
5
s4x
2 −
129
2
s22x
2 −
1563
5
s22x−
−
291
2
ba21x−36s
2
3x
2−
3951
20
s23x−45s
3
2x−
21
2
s5x
3−
861
10
s5x
2−
57
2
s24x
2−
1203
10
s24x−
27
2
s33x−
−
33
2
s25x
2−
1089
20
s25x−14s
3
4x−15b
2x2−27b2x−
311
4
a31x−
21393
200
s5x−
11889
20
a21x−
26061
200
bx−
−
21393
100
s4x−
64179
200
s3x−
241641
400
a1x−
170769
400
s2x−
3339
20
bx2 −
11
2
s35x−
273
2
a21x
2−
−
153
2
bs3x
2−135a1s3s4x−75s2s3s4x−114a1bs4x−90bs2s4x−57a1bs5x−45bs2s5x−78a1s2s5x−
−
1317
10
s5s3x−
327
4
a1x
3−
21189
40
a1x
2−
87
2
bx3−
585
4
x3− 15x4− 234a1s2s3x− 231a1bs2x−
− 156a1s2s4x−
75
2
s2s3s5x− 75a1s4s5x− 78bs3s4x− 39bs3s5x− 36bs4s5x− 45s2s4s5x−
−
351
2
a1s
2
2x− 30a1b
2x−
843
4
a21s2x−
105
4
s2s
2
5x− 21s
2
4s5x− 33s3s
2
4x−
27
5
b2s5−
−33s3s4s5x−135bs2s3x−
4173
10
a1s4x−
177
2
a1s4x
2−
3609
10
ba1x−
54
5
b2s4−12b
2s4x−
39
2
s3s
2
5x−
−18a1b
2s3−12a1b
2s4−6a1b
2s5−18b
2s2s3−12b
2s2s4−6b
2s2s5−12b
2s3s4−6b
2s3s5−6b
2s4s5−
−
3039
10
s2s4x−48s3s4x
2−
1317
5
s3s4x−81s
2
2s3x−54s
2
2s4x−
225
4
s2s
2
3x−51bs4x
2−
669
5
bs4x.
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−
57
2
s5s4x
2 −
51
2
bs5x
2 −
669
10
bs5x−
99
2
a21s5x−
177
4
s5a1x
2 −
111
4
s5s2x
2 −
3039
20
s5s2x−
−
1857
5
a1s2s4−6b
2s5x−
291
2
ba1x
2−99a21s4x−
4173
20
s5a1x−
333
4
s3s2x
2−
9117
20
s3s2x−
111
2
s2s4x
2−
−
27
2
s2s4s
2
5−24s5s3x
2−
1203
10
s5s4x−18s4s
2
5x−
108
5
b2s2−24b
2s2x−
33
2
bs25x−
405
4
a1s
2
3x−
−93bs22x−
207
2
bs2x
2−
2673
10
bs2x−
531
4
s3a1x
2−45s2s
2
4x−189a1s2x
2−
8427
10
a1s2x−
2007
10
bs3x−
−
87
2
a21s4s5 −
10659
40
x2 − 3b2s25 −
1227
10
bs22 −
1683
20
bs23 −
252
5
bs24 −
447
20
bs25 −
1062
5
s22s3−
−
297
2
a21s3x− 42a1bs
2
4−
708
5
s22s4−
354
5
s22s5−
1341
8
s2s
2
3−
201
2
s2s
2
4−
459
5
s23s4−
459
10
s23s5−
− 63bs22s3 −
807
10
s3s
2
4 −
399
10
s24s5 − 4s
3
4s5 −
9
2
s24s
2
5 −
357
8
s2s
2
5 −
174
5
s3s
2
5 −
297
10
s4s
2
5−
−
9
2
s23s4s5−
57
2
ba21s5−
27
4
a1s
3
5−
17
4
s2s
3
5−3s3s
3
5−
5
2
s4s
3
5−8bs
3
4−
5
2
bs35−99a
2
1s
2
2−
117
2
a21s
2
3−
−15s2s
2
4s5−57ba
2
1s4−60a1s
3
2−
87
2
a21s
2
4−
81
4
a1s
3
3−30bs
3
2−
27
2
bs33−27s
3
2s3−18s
3
2s4−9s
3
2s5−
−
171
2
ba21s3 −
45
2
s22s
2
3 − 18s
2
2s
2
4 −
27
4
s2s
3
3 − 24a
2
1s
2
5 − 18a1s
3
4 −
21
2
s22s
2
5 − 10s2s
3
4 −
9
2
s23s
2
4−
− 27s23s4x−
231
2
ba21s2 −
9
2
s23s
2
5 − 6s3s
3
4 −
7599
20
a1s
2
2 −
1953
8
a1s
2
3 −
297
2
a1s
2
4 −
537
8
a1s
2
5−
−
75
2
a1s
2
2s5−
5571
10
a1s2s3−12b
2s22−9b
2s23−6b
2s24−12s
4
2−
201
2
s32−
459
10
s33−
133
5
s34−2s
4
4−
1
2
s45−
−
81
2
a1s
2
3s4−39a
2
1s3s5−
41
5
s35−
39
2
a1bs
2
5−
27
2
bs2s
2
5−
21
2
bs3s
2
5−12bs
2
4s5−9bs4s
2
5−24a1b
2s2−
−9s3s
2
4s5−9s3s4s
2
5−
2889
10
a1bs2−
2169
10
a1bs3−
723
5
a1bs4−
723
10
a1bs5−
369
2
bs2s3−123bs2s4−
−
177
4
a21s2s5 −
561
5
bs3s4 −
561
10
bs3s5 −
252
5
bs4s5 −
447
2
s2s3s4 −
447
4
s2s3s5 −
201
2
s2s4s5−
−75a1s
2
2s4−45a1s3s
2
4−
807
10
s3s4s5−42bs
2
2s4−21bs
2
2s5−
99
2
bs2s
2
3−30bs2s
2
4−27bs
2
3s4−
27
2
bs23s5−
−
81
5
b2s3−
81
4
a1s
2
3s5− 24bs3s
2
4− 30s
2
2s3s4− 15s
2
2s3s5 − 18s
2
2s4s5−
27
2
s2s
2
3s4−
27
4
s2s
2
3s5−
−
27
2
s23s5x−18b
2s3x−81a1s2s
2
3−21s2s3s
2
4−33a1s2s
2
5−
99
4
a1s3s
2
5−27a1s
2
4s5−
45
2
a1s4s
2
5−
57
4
s2s3s
2
5−
−
1857
10
a1s2s5 −
651
2
a1s3s4 −
651
4
a1s3s5 −
297
2
a1s4s5 −
12519
20
s3a1x−
123
2
bs2s5−
−
135
2
a1bs
2
3 − 60a1s2s
2
4 −
531
4
a21s2s3 − 105a1bs
2
2 −
177
2
a21s2s4 − 78a
2
1s3s4 −
225
2
a1s
2
2s3.
If s1 >
9
10
, then 2s4+3s3+2s2+ s5+ a1 >
1
10
, which gives f(a1, a2, a3, a4, a5, a6, 1, b) < 0,
because  6 0 and 8153
4000
− 528843
4000
a1 −
423107
4000
s2 −
9912
125
s3 −
6608
125
s4 −
3304
125
s5 < 0. 
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Lemma A.11. Suppose that f is the polynomial (6.11) and a3 + a5 + a6 > 1 + a2 + a4.
If a2−a1 >
23
25
, then f < 0. Similarly, if a2−a1 >
9
10
, then f(a1, a2, a3, a4, a5, a6, 1, b) < 0.
Proof. Let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then
g1(a1, x+
23
25
, s2, s3, s4, s5, s6, b) =
697374
390625
+
1
2
s43 +
9
8
s33s4−
−
1050381
6250
a1 −
2188092
15625
s2 −
28047
250
s3 −
1317783
15625
s4 −
353247
6250
s5 +⋆,
where ⋆ is the following polynomial with negative coefficients:
−
189
2
ba21s4 −
507
4
ba21s3 − 159ba
2
1s2 −
255
4
ba21s5 − 33ba
2
1s6 − 144a1bs
2
2 −
411
4
a1bs
2
3−
− 93bs22s3 − 66bs
2
2s4 − 45bs
2
2s5 − 78bs2s
2
3 − 48bs2s
2
4 −
99
2
bs23s4 −
135
4
bs23s5 − 42bs3s
2
4−
− 24bs24s5 −
171
4
a1bs
2
5 − 30bs2s
2
5 −
99
4
bs3s
2
5 −
39
2
bs4s
2
5 −
1491
8
a21s2s3 −
537
4
a21s2s4−
−
855
8
a21s2s5 −
1053
8
a21s3s4 −
777
8
a21s4s5 − 144a1s
2
2s3 − 93a1s
2
2s4 − 78a1s
2
2s5−
−
939
8
a1s2s
2
3 −
147
2
a1s2s
2
4 −
567
8
a1s
2
3s4 −
471
8
a1s
2
3s5 − 66a1s3s
2
4 − 45a1s
2
4s5−
− 18bs23s6 −
555
8
a1s2s
2
5 −
453
8
a1s3s
2
5 −
351
8
a1s4s
2
5 −
9714
25
a1bs2 −
7743
25
a1bs3−
−
5772
25
a1bs4 −
759
5
a1bs5 −
6642
25
bs2s3 − 198bs2s4 −
3246
25
bs2s5 −
906
5
bs3s4−
−
2967
25
bs3s5 −
2688
25
bs4s5 −
42039
50
a1s2s3 −
15504
25
a1s2s4 −
20841
50
a1s2s5−
−
2796
5
a1s3s4 −
37491
100
a1s3s5 − 333a1s4s5 − 27s
2
2s3s4 −
63
2
s22s3s5 − 24s
2
2s4s5−
− 102a21s3s5 −
57
4
s2s
2
3s4 −
171
8
s2s
2
3s5 −
27
2
s2s3s
2
4 −
231
8
s2s3s
2
5 −
27
2
s2s
2
4s5−
−
81
4
s2s4s
2
5 −
81
8
s23s4s5 − 9s3s
2
4s5 −
117
8
s3s4s
2
5 −
9756
25
s2s3s4 −
13251
50
s2s3s5−
−
5598
25
s2s4s5 −
4833
25
s3s4s5 −
5337
25
a1s2s6 −
9531
50
a1s3s6 −
4194
25
a1s4s6−
−
159
2
a21s2s6 −
579
8
a21s3s6 −
261
4
a21s4s6 −
471
8
a21s5s6 − 63a1s
2
2s6 − 36a1s2s
2
6−
−
375
8
a1s
2
3s6 − 27a1s3s
2
6 −
63
2
a1s
2
4s6 − 18a1s4s
2
6 − 18a1bs
2
6 − 24bs
2
2s6 − 12bs2s
2
6−
− 9bs3s
2
6 − 12bs
2
4s6 − 6bs4s
2
6 − 36s
2
2s3s6 − 30s
2
2s4s6 − 27s
2
2s5s6 −
57
2
s2s
2
3s6−
− 3s4s5s
2
6 − 6bs
2
5s6 − 3bs5s
2
6 − 30a1b
2s2 − 24a1b
2s3 − 18a1b
2s4 − 24b
2s2s3 − 18b
2s2s4−
− 69a1bs
2
4 − 18s2s
2
4s6 −
69
4
s23s4s6 −
123
8
s23s5s6 −
27
2
s3s
2
4s6 −
15
2
s24s5s6−
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− 18b2s3s4 − 12a1b
2s5 − 12b
2s3s5 − 12b
2s4s5 − 6a1b
2s6 − 6b
2s2s6 − 6b
2s3s6−
−
699
5
s2s3s6 −
2994
25
s2s4s6 −
2487
25
s2s5s6 −
2496
25
s3s4s6 −
3981
50
s3s5s6−
−
135
8
a1s
2
5s6 −
21
2
s2s
2
5s6 −
63
8
s3s
2
5s6 −
21
4
s4s
2
5s6 −
7239
50
a1s5s6−
−
1494
25
s4s5s6 − 9a1s5s
2
6 − 18s2s3s
2
6 − 12s2s4s
2
6 − 6s2s5s
2
6 − 9s3s4s
2
6 −
9
2
s3s5s
2
6−
− 6b2s4s6 − 6b
2s5s6 −
1818
25
a1bs6 −
1542
25
bs2s6 −
1404
25
bs3s6 −
1266
25
bs4s6−
− 66a1bs6x−
1128
25
bs5s6 −
25134
15625
b−
5247471
31250
x−
798
25
s26 −
45432
625
s6s5−
− 204bs2s3x−
50964
625
s6s4 −
56499
625
s6s3 −
62034
625
s6s2 −
76932
625
s6a1 −
448452
15625
s6−
− 54bs2s6x−
200946
625
s4s2 −
244809
625
s4a1 −
247101
1250
s23 −
269439
625
s3s2 −
656559
1250
s3a1−
− 42bs2s3s6 −
168966
625
s22 −
3294
5
s2a1 −
97113
1250
s25 −
108894
625
s5s4 −
120192
625
s5s3−
−
26298
125
s5s2 −
321741
1250
s5a1 −
83412
625
s24 −
36777
125
s4s3 −
231
2
a1s4s6x−
−
411
4
a1s5s6x− 48bs3s6x− 42bs4s6x− 36bs5s6x− 90s2s3s6x− 78s2s4s6x− 69s2s5s6x−
−
129
2
s3s4s6x−
219
4
s3s5s6x−
81
2
s4s5s6x− 318a1bs2x−
507
2
a1bs3x− 189a1bs4x−
− 150bs2s4x− 102bs2s5x− 135bs3s4x−
183
2
bs3s5x− 81bs4s5x−
1311
4
a1s2s3x−
−
471
2
a1s2s4x−
759
4
a1s2s5x−
915
4
a1s3s4x−
717
4
a1s3s5x−
675
4
a1s4s5x−
−
219
2
s2s3s4x−
399
4
s2s3s5x−
177
2
s2s4s5x−
309
4
s3s4s5x− 144a1s2s6x−
519
4
a1s3s6x−
− 30bs2s5s6 − 30bs3s4s6 − 24bs3s5s6 − 18bs4s5s6 − 48s2s3s4s6 − 42s2s3s5s6−
− 30s2s4s5s6 −
45
2
s3s4s5s6 − 228a1bs2s3 − 168a1bs2s4 − 153a1bs3s4 − 114a1bs2s5−
−
207
2
a1bs3s5 − 93a1bs4s5 − 114bs2s3s4 − 78bs2s3s5 − 66bs2s4s5 − 57bs3s4s5−
−
255
2
a1bs5x−
333
2
a1s2s3s4 −
555
4
a1s2s3s5 −
243
2
a1s2s4s5 −
423
4
a1s3s4s5−
−
75
2
s2s3s4s5 − 111a1s2s3s6 − 96a1s2s4s6 − 84a1s2s5s6 −
159
2
a1s3s4s6−
−
267
4
a1s3s5s6 −
99
2
a1s4s5s6 − 60a1bs2s6 − 54a1bs3s6 − 48a1bs4s6 − 42a1bs5s6−
− 36bs2s4s6 −
9786
25
a21s4 −
105141
200
a21s3 −
65997
100
a21s2 −
50817
625
bs4 −
67659
625
bs3−
− 12b2s2s5 −
84501
625
bs2 −
357
8
a31s4 −
469
8
a31s3 −
581
8
a31s2 −
49
8
a41 −
217
4
a31b−
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− 15a21b
2 −
11081
40
a31 −
269271
625
a21 −
11979
50
ba21 −
147
625
b2 −
99621
625
ba1−
−
9
8
s35s6 − 10s
4
2 −
682
5
s32 −
15251
200
s33 −
1023
25
s34 −
3
4
s45 −
3507
200
s35−
−
39671
200
x3 −
69
4
x4 − 111a1s
2
4x−
273
8
s4s
2
5x− 30bs6x
2 −
2103
8
a21s2x−
−
99
5
s4s
2
6 −
771
4
ba1x
2 −
423
2
a21s3x−
891
8
s5a1x
2 −
12804
25
s4s2x−
459
4
bs3x
2−
−
7191
25
bs3x−
363
4
bs23x−
771
4
ba21x− 42s
2
3s5x−
903
8
s3s2x
2 −
513
8
s5s4x
2−
−
177
4
s3s
2
5x− 60bs
2
4x−
93807
100
s3a1x−
1509
8
s3a1x
2 −
1215
8
a1s
2
3x−
699
8
a21s6x−
−
555
8
s5s2x
2 −
267
4
s5s3x
2 −
3519
25
bs5x−
231
4
bs5x
2 −
1143
8
s4a1x
2 −
495
4
a21s5x−
−
369
8
s23s4x−
321
4
s4s2x
2 −
639
8
s6a1x
2 − 45a1s
2
6x−
1875
8
s2a1x
2 −
2355
2
s2a1x−
− 15s4s
2
6x−
15
2
s5s
2
6x−
828
25
a1b
2 − 36a1b
2x−
138
5
b2s2 − 30b
2s2x−
552
25
b2s3−
− 24b2s3x−
414
25
b2s4 − 18b
2s4x−
276
25
b2s5 − 12b
2s5x−
138
25
b2s6 − 6b
2s6x−
336
5
bs6x−
−
99
2
s2s
2
4x−
171
2
bs4x
2 −
5358
25
bs4x− 129bs
2
2x− 210a1s
2
2x− 144bs2x
2 −
9024
25
bs2x−
−
17466
25
s4a1x−
11679
25
ba1x− 15bs
2
6x− 45s3s
2
4x−
435
8
s2s
2
5x−
117
2
s6s2x
2−
−
1989
100
s25s6 −
4491
25
s6s2x−
1281
8
a21s4x−
11811
50
s6a1x−
195
2
s22s3x−
3459
10
s5s2x−
−
3
4
s25s
2
6 −
627
8
s2s
2
3x−
34797
50
s3s2x−
147
4
bs25x−
723
8
a1s
2
5x−
30957
100
s5s3x−
−
423
8
s6s3x
2 −
7977
50
s6s3x−
46743
100
s5a1x−
6831
25
s5s4x− 33s
2
4s5x−
111
2
s22s5x−
−
645
8
s4s3x
2 −
2298
5
s4s3x− 60s
2
2s4x−
189
4
s6s4x
2 −
3486
25
s6s4x−
339
8
s6s5x
2−
− 51s22s6x−
303
8
s23s6x−
51
2
s24s6x−
111
8
s25s6x− 30s2s
2
6x−
175
4
s3x
3−
−
3129
8
s3x
2 −
267
8
s4x
3 −
7281
25
s4x
2 −
55
2
s5x
3 −
7821
40
s5x
2 −
291
4
s22x
2−
−
439353
1250
x2 −
21993
50
s22x−
213
4
s23x
2 −
61821
200
s23x−
81
2
s24x
2 −
5088
25
s24x− 36s
2
5x
2−
−
24573
200
s25x− 45s
3
2x−
81
4
s33x−
27
2
s34x−
9981
100
s6x
2 −
173
8
s6x
3 −
21
2
s35x−
−
75
4
s26x
2 −
99
2
s26x− 18b
2x2 −
828
25
b2x−
67572
625
s6x−
217038
625
s4x−
11652
25
s3x−
−
49101
100
s2x
2 −
1317
8
a21x
2 −
785
8
a1x
3 −
28503
40
a1x
2 −
233
4
bx3 −
10851
50
bx2 −
433
8
s2x
3−
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−
28461
125
s5x−
197901
250
a1x−
159657
200
a21x−
101349
625
bx−
735
8
a31x−
−
45
2
s3s
2
6x−
129
2
a21s
2
4 − 65a1s
3
2 −
251
8
a1s
3
3 −
39
2
a1s
3
4 −
417
8
a21s
2
5 −
4167
25
bs22−
−
99
10
s5s
2
6 − 3b
2s26 −
99
5
bs26 − 40bs
3
2 −
89
4
bs33 − 12bs
3
4 −
477
4
a21s
2
2 −
699
8
a21s
2
3−
−
10449
40
a21s5 −
6087
50
bs23 −
411
5
bs24 −
5307
10
a1s
2
2 −
15039
40
a1s
2
3 −
6228
25
a1s
2
4−
−
287
8
a31s5 − 26s
3
2s3 − 12s
3
2s4 − 13s
3
2s5 −
99
4
s22s
2
3 − 9s
2
2s
2
4 −
75
4
s22s
2
5 −
61
8
s2s
3
3−
−
365562
625
s2x− 3s2s
3
4 −
11
4
s33s5 −
3
2
s23s
2
4 −
39
4
s23s
2
5 −
3
2
s3s
3
4 −
3177
10
s22s3−
−
1131
5
s22s4 −
7653
50
s22s5 −
26673
100
s2s
2
3 −
4101
25
s2s
2
4 −
4239
25
s23s4−
−
33981
625
bs5 −
22953
200
s23s5 −
717
5
s3s
2
4 −
105
4
a21s
2
6 − 14s
3
2s6 −
53
8
s33s6 −
3
2
s34s5−
− 3s34s6 −
9
2
s24s
2
5 −
105
8
a1s
3
5 −
57
8
s2s
3
5 −
21
4
s3s
3
5 −
27
8
s4s
3
5−
−
29979
200
a1s
2
5 −
1998
25
s22s6 −
2013
20
s2s
2
5 −
5997
100
s23s6 −
16617
200
s3s
2
5−
−
2034
25
s24s5 −
999
25
s24s6 −
1638
25
s4s
2
5 − 12s
2
2s
2
6 −
27
4
s23s
2
6 − 3s
2
4s
2
6−
−
21
4
bs35 − 15b
2s22 − 12b
2s23 − 9b
2s24 − 6b
2s25 −
2403
50
bs25 −
609
10
a1s
2
6−
−
5961
50
s6s5x−
198
5
s2s
2
6 −
297
10
s3s
2
6 −
217
8
a31s6 −
13101
100
a21s6 −
3429
125
bs6.
Therefore, if s1 >
23
25
, then
g1(a1, s1, s2, s3, s4, s5, s6, b) 6
697374
390625
+
1
2
s43 +
9
8
s33s4−
−
1050381
6250
a1 −
2188092
15625
s2 −
28047
250
s3 −
1317783
15625
s4 −
353247
6250
s5 6
6
697374
390625
+
1
2
s3 +
9
8
s3 −
1050381
6250
a1 −
2188092
15625
s2 −
28047
250
s3 −
1317783
15625
s4 −
353247
6250
s5 =
=
697374
390625
−
110563
1000
s3 −
1050381
6250
a1 −
2188092
15625
s2 −
1317783
15625
s4 −
353247
6250
s5 < 0.
Moreover, we have 2s4 + 2s2 + s5 + s3 + s1 + a1 > 1, because a3 + a5 + a6 > 1 + a2 + a4.
Hence, if s1 >
23
25
, then 2s4 + 2s2 + s5 + s3 + a1 >
2
25
, which implies that
697374
390625
−
110563
1000
s3 −
1050381
6250
a1 −
2188092
15625
s2 −
1317783
15625
s4 −
353247
6250
s5 < 0.
Thus, we see that f(a1, a2, a3, a4, a5, a6, a7, b) < 0 provided that a2 − a1 >
23
25
= 0.92.
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Let f2 = f(a1, a2, a3, a4, a5, a6, 1, b) and g2(a1, s1, s2, s3, s4, s5, b) = f̂2. Then
g2(a1, x+
9
10
, s2, s3, s4, s5, b) =
32599
16000
+
3
2
s23s4s5 +
3
8
s43+
+
5
2
s33s4 +
5
4
s33s5 +
3
2
s23s
2
4 −
1057497
8000
a1 −
211457
2000
s2−
−
9909
125
s3 −
105631
2000
s4 −
105631
4000
s5 + ,
where  is the following polynomial with negative coefficients:
−
111
2
ba21s4 −
339
4
ba21s3 − 114ba
2
1s2 −
111
4
ba21s5 − 102a1bs
2
2 −
267
4
a1bs
2
3−
− 39a1bs
2
4 − 60bs
2
2s3 − 36bs
2
2s4 − 18bs
2
2s5 − 48bs2s
2
3 − 24bs2s
2
4 −
51
2
bs23s4 −
51
4
bs23s5−
− 21bs3s
2
4 − 9bs
2
4s5 −
75
4
a1bs
2
5 − 12bs2s
2
5 −
39
4
bs3s
2
5 −
15
2
bs4s
2
5 − 120a
2
1s2s3−
− 66a21s2s4 − 33a
2
1s2s5 − 66a
2
1s3s4 − 33a
2
1s3s5 − 33a
2
1s4s5 − 93a1s
2
2s3 − 42a1s
2
2s4−
− 21a1s
2
2s5 −
141
2
a1s2s
2
3 − 30a1s2s
2
4 −
123
4
a1s
2
3s4 −
123
8
a1s
2
3s5 −
57
2
a1s3s
2
4−
−
27
2
a1s
2
4s5 −
51
2
a1s2s
2
5 −
165
8
a1s3s
2
5 −
63
4
a1s4s
2
5 −
1446
5
a1bs2−
−
4341
20
a1bs3 −
1449
10
a1bs4 −
1449
20
a1bs5 −
924
5
bs2s3 −
618
5
bs2s4−
−
309
5
bs2s5 −
225
2
bs3s4 −
225
4
bs3s5 −
507
10
bs4s5 − 549a1s2s3 −
1773
5
a1s2s4−
−
1773
10
a1s2s5 −
1269
4
a1s3s4 −
1269
8
a1s3s5 −
2799
20
a1s4s5 − 6s
2
2s3s4−
− 3s22s3s5 − 9s2s3s
2
5 − 6s2s4s
2
5 −
9
2
s3s4s
2
5 −
1029
5
s2s3s4 −
1029
10
s2s3s5−
−
411
5
s2s4s5 −
717
10
s3s4s5 − 24a1b
2s2 − 18a1b
2s3 − 12a1b
2s4 − 18b
2s2s3 − 12b
2s2s4−
− 6a1b
2s5 − 6b
2s2s5 − 6b
2s3s5 − 6b
2s4s5 −
5027
4000
b−
105787
800
x−
4974
25
s4s2−
− 12b2s3s4 −
97323
400
s4a1 −
54147
400
s23 −
7413
25
s3s2 −
11649
32
s3a1 −
4926
25
s22−
−
96951
200
s2a1 −
897
25
s25 −
16329
200
s5s4 −
1449
16
s5s3 − 33bs4s5x−
2487
25
s5s2−
− 48a1bs2s5 −
87
2
a1bs3s5 − 39a1bs4s5 − 60bs2s3s4 − 30bs2s3s5 − 24bs2s4s5−
−
97323
800
s5a1 −
16329
200
s24 −
1449
8
s4s3 − 228a1bs2x−
339
2
a1bs3x− 111a1bs4x−
−
111
2
a1bs5x− 132bs2s3x− 84bs2s4x− 42bs2s5x− 75bs3s4x−
75
2
bs3s5x−
UNSTABLE POLARIZED DEL PEZZO SURFACES 79
− 21bs3s4s5 − 72a1s2s3s4 − 36a1s2s3s5 − 30a1s2s4s5 −
57
2
a1s3s4s5 −
2307
10
a21s4−
− 210a1s2s3x− 114a1s2s4x− 57a1s2s5x−
225
2
a1s3s4x−
225
4
a1s3s5x−
111
2
a1s4s5x−
−
3369
40
bs23 −
14001
40
a21s3 −
9387
20
a21s2 −
10419
200
bs4 −
31263
400
bs3 −
5211
50
bs2−
− 21s2s3s5x− 18s2s4s5x− 18s3s4s5x− 150a1bs2s3 − 96a1bs2s4 − 87a1bs3s4−
−
45
8
a1s
3
5 −
303
4
s4a1x
2 −
91
4
a31s4 −
309
8
a31s3 −
109
2
a31s2 −
21
4
a41 −
157
4
a31b− 12a
2
1b
2−
−
3
2
s24s
2
5 − 36s4s2x
2 −
16271
80
a31 −
262929
800
a21 −
7341
40
ba21 −
3
20
b2 −
50979
400
ba1 − 8s
4
2−
− 42s2s3s4x− 18s
2
3s4x−
473
5
s32 −
226
5
s33 −
102
5
s34 −
3
8
s45 −
297
40
s35 −
1165
8
x3−
−
171
4
a21s5x−
115
8
x4 −
111
2
a1s
2
4x− 12s4s
2
5x−
393
2
a21s2x−
579
4
ba1x
2 − 141a21s3x−
−
351
2
s2a1x
2 −
303
8
s5a1x
2 −
1434
5
s4s2x−
303
4
bs3x
2 −
4017
20
bs3x−
231
4
bs23x−
−
579
4
ba21x− 9s
2
3s5x− 72s3s2x
2 −
39
2
s5s4x
2 −
63
4
s3s
2
5x− 33bs
2
4x−
4977
8
s3a1x−
−
1005
8
s3a1x
2 −
759
8
a1s
2
3x− 18s5s2x
2 −
75
4
s5s3x
2 −
1341
20
bs5x−
99
4
bs5x
2−
− 30a1b
2x−
108
5
b2s2 − 24b
2s2x−
81
5
b2s3 − 18b
2s3x−
54
5
b2s4 − 12b
2s4x−
27
5
b2s5−
− 6b2s5x− 18s2s
2
4x−
99
2
bs4x
2 −
1341
10
bs4x− 90bs
2
2x− 153a1s
2
2x− 102bs2x
2−
−
1338
5
bs2x−
8187
20
s4a1x−
7221
20
ba1x− 18s3s
2
4x−
39
2
s2s
2
5x−
171
2
a21s4x−
−
19371
80
a1s
2
3 − 63s
2
2s3x−
717
5
s5s2x−
93
2
s2s
2
3x−
2238
5
s3s2x−
63
4
bs25x−
291
8
a1s
2
5x−
−
255
2
s5s3x−
8187
40
s5a1x−
558
5
s5s4x− 9s
2
4s5x− 12s
2
2s5x−
75
2
s4s3x
2 − 255s4s3x−
− 24s22s4x−
117
4
s3x
3 −
5127
20
s3x
2 − 17s4x
3 −
3363
20
s4x
2 −
17
2
s5x
3 −
3363
40
s5x
2−
−
3717
10
a1s
2
2 − 54s
2
2x
2 −
1521
5
s22x− 33s
2
3x
2 −
7821
40
s23x−
39
2
s24x
2 −
558
5
s24x−
57
4
s25x
2−
− 6s22s
2
5 −
2091
40
s25x− 34s
3
2x−
47
4
s33x− 6s
3
4x−
9
2
s35x− 15b
2x2 − 27b2x−
10743
50
s4x−
−
8349
10
s2a1x−
85569
200
s2x−
10743
100
s5x−
483639
800
a1x−
11853
20
a21x−
52119
400
bx−
−
507
10
bs24 −
599
8
a31x−
1059
8
a21x
2 −
633
8
a1x
3 −
42231
80
a1x
2 −
173
4
bx3 −
6681
40
bx2−
− 27a1b
2 −
83
2
s2x
3 −
6891
20
s2x
2 −
2667
10
x2 − 28bs32 −
53
4
bs33 − 6bs
3
4 − 87a
2
1s
2
2−
− 3s23s
2
5 −
441
8
a21s
2
3 − 33a
2
1s
2
4 − 48a1s
3
2 −
147
8
a1s
3
3 − 9a1s
3
4 −
171
8
a21s
2
5 − 123bs
2
2−
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− 4s2s
3
3 −
2799
20
a1s
2
4 − 18s
3
2s3 −
2037
10
s22s3 −
618
5
s22s4 −
309
5
s22s5 −
3267
20
s2s
2
3 −
411
5
s2s
2
4−
−
1749
20
s23s4 − 4s
3
2s4 − 3s2s
3
5 −
9
4
s3s
3
5 −
3
2
s4s
3
5 −
5199
80
a1s
2
5 −
801
20
s2s
2
5 −
651
20
s3s
2
5−
−
1749
40
s23s5 − 2s
3
2s5 −
501
20
s4s
2
5 −
9
4
bs35 − 12b
2s22 − 9b
2s23 − 6b
2s24 − 3b
2s25 −
897
40
bs25−
−
717
10
s3s
2
4 − 15s
2
2s
2
3 −
128541
400
s3x−
153
5
s24s5 −
2307
20
a21s5 −
10419
400
bs5 −
91
8
a31s5.
Thus, if s1 >
9
10
, then
g2(a1, s1, s2, s3, s4, s5, b) 6
32599
16000
+
3
2
s23s4s5 +
3
8
s43 +
5
2
s33s4 +
5
4
s33s5 +
3
2
s23s
2
4−
−
1057497
8000
a1 −
211457
2000
s2 −
9909
125
s3 −
105631
2000
s4 −
105631
4000
s5 6
6
32599
16000
+
3
2
s5 +
3
8
s3 +
5
2
s4 +
5
4
s5 +
3
2
s4−
−
1057497
8000
a1 −
211457
2000
s2 −
9909
125
s3 −
105631
2000
s4 −
105631
4000
s5 =
=
32599
16000
−
94631
4000
s5 −
78897
1000
s3 −
97631
2000
s4 −
1057497
8000
a1 −
211457
2000
s2.
If s1 >
9
10
, then 2s4 + 2s2 + s5 + s3 + a1 >
1
10
. This gives
32599
16000
−
94631
4000
s5 −
78897
1000
s3 −
97631
2000
s4 −
1057497
8000
a1 −
211457
2000
s2 < 0.
Thus, we see that f(a1, a2, a3, a4, a5, a6, 1, b) < 0 provided that a2 − a1 >
9
10
. 
Lemma A.12. Suppose that f is the polynomial (6.12) and a3 + a4 + a6 > 1 + a2 + a5.
If a2−a1 >
23
25
, then f < 0. Similarly, if a2−a1 >
9
10
, then f(a1, a2, a3, a4, a5, a6, 1, b) < 0.
Proof. Let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then
g1(a1, x+
23
25
, s2, s3, s4, s5, s6, b) =
697211
390625
+ s43 +
3
2
s33s4−
−
7063
125
s5 −
525143
3125
a1 −
1317786
15625
s4 −
1752697
15625
s3 −
2187608
15625
s2 +⋆,
where ⋆ is the following polynomial with negative coefficients:
− 126a1bs5x−
25136
15625
b−
2623497
15625
x− 315a1bs2x− 252a1bs3x− 201bs2s3x− 231a1s2s4x−
−54s3s5s6x−189a1bs4x−150bs2s4x−
453
2
a1s3s4x−135bs3s4x−105s2s3s4x−
327
2
a1s2s5x−
−
135
2
s2s5s6x− 129a1s3s6x−
177
2
s2s3s6x−
231
2
a1s4s6x− 78s2s4s6x−
129
2
s3s4s6x−
−102a1s5s6x−165a1s3s5x−78s2s3s5x−
333
2
a1s4s5x−84s2s4s5x−75s3s4s5x−
285
2
a1s2s6x−
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−
81
2
s4s5s6x− 66a1bs6x− 54bs2s6x− 48bs3s6x− 42bs4s6x− 36bs5s6x−
597
2
a1s2s3x−
− 225a1bs2s3 − 168a1bs2s4 − 153a1bs3s4 − 162a1s2s3s4 − 114bs2s3s4 −
231
2
a1s2s3s5−
− 99bs2s5x− 117a1s2s4s5 −
207
2
a1s3s4s5 − 33s2s3s4s5 −
219
2
a1s2s3s6 − 96a1s2s4s6−
− 90bs3s5x−
159
2
a1s3s4s6 − 48s2s3s4s6 −
165
2
a1s2s5s6 − 66a1s3s5s6 −
81
2
s2s3s5s6−
−111a1bs2s5−102a1bs3s5−93a1bs4s5−75bs2s3s5−66bs2s4s5−57bs3s4s5−
99
2
a1s4s5s6−
− 81bs4s5x− 30s2s4s5s6 −
45
2
s3s4s5s6 − 60a1bs2s6 − 54a1bs3s6 − 48a1bs4s6 − 42a1bs5s6−
−
3262
25
s32 − 42bs2s3s6 −
39153
100
a21s4 −
2619
5
a21s3 −
65607
100
a21s2 −
33978
625
bs5 −
50817
625
bs4−
−
27
2
s34x− 5s
4
2 − 36bs2s4s6 −
67656
625
bs3 −
16899
125
bs2 −
798
25
s26 −
90861
1250
s6s5 −
50964
625
s6s4−
− 45a1s
2
4s5 −
267
4
a31s2 −
62031
625
s6s2 −
153861
1250
s6a1 − 33a
3
1s5 −
177
4
a31s4 −
111
2
a31s3−
−
322203
1250
a1s5 − 24bs3s5s6 −
489609
1250
a1s4 −
194703
2500
s25 −
217779
1250
s5s4 −
48171
250
s5s3−
−
263931
1250
s5s2 −
83412
625
s24 −
367761
1250
s4s3 −
200937
625
s4s2 − 30bs2s5s6 −
494667
2500
s23−
−
824421
1250
a1s2− 30bs3s4s6− 18bs4s5s6−
131403
250
a1s3−
539817
1250
s2s3−
33888
125
s22− 33bs
2
3s5−
−
12963
50
a21s5 − 24bs
2
4s5 −
39
2
bs4s
2
5 −
2496
25
s3s4s6 −
1992
25
s3s5s6 −
63
2
a1s
2
4s6 − 18s2s
2
4s6−
−
1889
25
s33 −
27
2
s3s
2
4s6 − 18a1s4s
2
6 − 12s2s4s
2
6 − 9s3s4s
2
6 −
15
2
s24s5s6 −
1494
25
s4s5s6−
−
387
2
s3s4s5 −
22599
250
s6s3 −
33
2
a1s
2
5s6 −
39
4
s2s
2
5s6 −
15
2
s3s
2
5s6 −
21
4
s4s
2
5s6 − 9a1s5s
2
6−
−
1023
25
s34 − 6s2s5s
2
6 −
9
2
s3s5s
2
6 − 3s4s5s
2
6 − 18a1bs
2
6 − 24bs
2
2s6 − 12bs2s
2
6 − 18bs
2
3s6−
−
839
50
s35 − 9bs3s
2
6 − 12bs
2
4s6 − 6bs4s
2
6 − 6bs
2
5s6 − 3bs5s
2
6 −
5607
25
s2s4s5 −
2994
25
s2s4s6−
− 42bs3s
2
4 −
1
2
s45 −
498
5
s2s5s6 − 51a1s3s
2
5 − 27a1s3s
2
6 − 21s2s3s
2
5 − 18s2s3s
2
6 − 9s
2
3s4s5−
−
27
2
s2s
2
4s5−
69
4
s23s4s6− 15s
2
3s5s6− 30a1b
2s2− 24a1b
2s3− 18a1b
2s4− 12a1b
2s5− 6a1b
2s6−
− 24b2s2s3 − 18b
2s2s4 − 12b
2s2s5 − 6b
2s2s6 − 18b
2s3s4 − 12b
2s3s5 − 6b
2s3s6 − 12b
2s4s5−
− 24bs3s
2
5 −
99
2
bs23s4 −
594
5
bs3s5 −
1404
25
bs3s6 −
2688
25
bs4s5 −
1266
25
bs4s6 −
1128
25
bs5s6−
− 48bs2s
2
4 − 6b
2s4s6 − 6b
2s5s6 −
1944
5
a1bs2 −
7746
25
a1bs3 −
5772
25
a1bs4 −
3798
25
a1bs5−
− 69a1bs
2
4 −
1818
25
a1bs6 −
6648
25
bs2s3 − 198bs2s4 −
3252
25
bs2s5 −
1542
25
bs2s6 −
906
5
bs3s4−
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− 9s3s
2
4s5 −
171
4
a1s4s
2
5 − 18s2s4s
2
5 −
27
2
s3s4s
2
5 − 42a1bs
2
5 − 42bs
2
2s5 −
57
2
bs2s
2
5−
− 57a1s
2
2s5 −
45
2
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In particular, if s1 >
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On the other hand, we have a3+a4+a6 > 1+a2+a5. This gives 2s2+s5+s3+s1+a1 > 1.
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This show that f(a1, a2, a3, a4, a5, a6, a7, b) < 0 in the case when a2 − a1 >
23
25
.
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Thus, if x > 0, then
g2(a1, x+
9
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, s2, s3, s4, s5, b) 6
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+
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3
2
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2
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4
s2s
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3s5−
−
52767
2000
s5 −
211263
4000
s4 −
9906
125
s3 −
422721
4000
s2 −
264327
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a1 −
13221
100
x 6
6
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3
4
s43 + 5s
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+
11
4
s33s4 +
3
2
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2
4 +
5
2
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9
4
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2
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2
2s4s5 +
3
2
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2
3s4 +
27
4
s2s
2
3s5−
−
52767
2000
s5 −
211263
4000
s4 −
9906
125
s3 −
422721
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s2 −
264327
2000
a1 −
13221
100
x 6
6
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8000
+ 3s2s3s4s5 +
3
4
s43 + 5s
3
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+
11
4
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3
2
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2
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5
2
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4
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2
2s3s5 + 3s
2
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3
2
s2s
2
3s4 +
27
4
s2s
2
3s5−
−
52767
2000
s5 −
211263
4000
s4 −
9906
125
s3 −
422721
4000
s2 −
264327
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a1 6
6
16293
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+ 3s2 +
3
4
s3 + 5s2 +
11
4
s3 +
3
2
s3 +
5
2
s3 +
9
4
s3 + 9s2 + 3s2 +
3
2
s2 +
27
4
s2−
−
52767
2000
s5 −
211263
4000
s4 −
9906
125
s3 −
422721
4000
s2 −
264327
2000
a1 =
=
16293
8000
−
309721
4000
s2 −
34749
500
s3 −
52767
2000
s5 −
211263
4000
s4 −
264327
2000
a1.
Hence, if s1 >
9
10
, then
g2(a1, s1, s2, s3, s4, s5, b) 6
16293
8000
−
309721
4000
s2−
34749
500
s3−
52767
2000
s5−
211263
4000
s4−
264327
2000
a1.
Moreover, if s1 >
9
10
, then 2s4 + 2s2 + s5 + s3 + a1 >
1
10
, since a3 + a4 + a6 > 1 + a2 + a5.
The latter inequality gives 16293
8000
− 309721
4000
s2 −
34749
500
s3 −
52767
2000
s5 −
211263
4000
s4 −
264327
2000
a1 < 0.
This shows that f(a1, a2, a3, a4, a5, a6, 1, b) < 0 provided that a2 − a1 >
9
10
. 
Lemma A.13. Suppose that f is the polynomial (6.14) and 1 + a2 + a6 6 a3 + a4 + a5.
If a2−a1 >
23
25
, then f < 0. Similarly, if a2−a1 >
9
10
, then f(a1, a2, a3, a4, a5, a6, 1, b) < 0.
Proof. Let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then
g1
(
a1, x+
23
25
, s2, s3, s4, s5, s6, b
)
=
735066
390625
+2s2s
3
5+4s3s
3
5+3s
3
4s5+6s
2
4s
2
5+6s4s
3
5+2s
4
5−
−
2662308
15625
a1 −
870744
15625
s5 −
1330266
15625
s4 −
1789788
15625
s3 −
449862
3125
s2 +⋆,
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where ⋆ is the following polynomial with negative coefficients:
−258a1s2s3s4−
2662308
15625
a1−
24252
15625
b−
2660532
15625
x−
261216
625
a21−40a
3
1s5−60a
3
1s4−80a
3
1s3−
−
258
5
a1s
2
6 − 246a1s2s5x−
3609
25
bs22 −
2832
25
bs23 −
411
5
bs24 −
1278
25
bs25 −
501
25
bs26−
− 90a1s2s6x− 306a1s3s4x− 216a1s3s5x− 90a1s3s6x− 186a1s4s5x− 90a1s4s6x−
− 186a1bx
2 −
6024
25
s22s3 −
5022
25
s22s4 − 180bs2s3x−
804
5
s22s5 −
1002
25
s22s6 −
5523
25
s2s
2
3−
− 90s2s
2
4x− 54s2s
2
5x− 12s2s
2
6x− 84s
2
3s4x− 60s
2
3s5x− 24s
2
3s6x− 72s3s
2
4x− 36s3s
2
5x−
− 162a1bs2s4 − 100a
3
1s2 −
6774
25
a21s5 −
9492
25
a21s4 −
2442
5
a21s3 −
14928
25
a21s2 − 204a1bs2s3−
− 60bs5x
2 −
804
5
s2s
2
4 −
2517
25
s2s
2
5 − 36bs5s6x−
501
25
s2s
2
6 −
4032
25
s23s4 −
606
5
s23s5−
− 144bs2s4x− 108bs2s5x− 36bs2s6x− 132bs3s4x− 96bs3s5x− 36bs3s6x− 84bs4s5x−
−
1002
25
s23s6 −
3531
25
s3s
2
4 − 14a
4
1 − 36bs4s6x−
2028
25
s3s
2
5 −
501
25
s3s
2
6 −
408
5
s24s5−
− 96s3s4s5x− 14s
3
5 −
1002
25
s24s6 −
1539
25
s4s
2
5 −
501
25
s4s
2
6 −
1002
25
s25s6 −
501
25
s5s
2
6−
− 90a1s5s6x− 48s3s4s6x− 48s3s5s6x− 48s4s5s6x−
6738
125
bs5 −
51111
625
bs4 −
68532
625
bs3−
− 60a1s3s4s6 −
85953
625
bs2 −
17421
625
bs6 − 20a
3
1s6 −
10389
125
s25 −
114963
625
s5s4 −
126036
625
s5s3−
− 204s2s3s4x− 156s2s3s5x− 48s2s3s6x− 132s2s4s5x− 48s2s4s6x− 48s2s5s6x−
−24bs2s5s6−
137109
625
s5s2−
166554
625
s5a1−
20448
625
s26−
51969
625
s6s5−
51969
625
s6s4−
51969
625
s6s3−
− 306s2a1x
2 − 30s32s4 − 25s
3
2s5 − 5s
3
2s6 − 48s
2
2s
2
3 − 36s
2
2s
2
4 − 24s
2
2s
2
5 − 3s
2
2s
2
6 − 26s2s
3
3−
−
1014
25
s34 − 24bs6x
2 − 108bs22x− 84bs
2
3x− 60bs
2
4x− 36bs
2
5x− 12bs
2
6x− 168s3s2x
2−
−132s4s2x
2−96s5s2x
2−36s6s2x
2−120s4s3x
2−84s5s3x
2−36s6s3x
2−72s5s4x
2−186a21bx−
−
51969
625
s6s2−60bs3s4s5−
14508
125
s6a1−
459522
15625
s6−
870744
15625
s5−
1330266
15625
s4−
1789788
15625
s3−
− 336a21s2x− 270a
2
1s3x− 204a
2
1s4x− 138a
2
1s5x− 66a
2
1s6x−
828
25
a1b
2 − 36a1b
2x−
− 138a1s
2
4x− 78a1s
2
5x− 30a1s
2
6x−
138
5
b2s2 − 30b
2s2x−
552
25
b2s3 − 24b
2s3x−
414
25
b2s4−
−
449862
3125
s2−
83466
625
s24−
35601
125
s4s3−336a1s2s4x−
189078
625
s4s2−
239094
625
s4a1−
114987
625
s23−
−2a1s
3
5−15b
2s22−12b
2s23−9b
2s24−6b
2s25−3b
2s26−28bs
3
2−20bs
3
3−12bs
3
4−4bs
3
5−35s
3
2s3−
− 18b2s4x−
276
25
b2s5 − 12b
2s5x−
138
25
b2s6 − 6b
2s6x− 132bs2x
2 − 108bs3x
2 − 84bs4x
2−
−
5778
25
a21b−
100494
625
a1b−
147
625
b2 −
4708
25
x3 − 24x4 − 10s42 − 4s
4
3 −
2342
25
s32 −
1678
25
s33−
− 6s2s4s
2
6 − 246s3a1x
2 − 186s4a1x
2 − 126s5a1x
2 − 60s6a1x
2 − 258a1s
2
2x− 198a1s
2
3x−
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− 15s2s
2
4s6 − 12s2s4s
2
5 − 15s2s
2
5s6 − 6s2s5s
2
6 − 18s
2
3s4s5 − 12s
2
3s4s6 − 12s
2
3s5s6−
−
6768
25
bs3x−
5214
25
bs4x−
732
5
bs5x−
1554
25
bs6x−
15078
25
s3s2x−
12072
25
s4s2x−
− 12s3s
2
6x− 30s
2
4s5x− 24s
2
4s6x− 18s4s
2
5x− 12s4s
2
6x− 24s
2
5s6x− 12s5s
2
6x−
11256
25
a1bx−
−
9066
25
s5s2x−
3006
25
s6s2x−
2214
5
s4s3x−
8064
25
s5s3x−
3006
25
s6s3x−
7062
25
s5s4x−
−36s6s4x
2−
3006
25
s6s4x−36s6s5x
2−
3006
25
s6s5x−138s
2
2s3x−114s
2
2s4x−90s
2
2s5x−24s
2
2s6x−
− 126s2s
2
3x−
1188
5
bs2s3−
4662
25
bs2s4−
3384
25
bs2s5−
1278
25
bs2s6−
4386
25
bs3s4−
3108
25
bs3s5−
−
1278
25
bs3s6 −
2832
25
bs4s5 −
1278
25
bs4s6 −
1278
25
bs5s6 −
9042
25
s2s3s4 −
7038
25
s2s3s5−
−60bs22s4−48bs
2
2s5−12bs
2
2s6−66bs2s
2
3−48bs2s
2
4−30bs2s
2
5−6bs2s
2
6−48bs
2
3s4−36bs
2
3s5−
−
2004
25
s2s3s6 −
6036
25
s2s4s5 −
2004
25
s2s4s6 −
2004
25
s2s5s6 −
5058
25
s3s4s5 −
2004
25
s3s4s6−
− 15s22s5s6− 63s2s
2
3s4 − 48s2s
2
3s5 − 15s2s
2
3s6− 54s2s3s
2
4− 30s2s3s
2
5− 6s2s3s
2
6− 21s2s
2
4s5−
−
2004
25
s3s5s6 −
2004
25
s4s5s6 − 81s
2
2s3s4 − 66s
2
2s3s5 − 15s
2
2s3s6 − 57s
2
2s4s5 − 15s
2
2s4s6−
−
9012
25
a1bs2−12b
2s2s5−
1464
5
a1bs3−
5628
25
a1bs4−
3936
25
a1bs5−
1692
25
a1bs6−
18348
25
a1s2s3−
− 51a21s5s6 − 114a1s
2
2s5 − 120a
2
1s3s5 − 30a1b
2s2 − 12b
2s3s5 − 93a
2
1bs4 − 174a1s
2
2s3−
−
14628
25
a1s2s4 −
10908
25
a1s2s5 − 69a1bs
2
4 −
744
5
a1s2s6 −
13488
25
a1s3s4 −
9768
25
a1s3s5−
− 30a1s
2
3s6 − 18b
2s2s4 − 51a
2
1s2s6 − 6b
2s3s6 − 12b
2s4s5 − 6b
2s4s6 − 6b
2s5s6 − 72bs
2
2s3−
−
744
5
a1s3s6 −
8628
25
a1s4s5 −
744
5
a1s4s6 − 18b
2s3s4 −
744
5
a1s5s6 − 66a
2
1bs5 − 24b
2s2s3−
− 12bs23s6− 42bs3s
2
4− 24bs3s
2
5− 6bs3s
2
6− 24bs
2
4s5− 12bs
2
4s6− 18bs4s
2
5− 6bs4s
2
6− 12bs
2
5s6−
− 6bs5s
2
6− 18a1b
2s4− 6a1b
2s6− 27a
2
1bs6− 27a1s4s
2
5− 105a
2
1s4s5− 144a1s
2
2s4− 135a
2
1s2s5−
− 186a21s2s4 − 30a1s
2
4s6 − 15a1s5s
2
6 − 15a1s4s
2
6 − 15a1s3s
2
6 − 12a1b
2s5 − 30a1s
2
2s6−
−
7062
25
s4x
2 −
211176
625
s4x− 32s5x
3 −
5058
25
s5x
2 −
148134
625
s5x− 16s6x
3 −
2004
25
s6x
2−
− 120a21bs3 − 147a
2
1bs2 − 42a1s
2
4s5 − 15a1s2s
2
6 − 237a
2
1s2s3 − 24a1b
2s3 − 78a1s
2
3s5−
−
16956
25
a1x
2 −
478188
625
a1x− 18b
2x2 −
828
25
b2x− 56bx3 −
5214
25
bx2 −
102222
625
bx−
− 93a1s3s
2
4 − 6b
2s2s6 − 123a1bs
2
2 − 48a1s3s
2
5 − 51a
2
1s4s6 − 108a1s
2
3s4 − 69a1s2s
2
5−
− 30a1s
2
5s6 − 54s
3
2x− 36s
3
3x− 18s
3
4x− 120a
3
1x− 204a
2
1x
2 −
18984
25
a21x− 124a1x
3−
−
63042
625
s6x− 6s3s
2
4s5 − 102s
2
2x
2 −
9042
25
s22x− 78s
2
3x
2 −
7038
25
s23x− 54s
2
4x
2 −
5034
25
s24x−
− 80s2x
3 −
2214
5
s2x
2 −
67452
125
s2x− 64s3x
3 −
9066
25
s3x
2 −
274218
625
s3x− 48s4x
3−
− 42a1bs
2
5 − 15a1bs
2
6 − 171a
2
1s3s4 − 51a
2
1s3s6 − 114a1s2s
2
4 − 96a1bs
2
3 − 159a1s2s
2
3−
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− 12s3s
2
4s6 − 6s3s4s
2
6 − 12s3s
2
5s6 − 6s3s5s
2
6 − 9s
2
4s5s6 − 9s4s
2
5s6 − 6s4s5s
2
6−
− 198a1s2s3s5 − 60a1s2s3s6 − 168a1s2s4s5 − 60a1s2s4s6 − 60a1s2s5s6 − 126a1s3s4s5−
− 3s25s
2
6 −
2718
25
a21s6 − 120a1bs2s5 −
11034
25
a1s
2
2 −
8604
25
a1s
2
3 −
6174
25
a1s
2
4 −
3744
25
a1s
2
5−
− 60a1s3s5s6− 60a1s4s5s6− 108bs2s3s4− 84bs2s3s5− 24bs2s3s6− 72bs2s4s5− 24bs2s4s6−
− 24bs3s5s6 − 24bs4s5s6 − 78s2s3s4s5 − 30s2s3s4s6 − 30s2s3s5s6 − 24bs3s4s6−
− 30s2s4s5s6 − 30s
2
5x
2 −
606
5
s25x− 12s
2
6x
2 −
1002
25
s26x−
211176
625
x2 − 3s24s
2
6 − 2s
3
5s6−
− 144a21s
2
2 − 111a
2
1s
2
3 − 78a
2
1s
2
4 − 45a
2
1s
2
5 − 18a
2
1s
2
6 − 68a1s
3
2 − 46a1s
3
3 − 24a1s
3
4−
−
26676
25
s2a1x−
21816
25
s3a1x−
16956
25
s4a1x−
12096
25
s5a1x−
972
5
s6a1x−
8322
25
bs2x−
− 42a1bs2s6− 150a1bs3s4− 108a1bs3s5− 42a1bs3s6− 96a1bs4s5− 42a1bs4s6− 42a1bs5s6−
−24s3s4s5s6−294a1bs2x−240a1bs3x−186a1bs4x−132a1bs5x−54a1bs6x−426a1s2s3x−
−
241047
625
s3s2 −
311634
625
s3a1 −
146508
625
s22 −
384174
625
s2a1 −
1312
5
a31 − 52a
3
1b− 15a
2
1b
2−
− 12s2s
3
4 − 12s
3
3s4 − 8s
3
3s5 − 4s
3
3s6 − 15s
2
3s
2
4 − 6s
2
3s
2
5 − 3s
2
3s
2
6 − 6s3s
3
4 − 3s
3
4s6.
Thus, if a2 − a1 >
23
25
, then
f(a1, a2, a3, a4, a5, a6, a7, b) 6
735066
390625
+ 2s2s
3
5 + 4s3s
3
5 + 3s
3
4s5 + 6s
2
4s
2
5 + 6s4s
3
5 + 2s
4
5−
−
2662308
15625
a1 −
870744
15625
s5 −
1330266
15625
s4 −
1789788
15625
s3 −
449862
3125
s2 6
6
735066
390625
+ 2s5 + 4s5 + 3s5 + 6s5 + 6s5 + 2s5−
−
2662308
15625
a1 −
870744
15625
s5 −
1330266
15625
s4 −
1789788
15625
s3 −
449862
3125
s2 =
=
735066
390625
−
511369
15625
s5 −
2662308
15625
a1 −
1330266
15625
s4 −
1789788
15625
s3 −
449862
3125
s2 < 0.
because 2s2 + s3 + a1 − s5 > 1− s1 >
2
25
, since 1 + a2 + a6 6 a3 + a4 + a5.
Let f2 = f(a1, a2, a3, a4, a5, a6, 1, b) and g2(a1, s1, s2, s3, s4, s5, b) = f̂2. Then
g2
(
a1, x+
9
10
, s2, s3, s4, s5, b
)
=
523
250
+ 9s3s4s
2
5 + 8s
3
5x+ 9a1s
3
5 + 2bs
3
5 + 7s2s
3
5+
+ 6s3s
3
5 + 3s
3
4s5 + 6s
2
4s
2
5 + 5s4s
3
5 + s
4
5 +
31
5
s35 + 9s4s
2
5x+ 6s2s4s
2
5 + 3s3s
2
4s5 + 9a1s4s
2
5−
−
66639
500
a1 −
51
2
bs5 −
6667
50
x−
12767
500
s5 −
26479
500
s4 −
40191
500
s3 −
53903
500
s2 + ,
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where  is the following polynomial with negative coefficients:
− 66a1bs2s5 − 96a1bs3s4 − 54a1bs3s5 − 42a1bs4s5 − 174a1s2s3s4 − 114a1s2s3s5−
− 36s3s4s5x−
613
500
b− 108a1bs2s4 −
8082
25
a21 − 20a
3
1s5 − 40a
3
1s4 − 60a
3
1s3 − 80a
3
1s2−
− 228a1bs2x− 174a1bs3x− 120a1bs4x− 318a1s2s3x− 228a1s2s4x− 138a1s2s5x−
−
1341
10
a21s5 − 66a1bs5x−
483
2
a21s4 −
3489
10
a21s3 − 84a1s2s4s5 −
4563
10
a21s2 − 150a1bs2s3−
− 198a1s3s4x− 108a1s3s5x− 78a1s4s5x− 132bs2s3x− 96bs2s4x− 60bs2s5x− 84bs3s4x−
− 138s2s3s4x− 90s2s3s5x− 66s2s4s5x−
2607
50
bs4 −
3939
50
bs3 − 48bs3s5x−
5271
50
bs2−
−
3189
100
s25 − 36bs4s5x−
807
10
s5s4 −
4881
50
s5s3 −
5727
50
s5s2 −
12843
100
s5a1 −
8073
100
s24−
− 48a1s3s4s5 − 72bs2s3s4 − 48bs2s3s5 − 36bs2s4s5 − 24bs3s4s5 − 36s2s3s4s5−
−
1278
5
bs2x−
17841
100
s22 −
46503
100
s2a1 − 12a
4
1 − 202a
3
1 − 40a
3
1b− 12a
2
1b
2 −
1803
10
a21b−
− 60bs23x− 36bs
2
4x− 12bs
2
5x− 126s3s2x
2 − 90s4s2x
2 − 54s5s2x
2 − 78s4s3x
2−
−
972
5
bs3x−
666
5
bs4x− 72bs5x−
2184
5
s3s2x− 318s4s2x−
996
5
s5s2x−
1392
5
s4s3x−
− 42s5s3x
2− 30s5s4x
2− 147a21bx− 267a
2
1s2x− 201a
2
1s3x− 135a
2
1s4x− 69a
2
1s5x− 27a1b
2−
−
8919
50
s4s3 −
1953
10
s4s2 −
24063
100
s4a1 − 24a1s
2
5x−
12957
100
s23 −
13803
50
s3s2 −
35283
100
s3a1−
−30a1b
2x−147a1bx
2−243s2a1x
2−183s3a1x
2−123s4a1x
2−63s5a1x
2−204a1s
2
2x−144a1s
2
3x−
−
12807
100
a1b−
3
20
b2 − 146x3 − 20x4 − 8s42 − 3s
4
3 −
727
10
s32 −
232
5
s33 −
201
10
s34 − 30bs5x
2−
− 84a1s
2
4x−
108
5
b2s2 − 24b
2s2x−
81
5
b2s3 − 18b
2s3x−
54
5
b2s4 − 12b
2s4x−
27
5
b2s5−
−6b2s5x−102bs2x
2−78bs3x
2−54bs4x
2−57s2s
2
4x−21s2s
2
5x−54s
2
3s4x−30s
2
3s5x−42s3s
2
4x−
− 6s3s
2
5x− 3s
2
4s5x−
1773
5
a1bx−
4077
5
s2a1x−
3117
5
s3a1x−
2157
5
s4a1x−
1197
5
s5a1x−
− 18b2s2s3 − 6b
2s2s5 − 42a1bs
2
4 − 72a1s
2
2s5 − 60a
2
1s3s5 − 24a1b
2s2 − 6b
2s3s5 − 60a
2
1bs4−
−
798
5
s5s3x−120s5s4x−105s
2
2s3x−81s
2
2s4x−57s
2
2s5x−93s2s
2
3x−
864
5
bs2s3−
612
5
bs2s4−
− 3s2s
2
4s5 − 132a1s
2
2s3 − 12b
2s3s4 − 12b
2s2s4 − 6b
2s4s5 − 54bs
2
2s3 − 42bs
2
2s4 − 30bs
2
2s5−
− 72bs2s5 −
558
5
bs3s4 −
306
5
bs3s5 −
252
5
bs4s5 −
1191
5
s2s3s4 − 159s2s3s5 −
597
5
s2s4s5−
−
402
5
s3s4s5 − 57s
2
2s3s4 − 42s
2
2s3s5 − 33s
2
2s4s5 − 42s2s
2
3s4 − 27s2s
2
3s5 − 33s2s3s
2
4−
− 9s2s3s
2
5 − 6s
2
3s4s5 −
1386
5
a1bs2 −
1053
5
a1bs3 − 144a1bs4 −
387
5
a1bs5 −
2661
5
a1s2s3−
− 48bs2s
2
3 − 30bs2s
2
4 − 12bs2s
2
5 − 30bs
2
3s4 − 18bs
2
3s5 − 24bs3s
2
4 − 6bs3s
2
5 − 6bs
2
4s5−
−
1926
5
a1s2s4 − 84bs
2
2x−
1191
5
a1s2s5 −
1701
5
a1s3s4 −
966
5
a1s3s5 −
741
5
a1s4s5 − 33a
2
1bs5−
− 12a1b
2s4 − 45a
2
1s4s5 − 102a1s
2
2s4 − 75a
2
1s2s5 − 126a
2
1s2s4 − 6a1b
2s5 − 87a
2
1bs3−
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− 114a21bs2 − 6a1s
2
4s5 − 177a
2
1s2s3 − 18a1b
2s3 − 39a1s
2
3s5 − 15a1bs
2
5 − 111a
2
1s3s4−
−
2637
5
a1x
2−9b2s23−
29673
50
a1x−15b
2x2−27b2x−44bx3−
819
5
bx2−
3273
25
bx−64s2x
3−
1689
5
s2x
2−
− 3b2s25 − 72a1s2s
2
4 − 69a1bs
2
3 − 117a1s2s
2
3 − 54a1s3s
2
4 − 96a1bs
2
2 − 9a1s3s
2
5 − 69a1s
2
3s4−
−
10188
25
s2x− 48s3x
3 −
1293
5
s3x
2 −
7746
25
s3x− 32s4x
3 −
897
5
s4x
2 −
5304
25
s4x− 4s
3
3s5−
−27a1s2s
2
5−43s
3
2x−26s
3
3x−9s
3
4x−100a
3
1x−8s
3
3s4−168a
2
1x
2−6b2s24−
2952
5
a21x−102a1x
3−
− 16s5x
3 −
501
5
s5x
2 − 9s23s
2
4 −
2862
25
s5x− 81s
2
2x
2 −
1389
5
s22x− 57s
2
3x
2 −
993
5
s23x−
−
258
5
a1s
2
5− 33a1s
3
3− 19s2s
3
3−
558
5
bs22 − 81bs
2
3 −
252
5
bs24 −
99
5
bs25 −
357
2
s22s3 −
1389
10
s22s4−
− 54a1s
3
2 −
993
10
s22s5 −
1587
10
s2s
2
3 −
993
10
s2s
2
4 −
399
10
s2s
2
5 −
498
5
s23s4 − 60s
2
3s5 −
399
5
s3s
2
4−
− 12a1s
3
4 −
102
5
s3s
2
5 − 15a
2
1s
2
5 −
207
10
s24s5 − 6s2s
3
4 −
9
10
s4s
2
5 − 114a
2
1s
2
2 − 81a
2
1s
2
3 − 48a
2
1s
2
4−
− 33s24x
2−
597
5
s24x− 9s
2
5x
2−
201
5
s25x− 3s3s
3
4− 261x
2−
1698
5
a1s
2
2−
1218
5
a1s
2
3−
738
5
a1s
2
4−
− 22bs32 − 12b
2s22 − 14bs
3
3 − 6bs
3
4 − 27s
3
2s3 − 22s
3
2s4 − 17s
3
2s5 − 36s
2
2s
2
3 − 24s
2
2s
2
4 − 12s
2
2s
2
5.
Thus, if x > 0, then
g2
(
a1, x+
9
10
, s2, s3, s4, s5, b
)
6
523
250
+ 9s3s4s
2
5 + 8s
3
5x+ 9a1s
3
5 + 2bs
3
5+
+7s2s
3
5+6s3s
3
5+3s
3
4s5+6s
2
4s
2
5+5s4s
3
5+s
4
5+
31
5
s35+9s4s
2
5x+6s2s4s
2
5+3s3s
2
4s5+9a1s4s
2
5−
−
66639
500
a1 −
51
2
bs5 −
6667
50
x−
12767
500
s5 −
26479
500
s4 −
40191
500
s3 −
53903
500
s2 6
6
523
250
+ 9s3s4s
2
5 + 9a1s
3
5 + 7s2s
3
5 + 6s3s
3
5 + 3s
3
4s5 + 6s
2
4s
2
5 + 5s4s
3
5 + s
4
5 +
31
5
s35+
+ 6s2s4s
2
5 + 3s3s
2
4s5 + 9a1s4s
2
5 −
66639
500
a1 −
12767
500
s5 −
26479
500
s4 −
40191
500
s3 −
53903
500
s2 6
6
523
250
+ 9s4 + 9a1 + 7s2 + 6s5 + 3s4 + 6s5 + 5s4 + s5 +
31
5
s5 + 6s2 + 3s4 + 9a1−
−
66639
500
a1 −
12767
500
s5 −
26479
500
s4 −
40191
500
s3 −
53903
500
s2 =
=
523
250
−
16479
500
s4 −
57639
500
a1 −
47403
500
s2 −
3167
500
s5 −
40191
500
s3.
Hence, if s1 = a2 − a1 >
9
10
, then
f(a1, a2, a3, a4, a5, a6, 1, b) 6
523
250
−
16479
500
s4−
57639
500
a1−
47403
500
s2−
3167
500
s5−
40191
500
s3 < 0.
because 2s4 + 2s2 + s5 + s3 + a1 >
1
10
. 
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Lemma A.14. Suppose that f is the polynomial (6.13) and a2 + a5 + a6 > 1 + a3 + a4.
If a2−a1 >
23
25
, then f < 0. Similarly, if a2−a1 >
9
10
, then f(a1, a2, a3, a4, a5, a6, 1, b) < 0.
Proof. Let g1(a1, s1, s2, s3, s4, s5, s6, b) = f̂ . Then
g1
(
a1, x+
23
25
, s2, s3, s4, s5, s6, b
)
=⋆+
697211
390625
+
+ 2s2s
3
4 +
9
2
s33s4 +
27
4
s23s
2
4 + 7s3s
3
4 + 5s
3
4s5 +
3
4
s24s
2
5 + s
4
3 + 3s
4
4 +
9
2
s3s
2
4s5−
−
7063
125
s5 −
1317297
15625
s4 −
1752697
15625
s3 −
2188097
15625
s2 −
525143
3125
a1,
where ⋆ is the following polynomial with negative coefficients:
−
369
2
a21s2s3 − 144a1bs
2
2 −
261
2
a21s2s4 − 117a
2
1s3s4 − 144a1s
2
2s3 − 93a1s
2
2s4−
−
1992
25
s3s5s6 −
1497
25
s4s5s6 − 6s
2
4s5s6 −
9
2
s4s
2
5s6 − 3s4s5s
2
6 −
9714
25
a1bs2−
− 72a21s3s6 − 63a1s
2
2s6 −
21027
25
a1s2s3 − 66a1s2s
2
4 −
117
2
a1s
2
3s4 − 45a1s3s
2
4−
−
231
2
a1s2s
2
3 − 105a
2
1s2s5 −
189
2
a21s3s5 − 78a1s
2
2s5 −
159
2
a21s2s6−
− 27s22s3s4 −
21
2
s2s
2
3s4 − 6s2s3s
2
4 −
15519
25
a1s2s4 −
13773
25
a1s3s4 −
9771
25
s2s3s4−
− 57s3s4s5x−
63
2
s22s3s5 − 24s
2
2s4s5 −
39
2
s2s
2
3s5 − 27s2s3s
2
5 − 6s2s
2
4s5−
− 84a21s4s5 −
135
2
a1s2s
2
5 −
105
2
a1s
2
3s5 − 51a1s3s
2
5 − 27a1s
2
4s5 −
69
2
a1s4s
2
5−
−
8112
25
a1s4s5 −
6633
25
s2s3s5 −
5613
25
s2s4s5 −
4611
25
s3s4s5 − 102a1bs
2
3−
− 66a1bs
2
4 − 42a1bs
2
5 −
129
2
a21s4s6 −
117
2
a21s5s6 − 36a1s2s
2
6 −
93
2
a1s
2
3s6−
−
3621
25
a1s5s6 −
699
5
s2s3s6 −
2994
25
s2s4s6 −
2487
25
s2s5s6 −
2499
25
s3s4s6−
− 27a1s3s
2
6 − 30a1s
2
4s6 − 18a1s4s
2
6 −
33
2
a1s
2
5s6 − 9a1s5s
2
6 − 18a1bs
2
6−
−
33
2
s2s4s
2
5 −
3
2
s23s4s5 −
15
2
s3s4s
2
5 −
10428
25
a1s2s5 −
1854
5
a1s3s5−
− 21bs24s5 − 12bs
2
4s6 − 18bs4s
2
5 − 6bs4s
2
6 − 6bs
2
5s6 − 3bs5s
2
6 − 36s
2
2s3s6−
−
7746
25
a1bs3 −
5778
25
a1bs4 −
3798
25
a1bs5 −
6642
25
bs2s3 − 198bs2s4 −
3246
25
bs2s5−
− 18s2s
2
4s6 − 12s2s4s
2
6 − 15s
2
3s5s6 − 12s3s
2
4s6 − 9s3s4s
2
6 −
21
2
s2s
2
5s6 − 6s2s5s
2
6−
−
15
2
s3s
2
5s6 − 165a1s3s5x−
9
2
s3s5s
2
6 −
5337
25
a1s2s6 −
4767
25
a1s3s6 −
4197
25
a1s4s6−
UNSTABLE POLARIZED DEL PEZZO SURFACES 93
− 12bs2s
2
6 − 48bs
2
3s4 − 33bs
2
3s5 − 18bs
2
3s6 − 39bs3s
2
4 − 24bs3s
2
5 − 9bs3s
2
6−
−
194703
2500
s25 −
43749
250
s5s4 −
48171
250
s5s3 −
52593
250
s5s2 −
322203
1250
s5a1−
− 93bs22s3 − 66bs
2
2s4 − 45bs
2
2s5 − 24bs
2
2s6 − 78bs2s
2
3 − 48bs2s
2
4 − 30bs2s
2
5−
−
4536
25
bs3s4 −
594
5
bs3s5 −
2694
25
bs4s5 − 30a1b
2s2 − 24a1b
2s3 − 18a1b
2s4−
− 12a1b
2s5 − 24b
2s2s3 − 18b
2s2s4 − 12b
2s2s5 − 18b
2s3s4 − 12b
2s3s5 − 12b
2s4s5−
− 6a1b
2s6 − 6b
2s2s6 − 6b
2s3s6 − 6b
2s4s6 − 6b
2s5s6 −
1818
25
a1bs6 −
1542
25
bs2s6−
− 84a1s3s4s5 − 30s2s3s4s5 − 168a1bs2s4 − 114a1bs2s5 − 150a1bs3s4 − 102a1bs3s5−
−
1404
25
bs3s6 −
1266
25
bs4s6 −
1128
25
bs5s6 −
25136
15625
b−
2623497
15625
x−
− 90a1bs4s5 − 96a1s2s4s6 − 84a1s2s5s6 − 78a1s3s4s6 − 66a1s3s5s6 − 48a1s4s5s6−
− 60a1bs2s6 −
200931
625
s4s2 −
98109
250
s4a1 −
164697
250
a1s2 −
168966
625
s22 −
21
4
a41−
− 210a1s
2
2x−
255
2
s4a1x
2 − 42s6s5x
2 −
153
2
s2s
2
3x−
465
2
a1s2x
2 −
5889
5
a1s2x−
− 252a1bs3x− 204bs2s3x− 228a1s2s4x− 201a1s3s4x− 102s2s3s4x− 186a1s2s5x−
−
3429
125
bs6 −
4943
25
x3 −
33
2
x4 − 87a21s6x− 84a1s
2
5x−
111
2
s22s5x−
−
4491
25
s6s2x− 57bs5x
2 − 129bs22x−
105
2
s5s4x
2 −
1323
5
s5s4x−
3453
5
s4a1x−
− 66a1bs6x− 54bs2s6x− 48bs3s6x− 42bs4s6x− 36bs5s6x−
12963
50
a21s5 −
9687
25
a21s4−
− 126a1bs5x− 150bs2s4x− 102bs2s5x− 132bs3s4x− 90bs3s5x− 78bs4s5x−
−
2619
5
a21s3 −
16503
25
a21s2 −
33978
625
bs5 −
50811
625
bs4 −
67656
625
bs3 −
84501
625
bs2−
− 186a1bs4x− 10s
4
2 −
682
5
s32 −
1889
25
s33 −
869
25
s34 −
1
2
s45 −
839
50
s35−
− 33ba21s6 − 63ba
2
1s5 − 93ba
2
1s4 − 126ba
2
1s3 − 159ba
2
1s2 −
448453
15625
s6 −
798
25
s26−
−
90861
1250
s6s5 −
50961
625
s6s4 −
22599
250
s6s3 −
62034
625
s6s2 −
153861
1250
s6a1−
− 66bs2s4s5 − 30s
2
2s4s6 −
57
2
s2s
2
3s6 −
33
2
s23s4s6 − 27s
2
2s5s6 − 18s2s3s
2
6−
−
494667
2500
s23 −
538863
1250
s3s2 −
131403
250
s3a1 −
83892
625
s24 −
73743
250
s4s3−
− 228a1bs2s3 − 159a1s2s3s4 − 135a1s2s3s5 −
198
5
s2s
2
6 − 111a1s2s3s6 − 114a1s2s4s5−
− 84bs4x
2 −
27
2
s25s6x− 144a
2
1s4x−
117
2
s6s2x
2 − 15bs26x− 90bs
2
3x−
3
4
s25s
2
6−
−
99618
625
ba1 − 27a
3
1s6 − 33a
3
1s5 − 39a
3
1s4 −
111
2
a31s3 − 72a
3
1s2 −
3276
25
a21s6−
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−
405
2
a21s3x− 261a
2
1s2x− 15s4s
2
6x−
153
2
s4s2x
2 −
4671
5
s3a1x−
609
10
a1s
2
6−
− 102a1s5s6x− 78s2s4s6x− 69s2s5s6x− 63s3s4s6x− 54s3s5s6x− 39s4s5s6x−
−
135
2
s4s3x
2 −
207
2
s5a1x
2 −
11586
25
s5a1x−
1527
5
s5s3x−
3489
25
s6s4x−
− 36a1b
2x−
138
5
b2s2 − 30b
2s2x−
552
25
b2s3 − 24b
2s3x−
414
25
b2s4 − 18b
2s4x−
276
25
b2s5−
− 111s3s2x
2 −
17406
25
s3s2x− 114bs3x
2 − 30s2s
2
6x− 180s3a1x
2 −
93
2
s6s4x
2−
−
231
2
a21s5x− 24s
2
4s6x− 42s2s
2
4x− 60s5s3x
2 −
105
2
s6s3x
2 −
45
2
s3s
2
6x−
−
11403
50
s5x−
583059
1250
s3x−
435009
1250
s4x−
197991
250
a1x−
731109
1250
s2x−
177
2
a31x−
− 192ba1x
2 − 39s3s
2
5x−
51
2
s3s
2
4x−
51
2
s4s
2
5x−
75
2
s23s6x−
33
2
s24s5x−
−
1131
5
s22s4 −
4116
25
s2s
2
4 −
4131
25
s23s4 −
6723
50
s3s
2
4 −
195
4
a21s
2
5−
− 60s22s4x−
15
2
s5s
2
6x−
7194
25
bs3x−
5364
25
bs4x−
3522
25
bs5x−
828
25
a1b
2−
− 96s2s3s5x− 144a1s2s6x− 129a1s3s6x− 90s2s3s6x− 144a1s4s5x− 81s2s4s5x−
− 12b2s5x−
138
25
b2s6 − 6b
2s6x− 192ba
2
1x−
195
2
s22s3x−
135
2
s5s2x
2 −
1731
5
s5s2x−
−
798
5
s6s3x− 36s
2
3s5x− 36bs
2
5x− 57bs
2
4x−
159
2
s6a1x
2 −
5907
25
s6a1x− 144a1s
2
3x−
− 48s2s3s4s6 − 42s2s3s5s6 − 30s2s4s5s6 − 21s3s4s5s6 − 324a1s2s3x− 318a1bs2x−
−
12819
25
s4s2x−
2982
25
s6s5x− 87a1s
2
4x− 30bs6x
2 −
336
5
bs6x− 51s
2
2s6x−
− 144bs2x
2 −
9024
25
bs2x−
69
2
s23s4x− 45a1s
2
6x−
105
2
s2s
2
5x−
11682
25
ba1x−
−
7677
25
s23x− 45s
3
2x− 25s5x
3 −
387
2
s5x
2 −
43
2
s6x
3 −
2496
25
s6x
2 − 18s33x−
− 36bs2s4s6 − 30bs2s5s6 − 54bs3s4s5 − 30bs3s4s6 − 24bs3s5s6 − 18bs4s5s6−
−
117
4
s24x
2 −
9741
50
s24x− 3s
3
4x− 33s
2
5x
2 −
3018
25
s25x− 9s
3
5x−
75
4
s26x
2−
−
99
2
s26x− 18b
2x2 −
828
25
b2x−
19911
25
a21x−
101346
625
bx−
135141
1250
s6x−
− 54a1bs3s6 − 48a1bs4s6 − 42a1bs5s6 − 114bs2s3s4 − 78bs2s3s5 − 42bs2s3s6−
− 41s3x
3 −
9729
25
s3x
2 −
57
2
s4x
3 −
7179
25
s4x
2 −
291
4
s22x
2 −
21993
50
s22x−
−
2256
5
s4s3x−
99
2
s23x
2 −
879159
2500
x2 −
297
10
s3s
2
6 −
99
5
s4s
2
6 −
498
25
s25s6−
−
5307
10
a1s
2
2 − 29a1s
3
3 − 26s
3
2s3 −
99
4
s22s
2
3 − 7s2s
3
3 −
18699
50
a1s
2
3 −
3177
10
s22s3−
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−
99
10
s5s
2
6 − 3b
2s26 −
99
5
bs26 −
477
4
a21s
2
2 −
333
4
a21s
2
3 − 65a1s
3
2−
−
6672
25
s2s
2
3 −
207
4
a21s
2
4 − 8a1s
3
4 − 12s
3
2s4 − 9s
2
2s
2
4 −
12027
50
a1s
2
4−
− 54a31b− 15a
2
1b
2 −
13821
50
a31 − 114a1s4s6x−
1077531
2500
a21 −
5991
25
ba21 −
147
625
b2−
−
639
4
a21x
2 − 95a1x
3 −
7107
10
a1x
2 − 58bx3 −
5427
25
bx2 −
107
2
s2x
3 −
12279
25
s2x
2−
−
23
2
a1s
3
5 − 13s
3
2s5 −
75
4
s22s
2
5 −
13
2
s2s
3
5 − s
3
3s5 −
15
2
s23s
2
5−
− 4s3s
3
5 −
3
2
s4s
3
5 −
7389
50
a1s
2
5 −
7653
50
s22s5 −
504
5
s2s
2
5 −
5631
50
s23s5−
−
2022
25
s3s
2
5 −
3609
50
s24s5 −
1524
25
s4s
2
5 −
105
4
a21s
2
6 − 40bs
3
2 − 22bs
3
3−
− 10bs34 − 5bs
3
5 − 14s
3
2s6 −
13
2
s33s6 − 12s
2
2s
2
6 −
27
4
s23s
2
6 −
1998
25
s22s6−
− 60s23s6 −
1002
25
s24s6 − 2s
3
4s6 − 3s
2
4s
2
6 −
4167
25
bs22 −
609
5
bs23−
−
2061
25
bs24 − 15b
2s22 − 12b
2s23 − 9b
2s24 − 6b
2s25 −
1203
25
bs25 − s
3
5s6.
Thus, if s1 >
23
25
, then
g1
(
a1, s1, s2, s3, s4, s5, s6, b
)
6 −
7063
125
s5−
1317297
15625
s4−
1752697
15625
s3−
2188097
15625
s2−
525143
3125
a1+
+ 2s2s
3
4 +
9
2
s33s4 +
27
4
s23s
2
4 + 7s3s
3
4 + 5s
3
4s5 +
3
4
s24s
2
5 + s
4
3 + 3s
4
4 +
9
2
s3s
2
4s5 +
697211
390625
6
6 −
7063
125
s5 −
1317297
15625
s4 −
1752697
15625
s3 −
2188097
15625
s2 −
525143
3125
a1+
+ 2s2 +
9
2
s4 +
27
4
s3 + 7s3 + 5s5 +
3
4
s5 + s3 + 3s4 +
9
2
s5 +
697211
390625
=
=
697211
390625
−
2156847
15625
s2 −
2400219
31250
s4 −
6088913
62500
s3 −
23127
500
s5 −
525143
3125
a1.
On the other hand, we have a2+ a5+ a6 > 1+ a3+ a4, so that 2s4+ s5+ s3+ s1+ a1 > 1.
Thus, if s1 >
23
25
, then 2s4 + s5 + s3 + s1 + a1 >
2
25
. The latter inequality implies that
697211
390625
−
2156847
15625
s2 −
2400219
31250
s4 −
6088913
62500
s3 −
23127
500
s5 −
525143
3125
a1 < 0.
Thus, we see that f(a1, a2, a3, a4, a5, a6, a7, b) < 0 provided that a2 − a1 >
23
25
= 0.92.
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Let f2 = f(a1, a2, a3, a4, a5, a6, 1, b) and g2(a1, s1, s2, s3, s4, s5, b) = f̂2. Then
g2
(
a1, x+
9
10
, s2, s3, s4, s5, b
)
=
16293
8000
+ +
+ 6s2s3s4s5 + 3s
2
4s5x+ 2s
3
4x+ 4s2s
3
4 + 5s
3
3s4 +
5
2
s33s5 +
15
2
s23s
2
4 + 6s3s
3
4 + 4s
3
4s5+
+
3
2
s24s
2
5 +
3
4
s43 + 2s
4
4 + 3s2s
2
3s4 +
3
2
s2s
2
3s5 + 6s2s3s
2
4 + 6s2s
2
4s5 +
15
2
s23s4s5 + 9s3s
2
4s5−
−
264327
2000
a1 −
13221
100
x−
52767
2000
s5 −
52767
1000
s4 −
9906
125
s3 −
105729
1000
s2,
where  is the following polynomial with negative coefficients:
−
237
2
a21s2s3 − 102a1bs
2
2 − 63a
2
1s2s4 − 54a
2
1s3s4 − 93a1s
2
2s3 − 42a1s
2
2s4−
−
24423
200
s5a1 −
678
5
s23 −
59301
200
s3s2 −
72897
200
s3a1 −
16521
200
s24−
− 69a1s2s
2
3 −
63
2
a21s2s5 − 27a
2
1s3s5 − 21a1s
2
2s5 −
5493
10
a1s2s3−
−
1029
10
s5s4x−
2007
5
s4a1x−
9
2
s23s5x− 15bs
2
5x− 30bs
2
4x− 6b
2s24−
− 3s3s4s5x−
1032
5
s2s3s4 −
45
2
a21s4s5 − 24a1s2s
2
5 −
21
2
a1s
2
3s5−
−
888
5
a1s2s5 −
309
2
a1s3s5 −
657
5
a1s4s5 −
516
5
s2s3s5 −
414
5
s2s4s5−
−
627
10
s3s4s5 − 66a1bs
2
3 − 36a1bs
2
4 − 18a1bs
2
5 − 60bs
2
2s3 − 36bs
2
2s4 − 18bs
2
2s5−
− 48bs2s
2
3 − 24bs2s
2
4 − 12bs2s
2
5 − 24bs
2
3s4 − 12bs
2
3s5 − 18bs3s
2
4 − 9bs3s
2
5 − 6bs
2
4s5−
− 6bs4s
2
5 −
1446
5
a1bs2 −
1086
5
a1bs3 −
726
5
a1bs4 −
363
5
a1bs5 −
924
5
bs2s3−
−
618
5
bs2s4 −
309
5
bs2s5 −
564
5
bs3s4 −
282
5
bs3s5 − 51bs4s5 − 3b
2s25−
−
177
2
a1s
2
3x−
1233
5
s4s3x−
1437
5
s4s2x− 36a1s
2
4x− 102bs2x
2 − 9b2s23−
−
651
25
bs5 −
1302
25
bs4 −
1563
20
bs3 −
5211
50
bs2 − 8s
4
2 −
473
5
s32−
−
1338
5
bs2x− 9s
2
3s4x− 18s2s
2
5x−
1806
5
ba1x−
387
2
s23x− 34s
3
2x−
− 108a1bs4x− 54a1bs5x− 84bs2s4x− 42bs2s5x− 72bs3s4x− 36bs3s5x−
−
33
2
a1s3s
2
5 − 9a1s4s
2
5 − 3s
2
2s3s5 −
15
2
s2s3s
2
5 − 3s2s4s
2
5−
− 30bs4s5x−
567
5
a21s5 −
1134
5
a21s4 −
6963
20
a21s3 −
939
2
a21s2−
−
89
2
s33 −
71
5
s34 −
1
4
s45 −
133
20
s35 − 27ba
2
1s5 − 54ba
2
1s4−
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− 84ba21s3 − 114ba
2
1s2 −
903
25
s25 −
16521
200
s5s4 −
18207
200
s5s3 −
19893
200
s5s2−
−
18207
100
s4s3 −
19893
100
s4s2 −
24423
100
s4a1 −
24237
50
a1s2 −
4926
25
s22−
−
9
2
a41 − 39a
3
1b− 12a
2
1b
2 −
1014
5
a31 −
131553
400
a21 −
918
5
ba21 −
3
20
b2−
−
3186
25
ba1 − 9a
3
1s5 − 18a
3
1s4 − 36a
3
1s3 − 54a
3
1s2 − 145x
3 −
55
4
x4 −
63
2
a1s
2
5x−
− 12s22s5x− 48bs4x
2 − 72a21s4x− 57bs
2
3x−
267
2
a21s3x− 195a
2
1s2x− 33s4s2x
2−
−
6183
10
s3a1x− 27s4s3x
2 −
63
2
s5a1x
2 −
2007
10
s5a1x−
1233
10
s5s3x−
− 24a1b
2s2 − 18a1b
2s3 − 12a1b
2s4 − 6a1b
2s5 − 18b
2s2s3 − 12b
2s2s4 − 6b
2s2s5−
−
141
2
s3s2x
2 −
4479
10
s3s2x− 75bs3x
2 −
237
2
s3a1x
2 − 36a21s5x−
−
27
2
s5s3x
2 − 153a1s
2
2x− 63s4a1x
2 − 45s2s
2
3x− 174a1s2x
2 −
4176
5
a1s2x−
− 12s2s
2
4x−
657
5
a1s
2
4 −
618
5
s22s4 −
414
5
s2s
2
4 −
831
10
s23s4 −
627
10
s3s
2
4−
− 144ba1x
2 − 12s3s
2
5x− 3s3s
2
4x− 6s4s
2
5x− 24s
2
2s4x− 201bs3x−
672
5
bs4x−
−
3
2
s3s
3
5 −
1
2
s4s
3
5 −
1257
20
a1s
2
5 −
309
5
s22s5 −
201
5
s2s
2
5−
−
336
5
bs5x− 27a1b
2 − 30a1b
2x−
108
5
b2s2 − 24b
2s2x−
81
5
b2s3−
− 18b2s3x−
54
5
b2s4 − 12b
2s4x−
27
5
b2s5 − 6b
2s5x− 144ba
2
1x− 63s
2
2s3x−
−
33
2
s5s2x
2 −
1437
10
s5s2x− 24bs5x
2 − 90bs22x−
21
2
s5s4x
2−
− 24a1s2s4s5 − 12a1s3s4s5 − 96a1bs2s4 − 48a1bs2s5 − 84a1bs3s4−
−
4803
20
a1s
2
3 −
2037
10
s22s3 − 33a1s2s3s5 −
327
2
s2s
2
3 −
45
2
a21s
2
4 − 4s
3
2s4−
− 24a1s2s
2
4 − 21a1s
2
3s4 − 12a1s3s
2
4 − 6s
2
2s3s4 −
1776
5
a1s2s4 − 309a1s3s4−
−
13
2
s5x
3 −
1641
20
s5x
2 − 10s33x−
21
2
s24x
2 −
1029
10
s24x−
− 12s25x
2 −
501
10
s25x−
7
2
s35x− 15b
2x2 − 27b2x−
11817
20
a21x−
13029
100
bx−
− 207a1s2s3x− 228a1bs2x− 168a1bs3x− 132bs2s3x− 108a1s2s4x− 90a1s3s4x−
−
21579
200
s5x−
32181
100
s3x−
21579
100
s4x−
120999
200
a1x−
42783
100
s2x−
− 72a31x−
513
4
a21x
2 −
153
2
a1x
3 −
10521
20
a1x
2 − 43bx3 −
1671
10
bx2−
− 41s2x
3 −
3447
10
s2x
2 − 27s3x
3 −
1272
5
s3x
2 − 13s4x
3 −
1641
10
s4x
2 − 54s22x
2−
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− 12b2s3s4 − 6b
2s3s5 − 6b
2s4s5 −
1257
1000
b− 150a1bs2s3 − 66a1s2s3s4−
− 36s2s3s4x− 54a1s2s5x− 45a1s3s5x− 18s2s3s5x− 36a1s4s5x− 12s2s4s5x−
−
1521
5
s22x− 30s
2
3x
2 −
10677
40
x2 − 87a21s
2
2 −
207
4
a21s
2
3−
− 48a1s
3
2 −
3717
10
a1s
2
2 −
33
2
a1s
3
3 − 18s
3
2s3 − 15s
2
2s
2
3 −
7
2
s2s
3
3−
−
75
4
a21s
2
5 −
9
2
a1s
3
5 − 2s
3
2s5 − 6s
2
2s
2
5 −
5
2
s2s
3
5 −
3
2
s23s
2
5−
− 42a1bs3s5 − 36a1bs4s5 − 60bs2s3s4 − 30bs2s3s5 − 24bs2s4s5 − 18bs3s4s5−
−
831
20
s23s5 −
303
10
s3s
2
5 −
213
10
s24s5 −
102
5
s4s
2
5−
− 28bs32 − 13bs
3
3 − 4bs
3
4 − 2bs
3
5 − 123bs
2
2 −
843
10
bs23 − 51bs
2
4 − 12b
2s22 −
45
2
bs25.
Thus, if x > 0, then g2(a1, x+
9
10
, s2, s3, s4, s5, b) does not exceed
16293
8000
+ 6s2s3s4s5 + 3s
2
4s5x+ 2s
3
4x+ 4s2s
3
4 + 5s
3
3s4 +
5
2
s33s5 +
15
2
s23s
2
4 + 6s3s
3
4+
+4s34s5+
3
2
s24s
2
5+
3
4
s43+2s
4
4+3s2s
2
3s4+
3
2
s2s
2
3s5+6s2s3s
2
4+6s2s
2
4s5+
15
2
s23s4s5+9s3s
2
4s5−
−
264327
2000
a1 −
13221
100
x−
52767
2000
s5 −
52767
1000
s4 −
9906
125
s3 −
105729
1000
s2 6
6
16293
8000
+ 6s2 + 3x+ 2x+ 4s2 + 5s3 +
5
2
s3 +
15
2
s3 + 6s3+
+ 4s4 +
3
2
s5 +
3
4
s3 + 2s4 + 3s2 +
3
2
s2 + 6s2 + 6s2 +
15
2
s3 + 9s3−
−
264327
2000
a1 −
13221
100
x−
52767
2000
s5 −
52767
1000
s4 −
9906
125
s3 −
105729
1000
s2 =
=
16293
8000
−
264327
2000
a1 −
12721
100
x−
49767
2000
s5 −
46767
1000
s4 −
20499
500
s3 −
79229
1000
s2 6
6
16293
8000
−
264327
2000
a1 −
49767
2000
s5 −
46767
1000
s4 −
20499
500
s3 −
79229
1000
s2.
Thus, if s1 >
9
10
, then
g2(a1, s1, s2, s3, s4, s5, b) 6
16293
8000
−
264327
2000
a1−
49767
2000
s5−
46767
1000
s4−
20499
500
s3−
79229
1000
s2.
Moreover, if s1 >
9
10
, then 2s4 + 2s2 + s5 + s3 + a1 >
1
10
. The latter inequality gives
16293
8000
−
264327
2000
a1 −
49767
2000
s5 −
46767
1000
s4 −
20499
500
s3 −
79229
1000
s2 < 0.
This shows that f(a1, a2, a3, a4, a5, a6, 1, b) < 0 provided that a2 − a1 >
9
10
. 
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